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1. INTRODUCTION

1.1. Motivation. Let X be a smooth algebraic variety over a field of characteristic 0. This essay will be
primarily concerned with D-modules, or modules over a sheaf D of differential operators defined on X.
On general varieties, D-modules behave in a much more structured manner than O-modules, and this
often allows them to carry more global information. For instance, as we shall point out, it is possible to
recover the de Rham cohomology of a complex algebraic variety in terms of some D-modules on it. Our
primary focus in this essay, however, will be on the relationship between the theory of these differential
operators and representation theory.

Let now G be a semisimple algebraic group over an algebraically closed field. Associated to any
such G is a semisimple Lie algebra g which we often think of as representing the infinitesimal behavior
of G. Indeed, g can be realized as the space of invariant vector fields on G, and we can attempt to
study its representation theory from this perspective. Broadly speaking, however, this approach has two
drawbacks. First, this characterization is too global, as the invariance condition does not allow us to
understand different aspects of the representation theory of g at once.! We might consider modifying
this approach to use instead the sheaf of vector fields on G, discarding the invariance condition.

Date: May 6, 2011.
Lour precise meaning here is that it does not allow us to study all the Borel subalgebras of g at once.
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2 D-MODULES AND REPRESENTATION THEORY

This is much closer to the correct notion. However, we must make one further modification; it turns out
that we would like to consider only the behavior of the Borel subalgebras of g simultaneously. Thus, we
should consider only the space of vector fields invariant under the action of a Borel subgroup B C G. The
resulting sheaf of rings generated by these vector fields is exactly the sheaf of differential operators Dy
on the flag variety X := G/B of G. The primary result presented in this essay, the Beilinson-Bernstein
localization theorem, states “approximately” that we have the following correspondence

Dx-modules | ’ U (g)-representations ‘

between D yx-modules on the flag variety and representations of the corresponding Lie algebra. We say
“approximately,” however, because to make this correspondence rigorous (or true!) requires us to specify
refinements on both sides.

These twists will result from the essentially different nature of the two objects. As a sheaf, a Dx-
module contains a significant amount of local information, which in this case will correspond to the action
of the Borel subalgebras of our Lie algebra. On the other hand, U(g)-representations seem are quite global
objects, as the choice of such a representation often requires a global choice of Borel subalgebra b C g.
It is remarkable, therefore, that such a correspondence can exist. Indeed, the way that it avoids this
seeming contradiction is by on the one hand studying non-trivial cases where the local behavior of all
Borel subalgebras coincide (on the D-module case), and on the other hand considering a global invariant
that is independent of the choice of Borel (on the U(g)-representation side). The relevant objects in each
case will be the characters of the abstract Cartan and the central characters of the center Z(g) of U(g),
leaving us with the following refined correspondence, known as the Beilinson-Bernstein correspondence.

“Dx-modules” with specified b-action for all b ‘ “~ ’ U (g)-representations with specific Z(g)—action‘

The purpose of this essay is to give an introduction to the theory of D-modules and then to rigorously
formulate and prove this correspondence.

1.2. Organization and references. Let us now discuss the specific structure of this essay. In Section
2, we give an introduction to the theory of D-modules, highlighting the central results of Kashiwara’s
Theorem (Theorem 2.19), Bernstein’s Inequality (Theorem 2.32), and the b-function lemma (Lemma
2.43).

In Section 3, we describe the flag variety of a semisimple algebraic group and characterize its rela-
tionship with the corresponding Lie algebra. Of particular importance will be the statements and conse-
quences of the Chevalley and Harish-Chandra isomorphisms (Theorems 3.13 and 3.16, respectively), as
they will feature prominently in the statement of the Beilinson-Bernstein correspondence.

In Section 4, our main work takes place; we formulate and prove the Beilinson-Bernstein correspon-
dence. After formulating the statement in terms of a family of sheaves D% of twisted differential opera-
tors, there are two main steps. First, we show that the global sections T'(X, ’D;‘() correspond to quotients
of the universal enveloping algebra U(g) by the kernels of central characters. The key input for this step
will be a close study of the geometry of the nilpotent cone via its Springer resolution. To finish, we show
that the global sections functor defines the desired equivalence of categories. The approach we follow,
which is the original one taken by Beilinson and Bernstein, proceeds by using the additional information
provided by the differential structure to relate any given Dﬁ‘(—module to one where the desired result
holds.

The material we present here is not original, but rather drawn from a number of different sources,
detailed as follows. For the theory of D-modules, we are generally indebted to [Ber83] and [HTTO08|,
which we have referenced throughout, and were extremely important in our study of the subject. We also
consulted [BGK'87] and [Gai05] to much lesser extents. For the proof of the equivalence of categories in
the Beilinson-Bernstein correspondence, we present essentially the original proof given in [BB81], though
our treatment benefited greatly from some other viewpoints on the proof, particularly those of [Kas89],
[HTTO08], and [Gai05]. We also referred to [BB93], [BB83], [Bei83], and [BK81] for some context about
the ideas involved. For the geometry of the nilpotent cone, we followed mainly the treatment of [Gai05],
consulting also [HTT08] and the original papers of [Kos59] and [BL96]. We have assumed background
knowledge from algebraic geometry, algebraic groups, and Lie algebras throughout. We attempt, however,
to provide relevant citations (to a perhaps excessive degree). The sources for these are mentioned in
text. Finally, we have attempted to be thorough in our exposition, but we have throughout omitted the
proofs of some facts which would have taken us too far afield.
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1.3. Conventions and notation. We collect here some notations which we will use throughout this
essay. We work over a field k of characteristic 0, which beginning in Section 3 we will assume to be
algebraically closed. Denote by Sch/, the category of schemes over k. Let X be a scheme, possibly
equipped with the action of an algebraic group G. Denote by QCoh(X) the category of quasi-coherent
sheaves on X and by QCoh(X)% the category of G-equivariant quasi-coherent sheaves on X. By a vector
bundle M on X, we mean a locally free sheaf on X, and we denote by Sym y M the geometric realization
of M, which has structure sheaf Sym, M*. By Hom, we mean the sheaf Hom.

Let X now be a smooth algebraic variety. By T'x and T%, we mean its tangent and cotangent bundles,
respectively. By Qx = det(T%), we mean the line bundle of top differential forms on X.

1.4. Acknowledgments. This essay was written for Part III of the Mathematical Tripos in academic
year 2010-2011. I would like to thank Professor Ian Grojnowski for setting this essay and for several
helpful conversations. I would also like to thank George Boxer for useful discussions in the course of
learning the basic theory of D-modules and Jonathan Wang for several useful discussions relating to
derived categories in algebraic geometry.

2. D-MODULES ON SMOOTH ALGEBRAIC VARIETIES

In this section, we introduce and develop the theory of D-modules on smooth algebraic varieties. We
emphasize the portions of the theory which provide some relevant geometric context for the topic of the
second half of this essay, the Beilinson-Bernstein localization theorem. The main source for this section
is the classical notes of Bernstein [Ber83] and the book of [HTTO08], supplemented by the notes [Gai05]
and the book [BGK™87].

2.1. Definition and examples. Let X be a smooth algebraic variety over a field k of characteristic
0. If X = Spec(A) is affine, define a differential operator d of order at most n to be a k-linear map
d: A — A such that for all fy,..., fr € A, we have

[fns [fn—1, [+ 5 [fo,d]]]] = 0

as a k-linear map A — A, where we view an element f € A as a k-linear map A — A via multiplication.
Such operators form a ring D(A) with multiplication given by composition. We call this the ring of
differential operators on Spec(A). Define a filtration F,,D(A) C D(A) on D(A) by letting F,,D(A) consist
of the differential operators of order at most n. We call this filtration on D(A) the order filtration.

Example 2.1. If A = k[ty,...,t,], then D(A) = k[t1,...,tn,01,...,0,] is generated over k by ¢; and
the formal partial derivatives 9; subject to the commutation relations

[ti,tj] = 0, [6‘1, 8]] = 0, and [6‘i,tj] = 5ij7
where d;; denotes the Kronecker delta function.

We may glue this notion to a notion of differential operators on the entire variety X. For this, we say
that a sheaf A of non-commutative O x-algebras is quasi-coherent (with respect to the left O x-structure)
if for any affine U and f € Oy, we have

F(Uf,.A) = OUf (58) (U, A).

Of course, when A is commutative, this restricts to the usual notion of quasi-coherence. We say A is
quasi-coherent with respect to the right Ox-structure if we have

F(Uf, A)=T(U, A) (,()@ OUf
U
for all affine U and f € Opy. We will always mean quasi-coherence with respect to the left structure.

Lemma 2.2. There exists a sheaf Dx of Ox-algebras quasi-coherent with respect to both the left and
right Ox -actions such that
I'(Spec(A), Dx) = D(A).
Proof. To check that Dx patches correctly into a quasi-coherent sheaf on X, we must check that
for any non-nilpotent f € A. We will only give a sketch of one case here and refer the reader to [Gai05,

Proposition 5.5] for the complete proof. Construct the map

¢ : D(A) = D(Ay)
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inductively on F;D(A) as follows. On FyD(A) = A, it is just the identity map. Suppose now that ¢ is
defined on F;D(A); for d € F;11D(A) and £ € Ay, we have [f",d] € F;D(A), motivating the definition

o(d) ( g ) _ dlo) , ol d)(g/")

) o

It is clear that this yields a well-defined map ¢ that is compatible with the filtrations. To check that
it is an isomorphism, it remains only to check that it is an isomorphism on the associated graded level,
which will follow from Proposition 2.5 below.? (I

We call Dy the sheaf of differential operators on X. It naturally inherits an order filtration F,,Dx.
The following results show that F,Dx gives Dx the structure of a sheaf of filtered rings and provide
some basic properties.

Lemma 2.3. For non-negative integers ny,no, we have that
F..Dx - F,,Dx C F,,1n,Dx.
Proof. Take d; € F,,, Dx and dy € F,,Dx. Then, for any fo,..., fn,+n, € Ox, we note that
[fo, [f1, - [fnatnas dido]]]

is the sum of monomials of the form

[fiu [fi2= [ [fik7d1m : [f.jl’ [fjm SR [fjn,1+n,2+l—k7d2]]]7

where {i1,...,ix} and {j1,..., Jni+no+1—k} form a partition of {0,...,n; + na}. By the definition
of F,,Dx and F,,Dy, this means that either [fi,,[fi,,...,[fir, dill] or [fj: [fins- s [fin, fnpirn»d2]]]
vanishes for each monomial, hence the entire sum vanishes and dids € Fj,, +n,Dx as desired. [l

Proposition 2.4. The order filtration on Dx satisfies the following:

(i) FoDx ~ Ox, and

(11) F1DX ~ OX (&) Tx.
Proof. For (i), notice that local sections £ € FyDx satisfy [f,&] = 0 for all f € Ox, hence are Ox-linear
maps Ox — Ox, that is, sections of Ox.

For (ii), for any ¢ € F1Dx, we claim that ¢’ = £ — £(1) is a derivation Ox — Ox, hence a section of
Tx . Indeed, for any two sections fy, f1 € Ox, we have

J1fo€(1) — f1€(fo) — fo&(f1) +&(fof1) =0

and therefore

&' (fofr) = E(fofr) =€) fofr = f1&(fo) — fod(f1) — 26(1) fofr = fo&' (f1) + fr8'(fo).
The map F1Dx — Ox ® Tx given by & — (£(1),€ — £(1)) is then inverse to the evident addition map
Ox & Tx — F1Dx, providing the desired isomorphism. O
Proposition 2.5. The canonical map
Symey, Tx — grDx
is well-defined and an isomorphism.
Proof. For this, we must first check that grDx is commutative, for which it suffices to show that
[FnleaFnQDX] C Fn1+n2_1Dx. Indeed, for dy € Fnlea do € Fn2px, and fo,.. -7fn1+n2—1 S OX,
repeatedly applying the Jacobi identity gives that
[fo, [f1s - [frytna—1, [d1, d2]]]]

is the sum of monomials of the form

Hfil? [fi27 LR [fik’dl]”7 [f.jl? [fjm cees [fjn1+n2_md2]]]]»
where similarly to before {i1,...,it} and {j1,..., Jn,+n.—k} form a partition of {0,...,n1 + no +1}. In
this case, if & > nq, then [fi), [fi,, ..., [fir, di]]] = 0 and if & < ny, then [fj,, [fis, - [fin, ny s> d2]l] = 0.
On the other hand, if k& = ni, then both [fi, [fi,s- .., [fir, di]l] and [fj,, [fio, -5 [fin, 10, s> d2]]] are
differential operators of order 0, hence they commute. Thus in all cases, the monomial vanishes, so the
entire sum vanishes and we see that [dy,ds] € F,, 1n,—1Dx, as desired.

2Although this may seem to allow for the possibility of circular logic, our proof of Proposition 2.5 restricts to the affine
case without reference to this lemma.
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The decomposition of Proposition 2.4(ii) then yields a natural map of commutative Ox-algebras
Y :Symgy  Tx — grDx. To show that it is an isomorphism, we construct an inverse map ¢ gr' Dy —
Symégx T inductively as follows. On gr' Dy, the map ¢° is just the inverse of the isomorphism of
Proposition 2.4(i). Suppose now that we have defined maps ¢’ for j < i that are isomorphisms on the
4 graded piece. Then, consider the map

Ox @, FiDx — gr' 1D
given by f ® d — [d, f]. This map kills Ox ® F;_1Dx, hence defines a map

i i—1 o' ! i—1
Ox @gr'Dx — gr' " Dx — Symg, Tx

which for each element of gr’ Dy yields a derivation Ox — gri~! Dx. Therefore, we may take ¢’ to be
the induced composition

¢ gr' Dx — Derp(Ox, Symlgx1 Tx) =~ Syml(;x1 Tx @ Tx — Symlbx Tx.
That ¢* o 9" = id is obvious, so to check that ¢® is inverse to v, we note that the map
gri Dx — gri_1 Dx ®Tx

sends d € gr' Dy to some d ® £ € Tx ® gri"1 Dy for which £(f)d’ = [d, f]. This means then that
d'(E(f)) = &(f)d' (1) = d(f) — fd(1), so d'€ = d—d(1), thus d’¢ = d in gr’ Dx, completing the check. [

Proposition 2.6. The sheaf of Ox-algebras Dx is generated over Ox by Tx subject to the obvious
commutation relation [£, f] = &(f) for sections € € Tx and f € Ox.

Proof. This is essentially a formal consequence of Proposition 2.5; we refer the reader to [Gai05, Propo-
sition 5.3] for the complete proof. O

Recall now that we are working over a variety X which we assumed to be smooth, which means that
we may locally trivialize the tangent bundle Tx of X. As a result, we recall that, locally on X, there
exist sections fi,..., f,, € Ox such that their images df; in T form a free basis for T ; we call such a
system an étale coordinate system. This technique will be quite useful for us in the future, particularly
because it allows us to perform explicit calculations using the presentation of Proposition 2.6.

Proposition 2.7. Suppose that f1,..., fn € Ox form an étale coordinate system for X. Then, locally
there exist vector fields &1, ...,&, on X such that the sheaf of differential operators has the presentation

Dx =~ Ox/[&1,- -+, nl /{6, &5] = 0, [&is £5] = dig)-

Proof. It suffices to take & € T'x to be sections forming a dual basis to the basis df; for T%. That Dx
has the desired presentation follows from Proposition 2.6. O

We are now ready to define D-modules, the fundamental geometric objects of study in this section.

Definition 2.8. A (left, resp. right) Dx-module on X is a quasi-coherent O x-module F equipped with a
(left, resp. right) Dx-action compatible with the Ox-action on F. Denote by DMod(X) and DMod(X)"
the categories of left and right Dx-modules.

Proposition 2.9. Let F be a quasi-coherent Ox-module. Then, to give a left Dx-module structure on
F is to give a k-linear action of Tx on F such that for sections f € Ox, &1, € Tx, and m € F, we
have

o (f§) -m=f(& m),

o & (fm) =&(f)-m+ f(§-m), and

o [{1,&] - m=¢& (&2 m) =& (& -m).
To give a right Dx-module structure on F is to give a k-linear action of Tx on F such that for sections
f€0x, &,8 € Tx, and m € F, we have

e m(f&) = f(mg),
o (fm)=¢&(f) - m— f(mf), and
o m[&1, &) = m&i&a — m&aéy.

Proof. This follows immediately from the presentation of Dx in Proposition 2.6. O
Using Proposition 2.9, we may now see some basic examples of D-modules.

Example 2.10. We may equip Dx itself with both a left and right D x-module structure by left and right
multiplication, as Dx is quasi-coherent with respect to both the left and right Ox-module structures by
Lemma 2.2.
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Example 2.11. The structure sheaf Ox is a Dx-module with respect to the action of T'x by derivations.

Example 2.12. This example provides some analytic motivation for the definition of a D-module. For
j=1,...,kand i =1,...,n, choose differential operators D;; € Dx and consider the system

(1) > Dijfi =0
i=1
of partial differential equations in the functions f1,..., f,. Construct a Dx-module
M = coker (D}‘( Dy ’D];()

corresponding to this system. Then, we see that (global) solutions to (1) with f; € Ox correspond
to morphisms of Dx-modules M — Ox. Further, any space of functions on X on which differential
operators Dx act corresponds exactly to a Dx-module F; then (global) solutions to (1) in this space of
functions are simply morphisms of Dx-modules M — &.

In general, we will show later that any Dx-module M which is coherent as an Ox-module will be
locally free. In this case, the conditions for M to be a D-module given in Proposition 2.9 translate exactly
into the conditions for M to be endowed with a flat connection V : Tx — Endj M, where we define V
simply to be the action of Tx given by the Dx-module structure.

Example 2.13. For any closed point « € X, define the right Dx-module §, to be generated by a formal
element 1, subject to the single relation
1m’f:11'f(z)
for f € Ox. By this, we mean that d, is isomorphic to
Ox

as an Ox-module, where the right Dx-action is by right multiplication. Here the nomenclature &,
reflects the fact that elements of Ox act on 1, by evaluation at z. In particular, in the case where
X = A' = Spec(k[t]) and x = 0 € X, then we see that

(50 ~ 10 . kz[&g],

where the action of d; is by multiplication and the action of ¢ is by 97 -t = nd]" *. In particular, we
note that the action of ¢t annihilates g as a right O x-module. We will see a similar construction to this
one later when we prove Kashiwara’s Theorem (Theorem 2.19).

2.2. Left and right D-modules. The goal of this subsection is to introduce an operation which will
allow us to convert between left and right D-modules. We will see that this operation gives an equivalence
between the categories of left and right Dx-modules on a smooth variety X. Therefore, we will focus
our attention on left D-modules. In particular, in the sequel, by a “D-module” we will always mean a
“left D-module” unless we specify that it is a right D-module.

To give this construction, we must use some basic Hom and tensor operations on D-modules. Let us
first see that these make sense.

Proposition 2.14. Let F,F be left Dx-modules and G, be right Dx-modules. Then, the following
Ox-modules acquire a left Dx -module structure via the indicated action of Tx:

o F®o, F with action given by
§(mam') =¢{(m)@m’ +me{(m);
e Home, (F,F") with action given by
(& - @) (m) = &(p(m)) — ¢(§(m));
o Homo,(5,9") with action given by
(€ 9)(n) = —(n) + ¢(nk).
The following Ox -modules acquire a Tight Dx -module structure via the indicated action of T :
o §®o, F with action given by
(n®@m)§ =nE®@m —n®E(m);
o Homo, (F,9) with action given by
(¢§)(m) = p(m)¢ + ¢(§(m)).
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Here £ €eTx,meF,m' € F neG,n €9 are sections of the corresponding sheaves.

Proof. In each case, we must check that the indicated action is well-defined and satisfies the relevant
conditions of Proposition 2.9. We do this in the first case, leaving the rest of the verifications to the
reader. Take a section f € Ox and &1,&; € Tx. First, to show that the action is well-defined, it suffices
to note that

§-(fmem’) ={(fm)@m' + fm@&(m') = {(fm@m' + f§(m) @m' + fm & {(m')
= fém)@m’+ m@(fm) =¢- (me fm).
We now check each condition in Proposition 2.9 in turn. The first is evident, the second follows from
& (f-mam') = E(fm)@m/+fmeg(m’) = £(f)mem'+ fE(m)@m/+ fm@g(m') = £(fymem’'+ f§(mem’),
and the third from

[€1,&2] - (M1 @ m2) = [€1, almy @ ma +ma @ [€1, &a]me

= (§1€2 — §281)m1 @ mg +my ® (§162 — &261)ma

= (&1&m1 @ ma + E1my @ Eamg + Samy @ E1mp + My @ §162me)
— (&2&1m1 @ ma + E1my @ Eamg + Eamy @ E1me + My @ §261m2)

= (§&162 — &261) - (1 @ ma). U

We may now give the correspondence between left and right D-modules. Let Qx := det(T%) denote

the sheaf of top dimensional differentials on X. Recall the natural action of Tx on Qx via the Lie
derivative Lieg; it is given explicitly by

n

Lleﬁ(w) = (51 AREE /\gn = g(w(gl AN /\gn)) - Zw(flv cee 751'717 [gvfifl]ag’H’lv' o 7577,))

i=1
Lemma 2.15. The action w - § = —Lieg(w) gives Qx the structure of a right Dx-module.

Proof. We must check the conditions of Proposition 2.9 using the explicit form of Lie¢. Having performed
one such check in the proof of Proposition 2.14, we leave the gory details to the reader. ([l

Consider now the Ox-module
QDX = QX ® Dx.
Ox
Note that Qp, is endowed with two commuting structures of right Dx-module via right multiplication
by Dx and the construction of Lemma 2.14. Therefore, for any left Dx-module F, the O x-module
QDX ® F ~ QX X F
Dx Ox
acquires a right Dx-module structure in two equivalent ways, either by applying Proposition 2.14 to

the second expression or by considering the right Dx-module structure on Qp, in the first expression.
These two descriptions are equivalent, giving a functor

Opy ®py — = 0x oy —
from left Dx-modules to right Dx-modules. Similarly, we obtain a functor
Hompr (Upy, —) =~ Homoy (2x, —)

from right D x-modules to left Dx-modules, where we note that for a right Dx-module §, Hompr, (Qpy,9)
has two commuting structures of left Dx-module coming from the two commuting structures of right
Dx-module on Qp,. These two functors will provide the claimed equivalence between left and right
D x-modules.

Proposition 2.16. The functors Qp, @py — and Hompy, (QUpy, —) define an equivalence between the
categories of left and right Dx -modules.

Proof. We first check that the functors are adjoint. For this, we claim that the standard Hom-tensor
adjunction map for Ox-modules restricts to a map

HOmD}(Qx(;@ 7,7) —)HOIHDX(*,HO’ITL@X(Q)(,*)).
x
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For this, it suffices to check that the adjunction map ¥(¢) = (m = (we o(we m))) restricts to an

isomorphism between maps of right D x-modules and maps of left D x-modules. Notice that

W) m) = ¢+ (wi dlwam)) = (s —plw @ m)E + o(w o m))
and
U(@)(Em) = (w = dlw e Em)),
thus ¥(¢) is a map of left Dy-modules if and only if
Blw @ m)E = $(wE @ m) — o(w @ Em) = B((w @ m))

for all w®@m € Qx ®p, F. This occurs if and only if ¢ is a map of right Dx-modules, giving the desired
adjunction.
It now remains to check that the unit and co-unit maps

Qx @ Homo, (x,—) ~Qp, ® ’HomD;((QDX, —-) —id
Ox Dy

and

id — ’Hompg( (QDX;Q’DX ® —) ~ Homp, (Qx, Ax ® —)
DX OX

are isomorphisms. On the level of Ox-modules, this follows from the statement that Homeo, (Qx,Ox)
is the dual line bundle to Qx, thus it holds on the level of Dx-modules as well. O

In general, we find the D-module actions given by Proposition 2.14 on tensor products to be a great
deal more intuitive than the ones on Hom’s. Therefore, let us reformulate the functor Hompr (Qpy, —) in
these terms. Define DY := Hompr, (py, Dx), which carries two commuting left Dx-module structures,
one via the left action on Dx and one via Proposition 2.14 as Home, (x,Dx). Then, for a right Dx-
module G, we see that

Hompr (py,9) =G ® Homp, (2x,Dx) =G ® DY,
Dx Dx
where the left Dx-module structure on § ®p, Dgz{ is given by the left action on Dx.?

2.3. Pullback and pushforward of D-modules. Consider now a smooth map ¢ : X — Y of smooth
algebraic varieties. In this subsection, we describe a way to pullback and pushforward D-modules along
¢. We will first define “standard” functors for the pullback and pushfoward in this subsection. However,
these functors will not be well-behaved, and the “correct” versions which we define later will exist only
in the derived category. A complication, however, is that only the derived pullback coincides with the
derived functor of the standard pullback; the derived pushforward will be a closely related but different
functor, as the standard pushforward will be neither left nor right exact in general.

We now discuss some notational issues arising from this. We use ¢, and ¢* to denote the standard
pushforward and pullback in the category of quasi-coherent O-modules and ¢ and ¢ to denote the
pushforward and pullback on the level of sheaves. We denote the standard pullback of D-modules by ¢*
and the standard pushforward by ¢,.* Finally, we denote the derived pullback by ¢' and the derived
pushforward by ¢,.

31t is tempting here to consider the dual line bundle Q)_(l i=Homo, (x,0x) to Qx and use the isomorphism

Homo,, (Qx,F) ~ Homo, (2x,0x) ® F~Q}' © F
Ox Ox

of O x-modules to express Hompgf (Qpy,—) as a tensor product over Ox. However, we caution the reader that there is in

general no Dx -module structure on Q;(l. Indeed, for a smooth algebraic curve, this is a consequence of what is known as
Oda’s rule, which states that a line bundle on a curve of genus g has a left D-module structure if and only if it has degree
0 and a right D-module structure if and only if it has degree 2g — 2. We refer the reader to [HTT08, Remark 1.2.10] for
more details.

4We will see that ¢ coincides with ¢* on the level of O-modules. However, it is important to note that ¢; and ¢x
will generally be different.
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2.3.1. The definitions. First, let F be a Dy-module. Define its D-module pullback ¢*(F) to be isomorphic
to ¢*(F) as an Ox-module with Dx-action induced by the map d¢ : Tx — ¢*Ty corresponding to ¢.
Explicitly, this means that
P ~0x © ¢ (F)
¢ (Oy)

with action of Dx given according to the Leibnitz rule by - (f ®@m) = £(f) @m+ f-d¢(£)(m). Defining
the (Dx, ¢ (Dy))-bimodule

Dxoy = ¢*(Dy)=0x & ¢ (Dy),
¢ (Oy)

we may express the D-module pullback of F in the form
¢"(F) =2Dxy @ ¢(F),
¢ (Dy)

where the Dx-action on ¢~ (F) is simply the left Dx-action on Dy _,y.

Lemma 2.17. Let ¢ : Y — Z, ¢ : X — Y be morphisms of smooth varieties. The D-module pullback
satisfies the composition rule

V20t = (pov)”.
Proof. Tt suffices simply to check that

Dxz>2Dxsy ® ¢Dy_z.
¢ Dy

This is clear on the level of O-modules, so it remains only to notice that the D-module structure respects
the O-module isomorphism. O

Let us now try to imitate this construction to produce a D-module pushforward. For a right Dx-
module G, notice that ¢ (§®p, Dx—_y) is naturally a right Dy-module as the sheaf-theoretic pushforward
of a sheaf of ¢ (Dy ) modules. Apply the functors of Proposition 2.16 to translate this to a functor between
left D-modules, and call the result ¢. We see then that for a left Dx-module F, we have

¢+(F) : =Hompy Uy, 6.(2px ® F) @ Dx-ry))
~ ¢ ((Qpy 1% DX—>Y)1;8; ff")gil)gz

= ¢-((QDX ® Dx .y
Dx

&
(Dy

DY) @ F).
¢ ( Dx

)
Therefore, defining the (¢ (Dy ), Dx )-bimodule

Dy.x :=Qp, ® Dxsy © ¢ DY,
Dx ¢ (Dy)

we obtain the D-module pushforward
¢+(EF) = ¢.(DY<—X [ 3.)'
Dx

Remark. In the manipulations we did to reduce ¢ (F) above, we made several moves which involved
permuting the order in which we took tensor products involving Qp, and D$. We justify these for
Qp, as follows; the argument for D will be entirely analogous. Note that the map 7 : Qp, — Qp,
extending
T(w®n) =-Lie,w®1—-wa®n
is an involution intertwining the two right Dx-actions on Qp, . Thus, any left Dx-module J, 7 induces
an isomorphism of O x-modules
Qp, @ F Q). @ F,
DX DX DX DX

where we denote by Qp, and 7, the object Qp, with its two different right Dx-actions. For instance,
in the manipulation above, the isomorphism

Q F D ~ (Q D F

(ngij{ )gi XY (’DX% X%Y)%
simply exchanges the choice of which right Dx-action on Qp, each of F and Dx_,y are tensored over.

In the definition of the D-module pushforward, observe that ¢, (F) is the composition of the left exact
functor ¢. and the right exact functor Dy x ®p, —. As a result, ¢ is not well-behaved in general. For
instance, a composition rule analogous to Lemma 2.17 does not hold . However, when ¢ is affine, ¢ is
exact, and this pushforward is better behaved. We now examine a particular instance of this in detail.
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2.3.2. Closed embeddings and Kashiwara’s theorem. Let us now suppose that ¢ : X — Y is a closed
embedding. In particular, this means that ¢ is affine, hence ¢, is exact and ¢ is right exact. In this
case, we may define a different pullback functor

¢+($) = HOM¢.DY (IDY<—X7 ¢?),

where the left Dx-module structure on ¢ (F) comes from the right Dx-module structure on Dy, x.
We will later see that ¢T is related to the standard pullback functor in the derived category. For now,
let us first relate it to ¢ .

Proposition 2.18. If¢: X — Y is a closed embedding, we have an adjoint pair of functors
$4 : DMod(X) = DMod(Y) : ¢.
Proof. The chain of natural isomorphisms

HOIHDY (d).(Dy(_X § 7), 7) ~ H0m¢,py (’Dy<_X 1()}9 7,@25'7) ~ HomDX(77H0m¢‘Dy (’Dy<_X7 7))
x X

gives the result, where the first follows from the fact that ¢ (F) is supported on X for all Dy-modules F,
hence applying ¢ is an isomorphism on Hom’s out of ¢ (F) and the second follows from (taking global
sections of) the Hom-tensor adjunction

HodeDY(DY(—X? 7,(;5'7) z’HomDX(f,’Homgb.DY(Dy(_X,7)). O

As we saw in the proof of Proposition 2.18, any Dy-module in the image of ¢ is supported on X C Y.
Denote by the DMod(Y') x the full subcategory of DMod(Y") generated by the Dy-modules with support
lying in X. The following central result in the theory of D-modules shows that ¢ defines an equivalence
of categories onto DMod(Y) x.°

Theorem 2.19 (Kashiwara’s Theorem). If ¢ : X — Y is a closed embedding, we have an equivalence
of categories

¢ : DMod(X) = DMod(Y)x : ¢™.

Proof. Having shown that ¢, and ¢* form an adjoint pair, it suffices to check that the unit and counit
are isomorphic to the identity. This is a local assertion, so we reduce to the case where X = Spec(A/I)
and Y = Spec(A). Because X and Y are smooth varieties, we can find a regular sequence I = (f1,..., fn)
generating the defining ideal I of X. To prove the assertion for X — Y, it suffices to prove it for each
embedding in the chain

X=X —>Xo—= =X, 1Y,
where X; = Spec(A/(fi,---, fn))-

We have therefore reduced to the case where X = Spec(A/f) and Y = Spec(A) for some regular
element f € A. Because A is regular, after further localization we may find an étale coordinate system
fis-++, fn where X is cut out locally by the vanishing of the last coordinate (by extending the equation
defining X to a regular sequence in A). In this case, we see that

Dx = OX[&; s afnfl]/qgi’ fj] = 5ij>
and

Dy = Oyl&1, .., &n—1,8/{[& f5] = 0ij),

where Ox = Oy /(f) for f = f, and £ = &,. Let us now compute Dy . x in these coordinates, keeping
track of the D-module structures. Notice that

Dxy = Ox »2 ¢ Dy ~ Ox[&1, .., &/ ([&is f5] = di5) = Dx[¢]

with the left Dx and right ¢ Dy-actions given by left and right multiplication in the obvious way. Now,
we see that

with the left ¢ Dy and right Dx actions given again by left and right multiplication. We recall here that
¢ was defined to satisfy [¢, f] = 1.

5This is quite different from the situation for O-modules. If X C Y is defined by the sheaf of ideals Zx C Oy, it is
possible that a Oy-module ¥ supported on X only vanishes upon repeated multiplication by Zx, hence does not lie in
the image of the O-module pushfoward. For a simple example, take Y = Spec(A) affine and X = Spec(A/f) defined by a
single equation; then F := A/(f™) is supported at X, but is not a pushforward of any quasicoherent O x-module.
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Having set up our coordinates, we may proceed to checking the isomorphisms. For any Dx-module
F, the map F — ¢+ ¢ F is given by

F = Homg v, (€]Dx, ¢°¢.(€]Dx ® F)) = Homg v, ([§]Dx, [€]9)-

X

Because ¢'Dy acts surjectively on [{]Dx, a section of the right hand side is specified by a section
s=.&m; of []F killed by f. But because f-m = 0, we see that

I Zﬁimi = Ziﬁiflmi #0

K2

unless m; = 0 for ¢ > 0. This means that s must lie in the grade 0 component F of [{]F and hence that
the map F — ¢t ¢, F is an isomorphism.
It remains then to check that for a Dy-module F supported on X, the evaluation map

P+¢0"(F) ~ ¢.([€]Dx 2 Homgpy ([§]Dx, ¢ F)) = F

is an isomorphism. For this, we must analyze the structure of F more carefully.

Consider the operator T : F A given by the action of f¢ and define F* := ker(F =k F). We see
immediately that for m € %, we have

fE-fm=(f*+ fim = (k+1)fm
and
fE-&m = (§f§—Em = (k—1)&m,

meaning that fm € F**1 and ém € F*~1. Thus, we may consider the diagram

£ £ £ £ £
(2) i i > 52 - > 3 - -
f f f f f
where we have &f — f6 = 1 as maps F* — F* for each k. By definition f¢ acts by k on F*, so

&f acts by k+ 1 on F*. In particular, this implies that for & < —1, the map F* L Fh1 s an
isomorphism, and for k& < —2, the map F* — F**+1 is an isomorphism. We may therefore conclude that
FloF20F 3~

It remains now to check that ¥ C F~ 1@ F 2@ ... Because F is supported on X, we have a filtration

F = G Fr,
k=1

k
where F, := ker(F N F). Note that F; is non-empty because the map F 4 F is not injective. We
will now induct on k to show that ¥, C F~1 @ --- @ F~F. For the base case k = 1, if m € Fy, then
Tm = fém = &fm —m = —m, hence F; € F~1. Suppose now that T, C T~ @ --- @ F**! for some
k and take m € Fj. Then, notice that fm € Fp_; CF 1@ --- @ F**! hence Efme T 1o Tk
Similarly, we see that £ f2ém = £fEfm—Efm € F~1@---®TFF because fm € Fi_1, so by the induction
hypothesis and (2), we see that fém € F~' @ --- @ F~F, meaning that

m=¢&fm—fémeFla...aFr

Thus, we have obtained an isomorphism of Dy-modules

(3) F=PT =gt
k=1

where f acts by 0 on F~1.6

6We note here the evident formal similarity between J ~ [5]5‘"’1 and the D-module §, of Example 2.13. Indeed, trivially
generalizing the latter construction to apply to any closed embedding ¢ : Y — X, we obtain for any Dy-module M a right
Dx-module ixM ®p, DPx (which is the pushforward of right D-modules). In the situation of the present proof, if we
take M = F~! and then apply the equivalence between left and right Dx-modules, the result is exactly the Dx-module
F, which shows that any Dx-module supported on some closed smooth subvariety Y cut out by a single equation may be
realized as the pushforward of a Dy -module. This is the key idea behind the proof we are giving of Kashiwara’s Theorem.
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Returning to our original objective, we see that
646" (3) = 6.(IDx © Homyy (E]Dx. )
X

~¢.(€Dx @ Homy oy ([E]Dx, ¢ [€)F )
~6.(EIPx @ ¢ T,

where the final isomorphism follows because a section of Homg.py ([€]Dx, ¢ [€]F 1)) is specified by a
section of [€]F 1 killed by f, which must lie in F~ itself. Under this identification, the map ¢ ¢+ (F) — F
is simply multiplication, thus an isomorphism by (3). O

Remark. We have thus far only considered D-modules on smooth algebraic varieties. While our defini-
tion of the sheaf of differential operators Dx did not depend on the fact that X was smooth, a similar
definition on singular varieties is pathological. Instead, we sketch an approach suggested by Kashiwara’s
Theorem. We may locally realize any singular variety X as a closed subvariety X < Y of some smooth
subvariety Y. Then, we define the category DMod(X) := DMod(Y)x locally to be the category of
Dy-modules supported on X. To check that our definition did not depend on the choice of Y, for two
such embeddings X — Y7 and X < Y5, take a third smooth variety Z such that the two embeddings fit
into the commutative diagram

X

Y

Y, Z.

Then, we have equivalences of categories
DMod(Y1)x ~ (DMod(Z)y,)x ~ DMod(Z)x ~ (DMod(Z)y,)x ~ DMod(Y2)x

by Kashiwara’s theorem on the embeddings of smooth varieties Y7 <— Z and Y < Z. It remains to glue
these local constructions we have made into a global category on all of X and to check that the gluing
procedure is independent of any choices we made. This will follow from some further abstract nonsense
which we suppress. We do note here, however, that the category DMod(X) we have just defined is a
priori unrelated to the category of Dx-modules when X is singular, and there may not be functors in
either direction.

Kashiwara’s Theorem suggests that the behavior of D-modules is much more strongly structured than
the behavior of Ox-modules. We illustrate this with the following immediate consequence.

Proposition 2.20. If a Dx-module F is coherent as an Ox-module, then it is locally free as an Ox -
module.

Proof. Tt suffices to show that F is flat, for which it suffices to check that the dimensions of the fibers
F/m,F of F are locally constant. We claim it suffices to check this for the restriction of F to any non-
singular curve i : C' < X embedded into X; such a restriction will be Ox-coherent because i® and i*
coincide in this case (as the set of points which may be connected to a given point by a smooth curve is
open).

We have now reduced to the case where X is a curve. We claim that JF is torsion-free on X; indeed,
if F has torsion at a point x, then this means there is a non-zero § C F such that miv kills G. That is, G
is supported on {z}, so by Kashiwara’s Theorem we may write

§ = (ix)+(H) = (ia).(Dx (o} @ H)

for some Dy, -module H (which is nothing more than a vector space). But recall from the proof of
Kashiwara’s Theorem that Dx (1 ~ k[£] as a vector space over k, hence § = (i) (H[{]) is not coherent
as an Ox-module, a contradiction.

Because X was a curve, each stalk J; is a module over Ox ., which is a regular local ring of dimension
1, hence a DVR. But a module over a DVR is free if and only if it is torsion free, meaning that F, is free
over Ox , for each x. We conclude that F is locally free on X, so the dimensions of its fibers F/m,F on
X are locally constant, as needed. il

Remark. We distinguish here between the notions of a coherent Dx-module, which has not yet been
defined and will appear in Subsection 2.4, and a Dx-module which is coherent as an Ox-module.
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2.3.3. The derived definitions. Let us now return to our original goal of defining the pullback and push-
forward of D-modules. As we said before, these operations should take place in the (bounded) derived
category D(DMod(X)) of Dx-modules. For this to make sense, we must make an additional assumption
that all varieties we consider are quasi-projective, meaning they admit a locally closed embedding into
some projective space. Then, we have the following technical result.

Proposition 2.21. If X is quasi-projective, the category DMod(X) has enough injectives and local
projectives and has finite homological dimension.

Proof. This is a combination of [HTTO8, Proposition 1.4.14] and [HTTO08, Corollary 1.4.20]. O

By Proposition 2.21, we may expect the operations of derived Hom and tensor to be well-behaved.
Let D(DMod(X)) := D(DMod (X)) be the bounded derived category of DMod(X). Then, we may define

L
RHomp, (—,—) and — ®p, — in the usual way. Now, let ¢ : X — Y be a morphism. We define the
derived pullback ¢' as

8(=) i= L (=)[dim X — dimY] = Dxy @ 6 (=)[dim X — dim Y]
¢ Dy
and the derived pushforward ¢, as
L
QZ)*(_) = RQbA(IDYV—X X _)7
Dx

which will be well-defined as maps between the bounded derived categories. Let us see what these
definitions mean in some special cases.

Example 2.22. If ¢ is an open embedding, then ¢* is exact, and
DX*)Y ~ OX ® ¢Dy ~ OX & DX ~ DX
¢ Oy Ox

by quasicoherence of Dy. Thus, we see that ¢' ~ ¢ [dim X — dim Y]. Similarly, note that
D ~ 0 D DY~ O DL ~ Dy,
Y X Dy 7% XY d)%y ¢ Dy Dy 1% X X
which implies that ¢4 ~ ¢ ~ ¢, is the usual pushfoward and ¢, ~ Ro..

Example 2.23. If ¢ is a closed embedding, then taking locally a regular sequence in the sheaf of ideals
defining X, we can consider the Koszul resolution

0 — KImY—dmX o 4D, ... 3K @ ¢ Dy - Dxy — 0,
¢’Oy ¢'OY

which gives a locally free resolution for Dx_,y as a right ¢ Dy-module.” Thus, to compute ¢', we take
L L
P F)~=Dx,y ® ¢F~K* @ ¢Dy @ ¢F~K* @ ¢T.
¢ Dy ¢ Oy ¢ Dy ¢ Oy

For ¢,, we saw that ¢, was exact, and the proof of Kashiwara’s Theorem showed that Dy . x is locally
free as a right Dx-module, hence we see that

L L
¢*(—) ~ R¢(DY<—X ® —) >~ R¢(DY<—X X —) ~ R¢+ ~ ¢)+.
Dx Dx
Example 2.24. Suppose now that ¢ is the map X — pt. Then, we see that
DX—)pt ~ Ox and ’DpteX ~ QDX § Ox ~Qx,
X
where there is a resolution

(4) 0-0% @ Dx - Qk ® Dx = -+ =5 Q% ® Dx = Qx =0
Ox Ox Ox

of locally free right Dx-modules (see [HTT08, Lemma 1.5.27]), where Q% := T%. The resolution (4) is
a form of the Spencer resolution. Therefore, we see that

6u(-) = Ro.(Qx & -) = Ro.(% © Dx © —) = R © -).

Taking the special case of ¢,(Ox), we see that ¢, (Ox) ~ Ro (%) and therefore that
Rir((b*(OX)) = Rz(b(Q;() = Hi(Xv Q;()’

"We note here that this particular instance is given by tensoring the ordinary Koszul resolution from commutative
algebra by Dy .
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which is the algebraic de Rham cohomology of X (where H® denotes the hypercohomology). In particular,
when X is defined over C, then by Grothendieck’s algebraic de Rham theorem [Gro66, Theorem 1],
R'T(¢+(Ox)) gives H5 (X, C), the de Rham cohomology of the associated complex algebraic variety.

2.4. The singular support. We now give a construction that allows us to consider a second notion
of support for a class of Dx-modules satisfying a certain local finiteness condition. The relevant notion
arises from the observation of Proposition 2.5 that gr Dx ~ Symy, T'x =~ Ory, suggesting that we may
wish to view a Dx-module in terms of a related graded module over Symg, Ty, where we note that
Syme, Tx ~ Ory. We may then consider its support on the cotangent bundle T% of X. Let us now
carry out these constructions more rigorously.

2.4.1. The definition. Recall the order filtration FyDx C F1Dx C --- C Dx on Dx defined in Subsection
2.1. For a Dx-module J, we say that a filtration F;J on J is compatible with F;Dx if F;Dx-F;F C F;1;F
for all 4,j. For any Dx-module ¥ equipped with a filtration, we see that grp F acquires the structure
of a graded gr Dx ~ Ory-module. We would like to define a notion of support for grp & which depends
only on F and not on the choice of filtration; for this, we require the following key definition.

Definition 2.25. A filtration FoF C F1F C --- of F is good if one of the following two equivalent
conditions hold:

(i) gryJ is a coherent Or; -module, or
(ii) F;F is a coherent Ox-module for all i and F1Dx - F;F = F;11F for i large.

Lemma 2.26. The two characterizations of good filtrations given in Definition 2.25 are equivalent.

Proof. That (ii) implies (i) is obvious. To show (i) implies (ii), pick a set of generators {[f;]} for grp F
over Or;, and let f; € F be a representative of each generator, where f; € Fy, — Fy, 1 for a unique k;.
Then, there is some N such that f; € FxJ for all i. Now, choose locally a set of generators {¢;} for T'x
over Ox and for K > N consider the set of elements

Sk =18, & fi| k<K —ki}.

We claim that the obvious map O?@SK — FgJ is surjective; indeed, filtering O??SK by the maximal
order of a non-zero element corresponding to s € Sk, the map respects filtrations and is surjective on
the associated graded because [f;] generated grp F. This shows that FxJ is coherent for all K > N.
Further, because Skxy1 C F1Dx - Sk, we obtain also that FiDx - F;F = F;11F for i > N, giving (ii). O

Let now F be a Dx-module equipped with a good filtration F;F. By definition, grp F is then a
coherent Or;-module, so we may then define the singular support of F to be

SS(F) :=supp(grp F),

the support of grp F. As is implicit in the definition, we must check that this definition is independent
of the choice of good filtration on .

Proposition 2.27. The singular support of F does not depend on the choice of good filtration on F.

Proof. Take two good filtrations F*F and F2F, and denote by SS*(F) and SS*(F) the (a priori different)
singular supports associated to them. We now use an elegant trick which we believe is due to Bernstein.
Say that the two filtrations are neighbors if

(5) F'cF?cFl, CcF,

for all .. We first claim that if F' and F? are neighbors, then SS*(F) = SS*(F). Indeed, condition
(5) means that the identity map ¥ — F is compatible with the two filtrations, hence it induces a map
gr! F — gr2F. Let us place this map in an exact sequence

0K —glFoag?F - C—0,

where we notice that K = @, F?F/F}F and C = @, F?,/F?,,F. In particular, C and K are isomorphic
up to a shift in grading. Therefore, if ¢ supp(gr' F), then K, = 0 and therefore C, = 0, meaning
that (gr? F), ~ (gr? F), = 0. Similarly, if = ¢ supp(gr? F) then, we see also that = ¢ supp(gr! F), which
implies that SS'(F) = supp(gr' F) = supp(gr? F) = SS§*(F), as desired.

It remains now to check that any two good filtrations F' and F2 on F are linked up to a shift by a chain
of neighboring filtrations (as the singular support is obviously invariant under shifts of the filtration).
Indeed, define the filtrations

GFF = F/F+ F2,F
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for all k € Z. It is clear that G* and G**! are good and are neighbors for all k. Now, choose K so
that FiDx - F'F = F',F and Fi\Dx - F?F = F2,F for i > K. Take N so that F£F C FyJ and
F.LF C F%F. Then, we claim that G~ = F! and that GV is a shift of F'. For the first claim, our
choice of K and N implies that F? yF C F2 \, F C F}'F, we sce that

G NF =F!T+ F? yF =F!T.
For the second claim, the choice of K and N gives F'F C F}', , F C F? F, hence
GYTF = F}'F + F2, yF = F2 \ 7.

Thus, we see that F'! and a shifted version of F? are linked by neighboring good filtrations, completing
the proof. O

By Proposition 2.27, when a good filtration exists, we have a well-defined notion of singular support.
We would like now to characterize when this happens. We say that a Dx-module is coherent if it is
locally finitely generated (over Dx). It will turn out that these are precisely the Dx-modules for which
a good filtration exists. We give some basic properties of coherent Dx-modules below.

Lemma 2.28. Any coherent Dx-module F on X is generated by a submodule which is coherent as an
Ox -module.

Proof. Recall that X was assumed to be quasi-projective, hence quasi-compact, so we may cover X by
a finite collection of affines X = |J, U; such that F|y, is finitely generated as a Dy,-module over U;. On
each U;, pick a set of generators for F over Dy, and let §; be the Oy,-submodule generated by them.
Then there exists a Ox-submodule F; of F such that F;|y, = G;. Set F' =", F; C F; notice that F' is
coherent as the finite sum of coherent submodules of F. It is clear that F’ generates F as a Dy-module,
as needed. O

Lemma 2.29. Let U C X be an open set and F a Dx-module. Then, if F|y is coherent as a Dy-module,
there exists a coherent submodule I C F such that F' |y = Fly.

Proof. Take a Op-coherent submodule § C F|y that generates it as a Dy-module. Then, we may find a
Ox-coherent submodule §’ of F such that §'|y ~ G. Let I’ be the Dx-submodule of F generated by §';
it is clearly coherent and satisfies F'|y ~ F|y, as needed. O

Using these, we can now show that good filtrations exist exactly for coherent Dx-modules.
Proposition 2.30. A Dx-module F admits a good filtration if and only if it is coherent.

Proof. If F admits a good filtration F;JF, then picking K so that F1Dx - F;F = F; 1 F for i > K, a set
of Ox-generators for FxJF will be a set of Dx-generators for F, showing that F is coherent. Conversely,
if F is coherent, take by Lemma 2.28 an Ox-coherent submodule ¥ C F that generates it and consider
the filtration

Because F1Dx - F;Dx = F;11Dx for all ¢ by Proposition 2.5, we see that I} Dx - F;F = F;;15 for all i3
Now, because FyF = F' is coherent, it follows that F;F = (Fﬂ)x)i - FoF is coherent for each i, showing
that F;J is a good filtration. O

2.4.2. Bounding the singular support. Having now defined the singular support for coherent D-modules,
let us characterize its behavior. In general, it is somewhat difficult to compute, but the following special
case is simple and important.

Example 2.31. Suppose that F is Ox-coherent. Then the trivial filtration on F with F;F = F is good,
meaning that grp F ~ F, where the action of T'x is trivial. This implies that SS(¥F) is contained in the
image of the zero section X — T%.

As we see from Example 2.31, Dx-modules which are coherent as Ox-modules have singular support
contained in X. According to the following result of Bernstein, this is “smallest possible” in the following
sense.

Theorem 2.32 (Bernstein’s Inequality). For any non-zero coherent Dx-module &F, we have SS(F) >
dim(X).

8In fact, Proposition 2.5 shows that F;Dx is a good filtration.
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We defer the proof of Theorem 2.32 for a moment to present and motivate a key result used in it.
The basic idea of the proof will be to reduce by induction to the case where dim supp(F) = dim(X) by
restricting the base of F to (an open subset) of its support using Kashiwara’s Theorem. To accomplish
this, we need to understand how the singular support transforms under pullback and pushforward.
Unfortunately, this is meaningless in general, as the (derived) pushforward and pullback do not always
preserve coherence. However, it holds in the following special cases, which will be enough for us to prove
Bernstein’s inequality.

Proposition 2.33. Let ¢ : X — Y be a morphism of varieties. Then, we have the following:

(i) if ¢ is a closed embedding, then a Dx-module F is coherent if and only if ¢ (F) is, and in this
case we have
dim SS(¢p4(F)) — dim(Y) = dim SS(F) — dim(X);
(ii) if ¢ is an open embedding, then for a coherent Dy -module F, ¢™(F) is coherent, and in this case
we have

dim SS(¢>(F)) = dim SS(F).

Proof. For (i), as in the proof of Kashiwara’s Theorem, we may reduce to the situation where Y is affine
with a étale coordinate system fi, ..., f, with corresponding dual vector fields &3, ..., &, and X is defined
by the vanishing of the last coordinate f = f,,. As before, set £ = £,. We computed previously that in
this case ¢ (F) ~ [(]F, thus any good filtration on ¢ (F) restricts to a good filtration on F and for a
good filtration F;F, we may construct the good filtration

Fup(F):= Y &-FF
i+j=n
on ¢4 (F) such that
gy (F)= P &g’ T
i+j=n
This shows that ¢4 (F) is coherent if and only if F is. To show that ¢ preserves dim SS(F) — dim(X),
note that f kills gr ¢ (F) because f-£ = ¢~1 f and f kills gr . Because the action of all other generators
of Symg,, Ty commute with £, we find that

Anny (gr¢())/(f) ~ Annx (%),
where f is regular in Anny (gr ¢ (F)). This shows as needed that
dim 8S(¢+F) — dim(Y) = dim(Y) — dim Anny (gr ¢ (F))
=dim(X) + 1 — dim Annx(F) — 1
— dim SS(F) — dim(X).

For (ii), because ¢* coincides with the O-module pullback, it preserves coherence, as the pullback
of a good filtration will be a good filtration. Further, ¢® induces an open embedding ¢, : Ty = Ty,
hence by exactness of »* we have an isomorphism gr* ¢p>F ~ oy gr' F. This shows that SS(¢p2F) =~
SS(F) N ¢y (T%), giving the claim.” O

With Proposition 2.33 in hand, we are now ready to give the proof of Theorem 2.32.

Proof of Theorem 2.32. Given Kashiwara’s Theorem and Proposition 2.33, the proof is relatively simple.
Proceed by induction on dim(X); if dim(X) = 0, the statement is vacuous. Now, for dim(X) > 0, suppose
that the claim holds in smaller dimensions, and restrict to an open subset of X so that supp(F) consists
of a single irreducible component. By Proposition 2.33(ii), this preserves the hypotheses and desired
conclusions of the claim.

Now, if supp(F) = X, then we see that X C S§(F) (under the embedding of X — T% via the zero
section), meaning that dim SS(F) > dim(X). Otherwise, Z = supp(¥F) is a proper closed subset of X
of codimension at least 1. Pick some open set U of X so that U N Z is non-empty and smooth, and
write j : U < X and i : UNU N Z < U for the inclusions. Then, j2J is supported on U N Z, so by
Kashiwara’s Theorem we may find some Dynz-module G such that i1 G = jAS”. By Proposition 2.33, we
see that jA"J’~ and G are both coherent and thus that

dim 8§(F) — dim(X) = dim SS(j2F) — dim(U) = dim SS(G) — dim(U N Z) > 0
9We note that (ii) may be generalized much further (with appropriate modifications to the conclusion); in particular,

we may consider any smooth morphism ¢. We will only use the simpler case where ¢ is an open embedding, however, so
we restrict to it here.
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by the induction hypothesis. ([l

By Bernstein’s inequality, we see that Dyx-modules which are coherent as Ox-modules must have
singular support SS(F) C X of dimension exactly X, meaning that their singular supports consist of
some of the irreducible components of X. Decomposing the singular support into irreducible components
in this manner is a fruitful general technique, as we demonstrate in the following proposition.

Proposition 2.34. Let § C F be coherent Dx-modules. Then, we have
SS(F) =8S(9) USS(F/9),
and further this decomposition respects the multiplicities of the irreducible components on both sides.

Proof. A good filtration on F induces good filtrations on § and G/F by restriction and projection such
that the short exact sequence

0-G—-F—-G/F—-0

is compatible with filtrations. Passing to the associated graded, we obtain a short exact sequence
0—egr§—grF—egr§/F —0,

from which it follows that SS(F) = SS(G) USS(F/9).

Let us now see a refinement of this statement. Observe that this decomposition respects the irreducible
components of SS(F). That is, for every irreducible component I; of SS(F) with generic point p;, we
obtain a short exact sequence

0— (gr 9)137 — (grrf)m - (gr 9/?)P7 —0

of Artinian modules of finite length, where the length of (grF),, is by definition the multiplicity m,;(F)
of I; in grF. Then this short exact sequence implies that

mi(F) = mi(§) + mi(§/F)
for each irreducible component I; of SS(F).1° O

Corollary 2.35. Any holonomic D-module F has finite length.

Proof. This is immediate from the result about irreducible components in Proposition 2.34, as the length
of F is bounded by the sum of the multiplicities of the irreducible components of SS(F). O

2.5. Holonomic D-modules and duality. In view of Bernstein’s Inequality from the previous section,
it is natural to make the following definition of Dyx-modules which are of minimal size in some sense.

Definition 2.36. A coherent Dx-module JF is holonomic if and only if dim SS(F) = dim(X).

We shall see that the class of holonomic D-modules is particularly well-behaved. The following propo-
sition shows that they are very close to O-coherent D-modules.

Proposition 2.37. Let F be a holonomic Dx module. Then, there exists an open dense subset U C X
such that F|y is Oy -coherent.

Proof. Set M := gr¥, and let M® C M be the submodule of M supported away from X C T%, where
we interpret X as the zero section; that is, M is the submodule annihilated by the ideal of elements
of positive grade. Now, notice that Ty — X carries a G,,-action by multiplication on fibers and further
that the quotient Y of T% — X under this action exists. Observe now that M? is a graded module over
Symg  Tx supported on T% — X thus, it defines a sheaf on Y, and its support supp(MP) is invariant
under the G,,-action on fibers. This means that the fibers of supp(M°) have dimension at least 1 under
the projection 7 : supp(M°%) — X — X, implying that

dim(X) > dim supp(M) > dim supp(M°) > dim 7 (supp(M?)).

Then, letting U = X — w(supp(M°)), we see that U is open dense and that supp(M°) is disjoint from
71 (U), thus gr F|y is supported on T3, N (U U7~ (U)) C U. But this means that the good filtration on
F|u is eventually constant, hence F|y is Opy-coherent. O

10Technically speaking, we should have showed that m;(F) was well-defined independent of the choice of good filtration
on F. To show this, the argument we used to prove Proposition 2.27 works verbatim with every instance of « ¢ supp(gr )
replaced by (grJ)p; = 0.
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Let us now see that holonomic D-modules behave well under the various operations on D-modules
we have defined so far. By Proposition 2.34, it is clear that quotients and extensions of holonomic D-
modules remain holonomic. For the rest of our compatibility properties, we must pass to the derived
category of holonomic D-modules, which we define on a variety X to be the subcategory D(DMod (X )"!)
of D(DMod(X)) consisting of complexes whose cohomologies are holonomic. Similarly, we may define
the derive category of coherent D-modules, which we denote by D(DMod(X)¢) The main compatibility
result on holonomic D-modules is that this category is well behaved under the derived pushforward and
pullback. Presenting a complete proof of Theorem 2.38 is beyond the ken of this essay, but we will give
some indication of the ingredients.

Theorem 2.38 ([HTTO08, Theorem 3.2.3]). Let ¢ : X — Y be a morphism of varieties. Then, ¢' maps
D(DMod(Y)"") to D(DMod(X)"") and ¢, maps D(DMod(X)"°!) to D(DMod (Y )"!).

2.5.1. The duality functor. We must first take a detour toward a duality functor which is defined
for all coherent D-modules, which is itself of independent interest. Define the duality functor Dx :
D(DMod(X)¢)" — D(DMod(X)¢) by

Dy (F°) := RHomp, (F°, DE)[dim X].
To compute Dy, we may take a locally projective resolution P®* — F*, for which we have

Dx(F°) = Dx(P*) = Homp, (P*, D$)[dim X].
Therefore, we see that
D% (F°) = D% (P*) ~ Homp, (Homp, (P*, D) [dim X], DL)[dim X]
~ Homp, (Homp, (P, D}), DY),

is locally isomorphic to P* under the map P* — Homp, (Homp, (P*, D), DE) given by evaluation

(because P* was locally projective and Dgz( locally isomorphic to Dx ). The duality functor will turn out
to have particularly nice behavior on holonomic D-modules, as we summarize below.

Theorem 2.39. If JF is a coherent Dx-module, then
(i) F is holonomic if and only if Dx (F) lies in grade 0, and
(ii) Dx provides a duality of categories between DMod(X)"*! and DMod(X)hotr.

The proof of Theorem 2.39 relies crucially on the homological result attributed to J. E. Roos, which
is proved by passing between resolutions of F and gr, F for good filtrations on JF.
Theorem 2.40 ([HTTO08, Theorem 2.6.7]). Let F be a coherent Dx-module. Then, we have
(i) codimSS(é‘xt%X(S’, DL)) > i, and
(ii) Extipx (F, D) =0 for i < codim SS(F),
where we recall that SIt%X (F,9) is the cohomology in grade i of RHomp, (F,9).
We omit the proof but now show how it implies Theorem 2.39. In fact, Theorem 2.40 has quite

powerful consequences for duality in the derived category of all coherent D x-modules, but we wish to
focus on the holonomic case for now.

Proof of Theorem 2.39. This will be simple given the characterization given by Theorem 2.40. To wit,
for (i), first suppose F is holonomic. Then, by Theorem 2.40(ii), we see that H(Dx (F)) = 0 for i < 0
(note the shift in grade due to to shift in the definition of Dx). Further, by Theorem 2.40(i), we have
that
dim SS(Eaty (F,PY)) — dim(X) < dim(X) —

for all ¢, which shows by Bernstein’s inequality that

Extly (F, DY) = H~ImX(D(X)) =0 for i > dim(X),
hence H(Dx (F)) = 0 for i > 0 and Dx (F) lies only in grade 0.

On the other hand, if Dx (F) lies only in grade 0, then by duality we see that
F ~Dx(Dx(F)) ~Dx(Dx(F)°),

so applying Theorem 2.40 to Dx (F), we see that

2dim(X) — dim SS(Extpm ™) (Dx (F), DY) > dim(X)

and thus that dim(X) > dim SS§(F), meaning that F is holonomic. This finishes the proof of (i). Now
(ii) is more or less a restatement of (i) combined with the fact that D3, = id. 0
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2.5.2. Pushforwards and pullbacks of holonomic D-modules. The second key ingredient to the proof of
Theorem 2.38 is the following special case. We will omit the other components of the proof to go into
more detail about this one.

Proposition 2.41. Let ¢ : X — Y be an open embedding with Y affine and X := Y} the locus of
non-vanishing of a single equation. Then, the derived pushforward ¢, preserves D(DMod (X )"°!).

The proof of Proposition 2.41 will rely upon the following two key lemmas. The first of these is used
to prove the second, which is known as the b-function lemma and is of independent interest.

Lemma 2.42. Let U C X be an open set and F a Dx-module. Then, if F|y is a holonomic Dy-module,
there exists a holonomic submodule ¥ C F such that F'|y = Flu.

Proof. By Lemma 2.29, we may assume that F is coherent. Now, write § = F|y and M = H°(D(F)).
Applying Theorem 2.40(i), we see that codimSS(M) > dim(X), hence M is holonomic. Now, set
F' = Dx(M). We claim that F is the desired submodule.
First, it is holonomic by Theorem 2.40. Now, there is a natural map Dy (F) — H°(Dx (F)) = M, thus
a natural map F’ = Dx (M) — D% (F) ~ F. Now, because ¢* o Dy ~ Dy 0 ¢* for the exact functor ¢2,
we see that
Fly = ¢°F" = Dy (6™ H(Dx (9)))) = Dy (H°(¢°Dx (9))) = Dy (H*(Dy(9))) =~ S

Thus, we see that applying ¢* to the natural map F’ = Dx (M) — D% (F) ~ F yields the desired
isomorphism |y ~ F|y. O

Lemma 2.43. Let X be a smooth affine variety. For f € Ox, letY := Xy be the locus of non-vanishing
of f withi:Y < X the inclusion. Then, for any holonomic Dy -module F and any section u € i (F),
there exists d(n) € Dx|[n] and b(n) € k[n] such that

d(n)(f"*u) = b(n) f u.
Proof. For an indeterminate A, let X := X x k(\) be the extension of scalars of X to the field k() and
k

define Y, analogously. Then, consider the Dy, -module Fy which is isomorphic as a Oy, -module to

with the action of Dy, given by
e (P om) = £ 25 )

It is clear that &) is coherent because JF is; further, a good filtration F;F on F induces a good filtration
F;Fy := (F;F)x which is evidently also good. Therefore, SS(F)) has the same dimension over k(\) as
SS(F) has over k, meaning that Fy is holonomic.!!

Now, let iy : Yy, < X, denote the corresponding inclusion and notice that if(i,\)+(3r,\) ~ F, is
holonomic, hence by Lemma 2.42 we may find some holonomic Dx, -submodule Gy C (ix)+F such that
i5(Gx) =~ Fx. Then, we see that (ix)+F»/Gx is supported on X — Y, hence any element of (i) Fx/Gx is
annihilated by a large enough power of f. In particular, this is true for the image f*-u of u in (i)) Ty,
so there exists some K such that

A ffu e G
Now, recall that G, is holonomic and hence has finite length by Corollary 2.35, meaning that the de-
creasing chain of submodules

Dy, A B Dy, ARty S Dy, ARy
of G must stabilize. In particular, this means that we may find some N so that f*- fV € Dy, - - fN+1u,
so there is some dy, € Dy, such that dy(f*- fNT1u) = f*- fNu. Then, writing dy = % for p(\) € Dy [A]
and g(A) € k[)A], we see that
p()\)f’\ . fN+1u _ q()\)fA A fNu.
Then, specializing to A =n — N and taking d(n) = p(n — N) and b(n) = g(n — N), we find that
d(n) f* 1 = b(n) fu
in iy (F), as desired. O

HWe note here that nowhere in our discussion of holonomic D-modules did we assume that k was algebraically closed,
so discussing the property of being holonomic over the field k() is valid.
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The polynomial b(n) of minimal degree for which the conclusion of Lemma 2.43 holds is called the
b-function of f. We give some concrete examples.

Example 2.44. Take X = Spec(k[z]) and f = 22 + 1. Then, we may compute

%W 1) — (20 4+ 1)20,](22 + 1™ = n(n + 1)(22 + 1),

so b(n) = n(n + 1) is the b-function (subject to verifying that no linear b-function exists).

Example 2.45. Take X = Spec(k[z,y]) and f = 22 + y? + 1. Then, we may compute

1 n n
5l +1)07 + 2205 —2(n+ 1)2d,)(2* + y* + )" = (n+ 1)(2* +¢° +1)",

so b(n) = n+ 1 is the b-function. The evident asymmetry between = and y here illustrates that there
can be multiple differential operators d(n) giving a single b-function.

Let us now sketch how Lemma 2.43 implies Proposition 2.41.

Proof of Proposition 2.41. In this situation, we recall that ¢, = ¢, because ¢ is an affine map. We
can reduce to the case where there is a single holonomic Dx-module F, and by taking an increasing
holonomic filtration of F, where ¢ (F) is generated by a single section w.
The first step is now to show that ¢, (F) is coherent. For this, by Lemma 2.43, we see that the
sequence
Dy -uCDy-ffluCDy-ffzu--~

eventually stabilizes, hence there is some element f~u which generates ¢, (F).

Second, to show that ¢ (F) is holonomic, we note that we are in exactly the situation of the proof
of Lemma 2.43. Then, take the construction of Fy from the proof. Recall that (¢5)+F\ was generated
by u, which by the conclusion of Lemma 2.43 lies in the Dy, -span of f* - fKu, which is in its holonomic
submodule Gy. So (¢r)+Fx is itself holonomic.

We would like to pass from this to the fact that ¢, 3 is holonomic. For this, choose a finite number
of dg\ € Dy, , the vanishing locus of whose image in SymoYX Ty, is SS((éx)+Fr). Specializing to A =n
for small enough n < 0, we obtain {d,} € Dy who kill f"u and whose vanishing locus is of dimension at
most SS((dx)+Fx) = dim(Y'). The former holds for all n, and the latter for all but finitely many values
of n because it holds over k(\) and is expressed by a non-vanishing condition (and an element of k(\)
which does not vanish can only specialize to 0 for finitely many values of n).

Recall now that for small enough n < 0, f™u generates ¢+ F. Now, for such an n, take H to be the
submodule generated by f"u. The {d} exhibit a annihilating set for gr # in Symg,, Ty of dimension
dim(Y"), hence the singular support of #H is supported on it and has dimension dim(Y"), showing that H
is holonomic. But we chose n so that H = ¢, giving the desired. [l

2.5.3. Duality for holonomic D-modules. We now give for completeness a description of duality for the
derived category of D-modules with holonomic cohomology. We omit the proof, though we will discuss
a particular consequence, the classification of all irreducible holonomic D x-modules on a given variety
X. As is somewhat apparent by the definition of D, this theory will be analogous to the theory of
Grothendieck duality for coherent sheaves in algebraic geometry. Let ¢ : X — Y be a morphism of smooth
varieties. We define functors ¢ : D(DMod(X)"!) — D(DMod(Y)2!) and ¢* : D(DMod(Y)!) —
D(DMod(X)"°!) by
¢1 =Dy ¢.Dx and ¢* = Dx¢'Dy.

Combined with our original derived pushforward and pullback, this yields the six functors ¢i, @', ¢, ¢*,
Dx, and Dy, which will be related by the following duality theorem.?

Theorem 2.46 ([Ber83, Section 3.9]). We have the following relationships between ¢y, &', ¢x, ¢*, Dx,
and Dy :

(i) ¢ is left adjoint to ¢',
(il) @* is left adjoint to ¢y,
(iil) there is a natural map ¢y — ¢, which is an isomorphism if ¢ is proper, and
(iv) if ¢ is smooth, then ¢' = ¢*[2(dim Y — dim X)].

12Technically speaking, we need also to show that Dx, Dy preserve D(DMod(X)P°!). However, as we are omitting the
proof of Theorem 2.46, we do not find this necessary.
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Let us see a sample application which will be quite relevant to the second half of this essay. Let
i : Z — X be a locally closed affine embedding of a smooth subvariety. Then, for any O z-coherent
Dz-module F, we define its minimal extension to be

inF =Im(aF — i, F)

as a Dx-module. Notice that 4, F is a holonomic Dx-module (and not a complex) because Dx, Dy,
and i, all send holonomic D-modules to holonomic D-modules and the property of being holonomic is
preserved under taking submodules. When JF is furthermore irreducible, this construction will allow us to
obtain all irreducible holonomic Dx-modules by the following theorem, which we again restrict ourselves
to only quoting.

Theorem 2.47 ([HTTO08, Theorem 3.4.2]). Suppose that F is an irreducible Oz-coherent Dz-module.
Then its minimal extension 11, F is an irreducible holonomic Dx-module. Moreover, all irreducible holo-
nomic Dx-modules take this form.

2.6. D-modules on P!. In this subsection, we consider the toy example of D-modules on P! using the
theory that we have developed in this section. We note in particular that P' is the flag variety of the
semisimple algebraic group SLo, thus our discussion here will provide a link to the discussion of the
Beilinson-Bernstein theorem in the second half of the essay. First, Kashiwara’s Theorem gives us the
following key characterization of D-modules on projective spaces.

Proposition 2.48. Let P(V) be the projective space of a wvector space V. Then, the global sections
functor provides an equivalence of categories

T : DMod(P(V)) — T(P(V), D) — mod.

Before proving Proposition 2.48, we require some general analysis of D-modules on projective space.
Define the maps j : V —{0} = V and 7 : V — {0} — P(V), and let {z;} be a basis for V. The proof will
rely crucially on the following lemma, which says that for a Dy _(p}-module arising as the pullback of a
Dp(vy-module, the graded structure on its global sections can be recovered from the Dy _(gy-action.

Lemma 2.49. Let F be a Dpyy-module and G := 7F its pullback to V — {0}. Then, the i'™" graded
component of T'(V —{0},G) given by the G,,-equivariant structure is the i-eigenspace of the action of the
Euler operator & := ), x;0; on I'(V — {0}, 9).

Proof. Because G took the form 72, the isomorphism

¢:act® G~ pQAS
giving the G,,-equivariant structure is given as the pullback of the identity isomorphism ¥ — F via the
morphisms 7 o act = 7 o pa. Therefore, ¢ respects the Dg,, » (v —{0})-actions on act® G and p2A9. Recall

now that the grading on global sections of § is given as follows; an element m € I'(V —{0}, §) decomposes
as m = ), m;, where

p(l@m) = Zti®mi-

Let us reinterpret this in terms of the D-module structure. Notice that Dg, «(v—foy) = Dy —{oy[t, t=1,8,],
and that because Tg,, is killed by po, the action of Dg,, < Dg,, x(v—{0}) on p53F is given solely by its
left action on Og,,. We may thus compute

(6) to; - p(l@m) = _it' @m.

On the other hand, the map T, «(v—fo}) — act™ Ty _{o) sends t0; to ), x;0;. Computing in this way,
we see that

(7) 10, - $(1 ® m) :qb(t@t-(l@m)) =¢(1®ina,»m).

Combining our computations (6) and (7) of the action of td;, we see that £ :== Y, 2;0; acts on the i*!
graded component of I'(V — {0}, §) by multiplication by i. O

Proof of Proposition 2.48. We first show that T'(IP(V'), —) is exact. In view of Lemma 2.49, we may factor
I" as the composition of the functors

ker(acte)

DMod(P(V)) = DMod(V — {0}) " =57 0(v = {0}, 0y _ o)) — mod & T(B(V), Day)) — mod.
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Here, 72 is exact because 7 is flat, so it suffices to show that ker(act¢) oI'(V — {0}, —) is exact. For this,
consider a short exact sequence

(8) 0—=F1 —-F—>F3—=0

of Dy _jgy-modules. Because j is an open embedding, we see that ji coincides with the ordinary
pushfoward of O-modules, hence we have that T'(V — {0}, —) ~ T'(V,—) o j;. Consider now the exact
sequence
0— 74T = j1TFo =Tz = RYjLF — - .

Applying the exact functor 72, we see that the sequence 72 R'j,.F; = 0, hence R'j, F; is supported
at {0} € V. Therefore, by Kashiwara’s Theorem, we may write R'j,J; = i, G, where i : {0} — V is
the inclusion and G is a D-module on the single point space {0}. Then G is the (possibly infinite) direct
sum of copies kg of the base field, and we saw in the course of the proof of Kashiwara’s Theorem that
iy (ko) = [01,...,0n]k 10, where each x; annihilates the formal element 1. The action of £ on monomials
[L; 07 - 1o in I'(V,i4 (ko)) is thus given by —n — ) . c, a strictly negative integer. In particular, this
implies that the kernel of the action of £ on I'(V, R'j,J;) = I'(V,i,9G) is 0. This shows that applying
the composition ker(acts) o I'(V, —) o j1 to (8) yields an exact sequence

0—=T(V—-{0},7)" - T'(V—-{0},92)° = (V- {0},F3)° = 0,

showing that T'(P(V'), —) is exact.
To show that I'(P(V'), —) gives an equivalence of categories, consider the functor
Loc(M) := D[P(V) ® M,
L(P(V),Decv))

where we view M and I'(P(V'), Dp(vy) as constant sheaves on P(V). It is easy to check that Loc is left
adjoint to I'; further, to show that they form an equivalence, it suffices by abstract nonsense to show
that that T(P(V),F) = 0 implies F = 0. We will give an identical argument to this one in detail in the
proof of Corollary 4.12, so we content ourself with this sketch here.

It remains now to check that I'(P(V),F) = 0 implies F = 0. Take an F so that I'(P(V),F) = 0, and
consider the graded module T'(V — {0}, 72F) which is trivial in grade 0. An analysis similar to the one
we performed in the proof of Lemma 2.49 shows that 9; maps I'(V — {0}, 72 F)k*! to I'(V — {0}, 2 F)F
and x; maps I'(V — {0}, 72 F)* to T(V — {0}, 72F)*+1. Therefore, the action of the Euler operator ¢ and
the fact that T'(V — {0}, 72F)° = 0 show that T'(V — {0}, 72F)* = 0 for k > 0. Similarly, if all z; kill
L(V — {0}, #2F)* for some k, then I'(V — {0}, 72 F)* is supported at {0}, hence 0. Applying this to the
fact that T'(V — {0}, 72F)° = 0 shows that I'(V — {0}, 72F)* = 0 for k < 0, hence T'(V — {0}, 72F) = 0.
This implies that F = 0 (for instance because for any coherent submodule H C F, the twists H(n) are
eventually globally generated). O

Remark. Varieties X such that the global sections functor defines an equivalence of categories between
Dx-modules and I'(X, Dx )-modules are called D-affine. In Proposition 2.48, we have shown that the
projective spaces P" are D-affine. In these terms, the following half of this essay will be devoted to
showing (via a different technique involving Lie algebra representations) that the flag variety G/B of a
semisimple algebraic group is also D-affine.

Using Proposition 2.48, we may now calculate explicitly in the category of D-modules on P'. Pick two
coordinates z and w = z~! corresponding to a cover of P! by two copies U, and U,, of A!. The sheaf of
differential operators Dp: is then defined by

I'(U:, Dp1) = klz,0:]/([0:, 2] = 1,
T(Uy, Dpr) = k[w, 0y)/{[Ow,w] = 1), and
DU, Uy, Dp1) = k[z,274,0.] /{02, 2] = 1,[0,, 27 1] = —272),
where the restriction maps are the natural inclusion z — z, 9, — 9, on I'(U., Dp1) and the map
w27 O — —220,
on I'(Uy, Dp1). Now, writing all monomials in k[z, 271, 9,] in the form 2?9?, we find that
(P!, Dp1) = span (1, 2% fori<j41,4> 0).

One may check that I'(P!, Dp1) is generated by 0., z0., and 220.. Suggestively, if we normalize these as
(9) e=—0,, h = —220., f=2%0.,
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then we may check that [e, f] = h, [h,e] = 2e, and [h, f] = —2f. Therefore, we see that (9) defines
a map of associative algebras U(sly) — T'(P!,Dpi). It is also easy (if a bit tedious) to check that
¢ = 3h* + h 4+ 2fe, the Casimir element of U(sly), is sent to zero by this map. For U(sly), it is known
that ¢ generates the entire center, hence we have just manually constructed a map

Ul(sly)/Z(sly) - U(sly) — T(PY, Dp1).

Evidently, this map associates to each Dpi-module a U(slz)-module where Z(sly) acts trivially. As we
shall see in the sequel, this is an instance of the Beilinson-Bernstein correspondence. Now, let us identify
the U(sly)-representations that some specific Dpi-modules correspond to.

Example 2.50. If ¢ : X — P! is a closed embedding, then

P (F) = Im(d1(F) = 94 (F)) = 94 (F) = 64(F)

because ¢ is automatically proper, hence we may apply Theorem 2.46 to see that the map ¢ — ¢,
is an isomorphism. Therefore, Theorem 2.47 implies that ¢,(F) should be an irreducible holonomic
Dpi-module when J is coherent and irreducible. Consider now a closed embedding ¢ : {z} < P! of a
point x which we will assume lies in the coordinate chart U,. Any D-module on {x} is simply a vector
space, so the only interesting D-module we produce in this way is the pushfoward ¢, (k) of the trivial
Dy,y-module k. Explicitly, it takes the form

¢+(kw) = Qﬁ(DPle{z} O® kw)
(=}

and thus

L(PY, ¢ (k) ~T({z}, Dpreqa}) = ks O@ Homo,, (Qp1,Dp1)e ~ (Dp1)e @ ky ~ [0:]kq,

Pl , T
where the action of T'(P!, Dp1) is by left multiplication. Computing the actions explicitly, we see that

-0, - 0! = -9t
220, - 0 = —220' ! +2(i 4 1)0!
220, - 9. = 2?01 — 2(i + 1)xd: +i(i + 1)017 1,
which when z = 0 corresponds to the dual Verma module MY, for sly with lowest weight 2. When z # z,
we observe that the resulting sl;-representation is not a lowest weight representation for the given choice

of f,h,e, which we note implicitly defined a choice of Cartan and Borel subalgebra for sl,. Indeed, if we
instead consider the mapping

e = -0, h' = —2(z — x)0,, = (z—w)?0.,
then we see that

—9, -0, = -9t
—2(2 — )9, - 0L = 2(i + 1)0.
(z — )20, -0 =i(i+1)9: 71,

meaning that the result is a lowest weight representation of sly for this different choice of Cartan and
Borel subalgebra. We conclude this discussion by noting that the point = oo should correspond to the
missing case of the Verma module M_s for sly with highest weight —2.

3. THE GEOMETRIC SETTING

In this section, we establish some geometric preliminaries for the rest of this essay. First, we describe
the flag variety of a semisimple algebraic group G and provide a construction of some equivariant vector
bundles on it. The primary sources for this are [Spr98] and [Jan03]. Second, we define the Lie algebra g
and describe the induced action of g on varieties with a G-action. Finally, we discuss the Chevalley and
Harish-Chandra isomorphisms for g. The sources for this portion are [Gai05], [HumO08], and [Dix77].
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3.1. Preliminaries on semisimple algebraic groups. Let G be a connected, simply connected,
semisimple algebraic group over an algebraically closed field k of characteristic 0. Pick a Borel sub-
group B of G and a maximal torus T' C B. Let U be a maximal unipotent subgroup of B, and recall
that T ~ B/U.

Let ®(G,T) = (X*, R, X., RY) be the root datum associated to G. That is, X* and X, are abstract
abelian groups equipped with isomorphisms X* ~ X*(7T) and X, ~ X, (T) to the lattices of characters
and co-characters of T. In particular, for A € X*, we denote by e the corresponding character e :
T — G,,. Let R and RY be the roots and co-roots of G, viewed as subsets of X* and X,. Denote by
(—,—) : X* ® X, — Z the perfect pairing induced from the usual pairing between X*(T") and X, (T).
Our choice of B defines a choice of positive roots RT C R. Let the corresponding sets of simple roots and
co-roots be {aq,...,a,} and {a, ..., a, }, respectively, and let {w1,...,w,} C X be the fundamental
weights, which lie in X* because G was chosen to be simply connected. Let p = wy + - -+ + w, be half
the sum of the positive weights.

Let W = N(T)/T be the Weyl group of G, and let s; be the simple reflection corresponding to «;.
For w € W, let £(w) denote its length, which is the length of the shortest reduced decomposition for w.
Denote by wg the longest element in W.

3.2. Flag and Schubert varieties. We are now ready to introduce our basic geometric setting, the
flag variety X = G/B. Let us first recall the following facts about Borel subgroups in G.

Proposition 3.1 ([Spr98, Theorem 6.2.7]). Any two Borel subgroups in G are conjugate.
Proposition 3.2 ([Spr98, Theorem 6.4.9]). For any Borel subgroup B in G, we have Ng(B) = B.

For any Borel subgroup B of G, let X = G/B be the corresponding flag variety of G, interpreted as
a quotient under the action of B by right translation. The following corollary allows us to describe X
without fixing a choice of B.

Corollary 3.3 ([DG70, XXI1.5.8.3]). For each B, X = G/B is a projective variety representing the
functor
B(S) = {Borel subgroups of G X S}.13

Proof. On k-points, the correspondence is simple; it maps the point gB of X to the Borel subgroup
gBg~1. That this is an isomorphism then follows from Proposition 3.2. We refer to [DG70] for the proof
in the general case; however, we will only use this correspondence on k-points in this essay. O

We now summarize some well-known properties of X in the following two propositions.

Proposition 3.4. The flag variety X satisfies the following properties:

(i) the projection w: G — X gives G the structure of a principal B-bundle over X;
(ii) there is an equivalence of categories QCoh(X) ~ QCoh(G)B, where B-equivariance is taken with
respect to the action of B on G by right translation.

Proof. For (i), see [Spr98, Lemma 8.5.2]. For (ii), see [FGIT05, Theorem 4.46], though that result is
much more general than is needed here. (]

Proposition 3.5. The fized points of the action of g € G by left translation on X are in correspondence
with Borel subgroups containing g under the identification of Corollary 3.3.

Proof. Under the identification of Corollary 3.3, notice that g € G fixes ¢’ B if and only if g normalizes
g'B(g")~!, which by Proposition 3.2, occurs if and only if g lies in ¢’ B(g’)~*. O

3.3. Equivariant vector bundles on the flag variety. We are now ready to give a fundamental
construction which relates the representation theory of G to the geometry of X. For any B-module V,
define the associated sheaf £(V) on X of sections of G xZ V given by

DU.L(V) ={f € Oxry @V | f(g-8) =" - f(g)}.
The following gives some basic compatibility properties of this construction.

Proposition 3.6. We have the following:

BFor general S, we must take the definition of Borel subgroup given in [DG70, XXII.5.2.3]. That is, a Borel subgroup
of a group scheme G over S is a smooth subgroup B of finite type with connected fibers over S such that each geometric
fiber B X ks is a Borel subgroup of G X ks as a linear algebraic group over ks. We include this only for completeness, as

S S

we will only use the case where S = Spec(k).
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(i) V = L(V) defines an evact functor B — mod — QCoh(X)%;
(ii) for each V, L(V) is a vector bundle of rank dimV';
(iil) for representations V,W of B, we have L(V @ W) ~ L(V) ® L(W).

Proof. For (i), see [Jan03, Proposition 1.5.9] and the remarks in [Jan03, Section I1.4.2]. For (ii) and (iii),
see the remarks in [Jan03, Section I1.4.1]. O

This construction provides a geometric way to realize induced representations from B to G. In
particular, because the £(V') are G-equivariant sheaves, their global sections I'( X, £(V')) acquire a natural
G-module structure; an alternate notation for these G-modules is ind V.

When V' was originally a G-module instead of only a B-module, we may characterize £(V') more
explicitly. Indeed, consider the vector bundle V := Ox ®; V with a G-equivariant structure inherited
from the action of G on both Ox and V; by this, we mean that the isomorphism

act*Ox @V ~act*V = psV ~p;Ox V
k k

is given by
act*Ox @V = p50x @V @ Og = psOx @V,
k E ok k
where the first map is given by the standard isomorphism act* Ox — p3Ox and the action map V' —
V ® O¢ and the second map is multiplication in Og. The following proposition shows that this provides
k

an alternate construction for £(V).
Proposition 3.7. Let V be a G-module. There is an isomorphism of G-equivariant vector bundles
Vo~ L(V).
Proof. By definition, we have that
(X, L(V)={f €Oc@r V| flg-b)=b""-f(g)}-
Consider the map ¢° : V — I'(X, £(V)) defined by

¢’ (v) = (g gt v),

and let ¢ : V — L(V) be the corresponding map of Ox-modules. It is easy to check that this map is a
G-equivariant isomorphism. O

We now consider an important special case. For any A € X*, we obtain a representation k_» of B via

B—-B/U~T < G, giving rise to a family of line bundles £* = £(k_,) on X. Notice that £° = Oy,
and, by Proposition 3.6(iii), £* ® £L* = LAH, In fact, it is known that all line bundles on X take this
form (see [FI73, Proposition 3.1]). The line bundles £* satisfy some well-known properties, which we
summarize below.

Proposition 3.8. We have the following:
(i) the canonical bundle wx of X is given by L=2°;
(ii) the G-module T'(X, L) is non-zero if and only if X is dominant;
(iii) the line bundle £ is globally generated if X is dominant and ample if X is reqular.

Proof. For (i), see [Jan03, Section I1.4.2]; for (ii), see [Spr98, Theorem 8.5.8]; for (iii), see [Jan03,
Propositions 11.4.4 and 11.4.5]. O

Finally, we have the classical Borel-Weil theorem, which shows that we may recover the irreducible
representations of G from the global sections of £*.14

Theorem 3.9 (Borel-Weil). For any dominant weight )\, the G-module T'(X, L N)* is the (unique) irre-
ducible representation of G with highest weight .

1MMuch more is known about the cohomologies of the £L*. Namely, the Borel-Weil-Bott theorem shows that each £*
has a unique non-zero cohomology group which is isomorphic to a certain irreducible representation of G. However, this is
not strictly necessary for our main discussion, so we will not discuss it further.
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3.4. Preliminaries on Lie algebras. Following [DG80], we define the Lie algebra of G as follows.
Write kle] = k[e]/e? for the ring of dual numbers and for a scheme X, write X. = X x Spec(k|e]). For
k

an algebraic group G, consider the functor Lie(G) whose S points are given by
1 — Lie(G)(S) = G(S:) — G(S) — 1.

Here for a scheme S over k, by G(S) and G(S:) we mean Homsgep , (S, G) and Homsen ,, (Se, G). Then,
we take the Lie algebra of G to be g = Lie(G)(k). Let us see what this means concretely. Notice
that G(Spec(k[e])) = Homy(Og, kle]) and that G(k) = Homy(Og, k). Now, because elements of g are
identified with elements of G(Spec(k[e])) mapping to the inclusion of the identity in G(k), we obtain an
isomorphism g ~ Derg(Og, k).

Suppose now that G is connected, simply-connected, and semisimple. Let h C g and b C g denote the
Cartan and Borel subalgebras corresponding to 7" and B, respectively. Let n = [b, b] so that h ~ b/n.
Let b~ be the opposite Borel subalgebra and set n~ = [b~, b~ so that g = n~ ®hdn. We can make these
constructions for all points € X under the correspondence between points of X and Borel subgroups of
G; for any such x, we will denote by b,, b, ,n,,n, the subalgebras corresponding to the Borel subgroup
of z in the sense of Corollary 3.3. Let U(g) denote the universal enveloping algebra of g; the preceding
direct sum decomposition yields the following well-known decomposition for U(g).

Theorem 3.10 (Poincaré-Birkhoft-Witt). As a (U(n™),U(n))-bimodule, U(g) admits the decomposition
U(g) =U(m )@ U(h) @U(n).

Differentiating characters T' — G,,, and co-characters G,, — T gives rise to canonical embeddings
X* < bh* and X. < b such that the perfect pairing (—, —) is simply the pairing between h* and b.
Under this correspondence, note that the roots R defined earlier correspond to the weights of h on g,
the positive roots BT correspond to the weights of § on n, and the negative roots correspond to the
weights of h on n~. From now on, we will identify elements of (X*, R, X, RY) with their images under
this embedding.

We say that A € h* is an integral weight if it lies in X*; in particular, because G is simply connected,
we see that \ is integral if and only if (A, o)) € Z for all i. Note that the integral weights A are exactly
those which lift to characters e* € X*(T') of the algebraic group. We say that a weight A € b* is called

dominant if (A, ;) > 0 for all ¢ and regular if (\,«) > 0 for all i. These occur if and only if X is a
non-negative (resp. positive) linear combination of fundamental weights.

3.5. Lie algebra actions on G-equivariant sheaves. Let X be a scheme equipped with a G-action
act : G x X — X. Let us view the action map G x X — X as a map of functors G — Aut(X), where
Aut(X) is the functor

Aut(X)(R) = Autsen ,, (X X R X x R).
This is a map of group objects, so we may consider the corresponding induced map on Lie algebras
Lie(G) — Lie(Aut(X)).
Taking this map on k-points, we obtain a map Lie(G)(k) — Lie(Aut(X))(k), where we have!®
Lie(Aut(X))(k) = {6 € Aut(X.) | ¢|x = id}
= {¢ € Hom(Ox[e], Ox[e]) | dlox = id}
= Dery(Ox,Ox).
Thus, we have constructed a map

(10) p:g—>Derk((9X,(9X)

which is the result of differentiating the G-action on Ox. Unraveling the construction above, we see that
p(&) is given by the composition

Ox ™% 0c00x S Ox.

The following proposition shows that we may perform a similar construction for any G-equivariant
quasicoherent sheaf on X.

I5Recall that Lie(Aut(X))(R) satisfies the exact sequence 1 — Lie(Aut(X))(R) — Aut(X)(Re) — Aut(X)(R) — 1.
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Proposition 3.11. Let F be a G-equivariant quasi-coherent sheaf. Then, there is a natural map
Py g — Endk(”f)

such that for € € g and f and s local sections of Ox and F, respectively, we have that
(11) pg(€)(f - 5) = f - pz(&)(s) + p(E)(f) - s,
where p is the map of (10).
Proof. Let ¢ : act* F — p3F be the isomorphism giving the G-equivariant structure on F. We construct
py explicitly. For any affine open U C X and £ € g, let p5(£) be given by the composition

p5(€) : T(U,F) "X T(G x U,act* F) S T(G x U, piF) ~ Og @ T(U,F) > (U, F),

where £ acts on O¢ via the identification g ~ Dery(Og, k) of Subsection 3.4 in the final map.
Let us now check that relation (11) holds. Let e : {e} < G be the inclusion of the identity into G.
Tracing the image of f - s through the composition above, we see that ps(§) takes it to

pr(E)(f - s) = &(p(act™(f - 5)))
= {(act”™(f) - ¢(act™(s)))
= e"(act™(f)) - £(d(act™(s))) + E(act™(f)) - €™ (¢(act™(s)))
=1 pz(&)(s) + p(E)(f) - 5. U

Remark. For ¥ = Ox, the map pp, defined in Proposition 3.11 is simply the original action map p
of (10), and the condition (11) simply states that p(§) is a derivation Ox — Ox. Where there is no
confusion, we will abuse notation to write p for ps.

Applying Proposition 3.11 for F = £, we obtain a map
p:g— Endg(L)
satisfying (11). This map extends to a map U(g) — Endy(£) with image controlled by the following.
Corollary 3.12. The action of Proposition 3.11 defines a map
¢:U(g) = I'(X,Dx z).

Proof. It suffices to show that the image of p lies in I'(X, F1Dx ). For sections fi, fo € I'(X, Ox), we
must check that

[flv [f07p(§)” =0.
Indeed, for any local section s € £, we have by repeated application of (11) that
[f1, [fo, p(E)]1(s) = frfor(€)(s) = frp(§)(fos) — fop(§)(f1s) + p(§)(f1fos) = 0. 0

3.6. Chevalley and Harish-Chandra isomorphisms. In this section, we construct and character-
ize two important maps associated to a semisimple Lie algebra g, the Chevalley and Harish-Chandra
isomorphisms.

3.6.1. Chevalley isomorphism. Consider the space Sym(g*)“ of polynomial functions on g invariant under
the adjoint action of G on g. Recall that the Killing form (&, 1) — Tr(ad¢ ad,,) provides an identification
g ~ g* which intertwines the two adjoint actions of G on g and g*. Consider now the induced identification
Sym(g*) ~ Sym(g); because G was taken to be connected, the invariants of the G-action on Sym(g) are
the same as those of the g-action.

Given a function f € Sym(g*)® and a choice of Borel subalgebra b C g, we may ask when the
restriction of f to b factors through b — b/n ~ f. This restriction corresponds to taking the image of
f under Sym(g*)¢ — Sym(b*)¥, where the result in Sym(b*) will still be H-invariant because H acts
semisimply on g*. Let us see what this means under the identification g ~ g*. Because Tr(ad¢ ad,) =0
for £ € n and p € b, we see that b* ~ g/n ~ b~ hence this restriction map translates to the map

Sym(g)® — Sym(b™)",
given by the projection g — g/n. It is now clear that the h-invariants of Sym(b~) lie in Sym(h) and
hence that the image of f in Sym(b™)# lies in Sym(h) ~ Sym(h*). Analyzing more carefully, the fact
that N(H) normalizes b, we now see that f lands in the N(H)-invariants of Sym(h*) and thus that this
construction defines a map _
¢ : Sym(g")“ — Sym(p*)".
The map q~5 is known as the Chevalley homomorphism and by the following theorem is an isomorphism.

We denote the inverse map ¢ : Sym(h*)" — Sym(g*)%.
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Theorem 3.13 ([Gai05, Theorem 2.3]). The map ¢ is an isomorphism Sym(h*)W ~ Sym(g*).

We omit the proof of Theorem 3.13 in favor of an heuristic description of the inverse map ¢. For a
function f € Sym(h*)", set g = ¢(f). By the definition of the Chevalley homomorphism, for any ¢ € g,
we may compute the value of g(£) by conjugating £ into b and considering its image under the maps

b—b/n~h 4y k. Because f was W-invariant, we see that choosing any Borel b’ containing both b
and £ and applying the same procedure would give the same result. For reqular semisimple &, these will
comprise all Borel subalgebras containing £, a fact which will come into play later.

3.6.2. Harish-Chandra isomorphism. In this subsection, we describe the Harish-Chandra isomorphism,
which characterizes the possible actions of the center Z(g) of U(g). By Schur’s lemma, the action of
Z(g) on any finite-dimensional irreducible U(g)-module factors through k, meaning that Z(g) acts via a
map of k-algebras x : Z(g) — k, which we call a central character. For any central character y, define

U(g)x =U(g)/U(g) - ker x

to be the quotient of U(g) by the (two-sided) ideal generated by kery. Note that U(g),-modules are
simply U(g)-modules where Z(g) acts by .

We now classify the central characters x by relating them to characters A € h*. By Theorem 3.10,
given a choice of Cartan and Borel subalgebras ) C b, U(g) splits as a direct sum

(12) U(g) =U(h) ® (n~ - Ulg) + Ul(g) - ),
where we note that any pure tensor in U(n~) ® U(h) ® U(n) which does not lie in U(h) lies in at least
one of n= - U(g) or U(g) - n. Let the map

Ve = U(g) = U(b)

to be the projection onto U(h) under this direct sum. We call the restriction of 9, to Z(g) the Harish-
Chandra homomorphism relative to b.'® The following lemma justifies the name.

Lemma 3.14. The map vy is an algebra homomorphism Z(g) — U(h).

Proof. This results from a careful analysis of Z(g) using Theorem 3.10. We claim that Z(g)N(n~U(g) +
U(g)n) C U(g)nNn~U(g). This would imply that 1) is a map of algebras, as for i = 1,2, if we had
zi = h; + ¢; with h; € U(h) and g; € U(g)nNn~U(g), then the decomposition

z122 = hihg + (hig2 + g1h2 + g192)

would satisfy hihs € U(h) and hi1ge + g1hs + g192 € U(g)nNn~U(g).

It remains to prove the claim. It is evidently symmetric in n and n™, so it suffices to show that
Z(g)N(n~U(g) + U(g)n) C U(g)n. For this, write any element z € Z(g) in the PBW ordering and
consider the adjoint action of h on z. Then, take any monomial

o = €ay, tt e_aikgfajl R fajk/
of z with ¢ € U(h) and the «; simple roots. Then, we see that the adjoint action of § on 2’ is via
aj, +- - +aj, —o; — - =, which must vanish, meaning that either & = k" = 0 or k, k' > 0, giving
the claim. 0
Viewing Sym(h) as the space of polynomial functions on h*, we may interpret ¢, as a map

h* — MaxSpec(Z(g)),

where the central characters x are in bijection with MaxSpec(Z(g)). For A € bh*, denote by XE’\ the central
character corresponding to A relative to b. We may immediately understand the following important
concrete example of the action of Z(g) through a central character.

Corollary 3.15. For any weight X € h*, Z(g) acts via x5 on the U(g)-module
M :=U(g) @ kn,
U (b)

which is known as the Verma module of highest weight .
Proof. This follows immediately from the fact that Z(g) N (n~U(g) + U(g)n) C U(g)n, as n acts trivially
in k), meaning that the action of Z(g) can be through only the part preserved by . O

16\While the definition of 1y depends on the choice of both h and b, we write vy instead of vy because the latter is
somewhat cumbersome.
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Thus far, we have considered what we call the Harish-Chandra homomorphism relative to b, a map
¥+ Z(g) — Sym(h) which may (and does) depend on the embedding h C b C g we chose when applying
the PBW decomposition. This dependency is not strictly necessary, as both Z(g) and b can be defined
abstractly without reference to a specific choice of Cartan or Borel subalgebra. More concretely, what
we have done so far does not allow us to compute the action of Z(g) on Verma modules

U(g) @ ka
U(ba)
relative to arbitrary Borel subalgebras. As we have hinted in our nomenclature thus far, it is possible
to modify the construction of ¥, to obtain a map v : Z(g) — U(h) that is independent of the choice of
Cartan subalgebra. Indeed, define the map v, which we will call the Harish-Chandra homomorphism, to
be the composition

Z(g) B U () 7= U (),

where the map U(h) — U(h) is the one induced by mapping h — U(h) via & — & — p,(£). Here, we
write pp for the longest positive root relative to b to emphasize that the choice of p, € g depends on the
choice of h C b C g. We see that ¢ then admits the following nice characterization, which is known as
the Harish-Chandra isomorphism.

Theorem 3.16 ([Dix77, Theorem 7.4.5]). The map v is an isomorphism Z(g) — Sym(h)"V which is
independent of the choice of h Cb C g.

We omit the proof of Theorem 3.16 and instead discuss some consequences. Notice that i gives a
different map

(13) h* — MaxSpec(Z(g)).

For A € h*, denote now by x, the central character corresponding to A. We then have the following
characterization of the space of central characters.

Corollary 3.17. We have the following:

(i) every central character x lies in the image of the map (13), and
(i) xa = xpu if and only if there is some w € W such that X\ = w(p).

Proof. This follows formally from the Harish-Chandra isomorphism and the following standard fact about
quotients of affine schemes by actions of finite groups (see [Har92, Lecture 10]). Let Spec(A) be an affine
variety over k equipped with the action of a finite group G. Then, the map MaxSpec(A) — MaxSpec(A%)
is the quotient map for the G-action on MaxSpec(A).

Applying this for A = Sym(h) and G = W acting on Sym(h), (i) follows because the quotient map is
surjective, and (ii) follows because the fibers of the quotient map are exactly W-orbits. ([

This provides a significantly more flexible perspective from which to compute the action of Z(g) on
Verma modules corresponding to arbitrary Borel subalgebras. In particular, we have the following two
computations which will be crucial later on.

Corollary 3.18. For any weight A € h* and any Borel subalgebra b, with corresponding longest positive
root p, := pp,, Z2(g) acts on the Verma module

M= :=U(g) ® k
A () Ules) A

of highest weight A relative to by via Xxtp, -

Proof. This is a direct translation of Corollary 3.15 into the language of Theorem 3.16. O

Remark. By Corollary 3.18, we see that the action of Z(g) on the Verma module Mffpm is given by
X, which is independent of the choice of b,.

Corollary 3.19. For any weight X € b* and any Borel subalgebra b, with corresponding longest positive
root p., Z(g) acts on the right U(g)-module

AM® =ky @ Ulg)
U(by)

via the central character xx—p, -
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Proof. Recall that there is a standard anti-involution 7 : U(g) — U(g) induced by the map £ — —¢£ on
g. This map gives rise to an isomorphism U(g) ~ U(g)°P that fixes Z(g) pointwise and interchanges b,
and b, for each = (see [Dix77, Proposition 2.2.17]). Viewing M= as a left U(g)-module under this
correspondence, we see that it identifies with

My =U(g) @ ky,
U(bz )

where b is the Borel subalgebra opposite to b,. By Corollary 3.18, Z(g) acts via Xatps = XA—p, OD

M f“, giving the desired conclusion. O

For context, we translate the content of Corollary 3.17 into our original situation of a fixed chosen
Borel subalgebra b. Define the dotted action of W on h* by

w- A =w(A+ pp) — po

for any A € h*. Then, we see that Xf’\ = Xz if and only if A and p are in the same W-orbit under the
dotted action.

4. BEILINSON-BERNSTEIN LOCALIZATION

In this section, we may now state and prove the main result of this essay, the Beilinson-Bernstein
localization theorem. This result relates the category of modules over a sheaf D% of twisted differential
operators on the flag variety X of a semisimple algebraic group G to the category of representations of
its Lie algebra g acting with a given central character. The proof divides into two main steps. First, we
identify the global sections of D% with a quotient of the universal enveloping algebra of g. The proof
passes to the associated graded rings and crucially involves Kostant’s theorem on the ring of regular
functions of the cone of nilpotent elements in g. We give a proof of this using the Springer resolution of
the nilpotent cone.

Second, we show that the category of Dy-modules is equivalent to the category of modules over the
global sections I'(D% ). The main idea of the proof is to tensor a Dy-module with known vector bundles
associated to G-representations to create a result on which the global sections functor has nice properties.
A splitting trick of [BB81] then allows us to pass back to the original module.

We must discuss a fine point of notational convention before we proceed. Throughout this section, we
will assume that we have a fixed choice of a distinguished Borel subgroup B C G and the corresponding
Borel subalgebra b C g, which will correspond to the set of positive roots RT. The positivity, dominance,
and regularity of weights will be taken with respect to this choice.

We draw from a number of sources for this section. For preliminary constructions involving twisted
differential operators and Lie algebroids, we refer to the original papers [BB81], [BB93], and [Kas89].
Our treatment of Kostant’s theorem and the geometry of the nilpotent cone is based primarily on that of
[Gai05], though we appeal to [BLI6], [Kos59], and [HTTO8] to fill in some details of the proofs. Finally,
for the proof that the global sections functor gives an equivalence of categories, we follow the original
proof of [BB81], though we consulted [HTTO08] and [Kas89] to understand some of the more subtle points.

4.1. Twisted differential operators. Before we state the Beilinson-Bernstein correspondence, we must

first introduce a generalization of the sheaf of differential operators.

Definition 4.1. For a smooth algebraic variety X, a sheaf of twisted differential operators on X is a
sheaf D of Ox-algebras on X equipped with a filtration {F;D};>¢ such that

(i) the inclusion Ox < D gives an isomorphism Ox ~ FyD,
(ii) the natural map Symy, F1D/FyD — grD is an isomorphism of Ox-algebras, and
(iii) the map FiD/FyD — Tx defined by

¢ (rrer—re)
is an isomorphism.

Remark. We interpret condition (iii) in Definition 4.1 as follows. For sections £ € FiD and f € Ox ~
FyD, the commutativity of gr D ensures that f — £f — f€ € FoD ~ Ox.

Definition 4.2. For a sheaf of twisted differential operators D, a D-module on X is a quasicoherent
sheaf equipped with a D-action compatible with the Ox-action via the inclusion Ox — D.
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By Propositions 2.4 and 2.5, we see that Dx is a sheaf of twisted differential operators on X. This
is an instance of the following more general construction. For £ a line bundle on X, define a £-twisted
differential operator on X of order at most n to be a k-linear map d : £ — £ such that for sections
fo, f1,..., fn € Ox, we have

[fn, [fn—h [ o [vad]H] =0

as a k-linear map £ — £, where a section f € Ox gives rise to a k-linear map £ — £ via the Ox-action
on L. These operators form a sheaf of rings Dx  on X, which we call the sheaf of L-twisted differential
operators on X .17 Notice that a Ox-twisted differential operator on X is simply what we previously
termed a differential operator on X, and hence that Dx o, = Dx. In analogy with Dx, we endow Dx
with the order filtration F;,Dx . By the following proposition, this construction results in a sheaf of
twisted differential operators.

Proposition 4.3. For any line bundle £ on X, Dx o is a sheaf of twisted differential operators on X.

Proof. We check the conditions in Definition 4.1, though in a different order. For (i), an element of
FyDx . is simply an Ox-linear map £ — £, so FyDx  ~ Ox because £ was a line bundle. For (ii)
and (iii), it is enough to check this locally, in which case L]y ~ Op and the statements follow from the
corresponding ones for Dy (Propositions 2.4 and 2.5). O

By construction, £ is a Dx c-module, and for £ = Ox, the Dx g-module structure induced on Ox
is simply the natural Dyx-module structure of Example 2.11.

4.2. Lie algebroids and enveloping algebras on the flag variety. Let us now restrict to the case
where X = G/B is the flag variety of a connected, simply connected, semisimple algebraic group G. We
now describe a way to understand the notion of a sheaf of g-modules on X. The key advantage of this
notion over simply considering the g-module alone will be the ability to consider all Borel subalgebras
and subgroups of g and G at once.

Define the Lie algebroid g of the Lie algebra g to be a sheaf of Lie algebras isomorphic to Ox ®, g as
a Ox-module and with Lie bracket [—, —] : § ®; g — g extending the bracket on g such that for f € Ox
and &1,& € g, we have

(€1, f - €] = fl&1, &) + p(&1)(f)Ea-

Then, define the universal enveloping algebra U(g) to be the enveloping algebra of g. That is, it is a sheaf
of Ox-algebras isomorphic to Ox ®; U(g) as a quasi-coherent O x-module with multiplicative structure
given by extending the structure on U(g) subject to the twisting relation

(£, f1 = p(&)(f)

for £ € g and f € Ox. Recall here that p : g — Tx is the map (10) induced by the G-action on X; it
naturally extends to a map of Ox-algebras

(14) 5:U(E) - Dx.
For any G-module V, let V := Ox ®; V be the G-equivariant sheaf associated to V' as a B-module.

Then, V acquires the structure of a U(g)-module by differentiating the action of G; explicitly, £ € g,
viewed as a local section of U(g), acts by

§-(fov)=p@)f)@v+fOg-v

on a local section f ® v of V. When V is only a U(g)-module, this action still exhibits V as a U(g)-
module, though it is no longer a G-equivariant sheaf. Conversely, for any U(g)-module M, its local
sections I'(U, M) acquire the structure of U(g)-modules via the inclusion U(g) — I'(U, Ox) ®; U(g). For
two U(g)-modules M; and Mz, we may equip My ® My with the structure of a U (g)-module by letting
a local section £ € U(g) act via

£-(mp@mg)=E&-mi@ma+mp ®E-me

on a local section m; ® mg € My ® My. It is easy to check that this defines a valid action of U(g) and
that the operation M; ® — is functorial.

Define the center Z(g) of U(g) by applying the corresponding construction for Z(g) C U(g) and view
Z(g) as a subsheaf of U(g). Further, restricting the map (14) to g C U(g), we define

b:=ker(5:d — Tx)

L7If the line bundle £ is replaced by a vector bundle M, we may still define a sheaf of M-twisted differential operators.
However, it will not be a sheaf of twisted differential operators in the sense of Definition 4.1.
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and n = [E, ~]. Observe that b and i are subsheaves of §. We may describe b explicitly as
b={feg| f(z)eb, foralze X},

where here b, C g is the Borel subalgebra corresponding to € X. As a result, we see that
n={feg]| f(z) en, forall z € X},

and that b/ ~ b := O % h. For a map A : b — Ox and a U(g)-module M, we say that U(b) C U(3)

acts via A on M if the action of U(E) factors through A. If A € h* is a weight, we denote the map
b b/i~bh A Oy it induces also by A.18
4.3. A family of twisted differential operators. Recall from Subsection 3.3 that for each character
e € X*(T) we have a G-equivariant line bundle £* given by the corresponding one-dimensional
representation of B. Specializing the previous construction, we note that Dx o is a sheaf of twisted
differential operators on X. This construction for Dx ;1 requires A to be a integral weight (so that
it could lift to a character of 7). We now extend it to a family D3y of sheaves of twisted differential
operators parametrized by any weight A € h*.1°

Let A € h* be an arbitrary weight. We construct a sheaf D% as follows. Consider the map p : b— Oy
given on each fiber by taking the action of p, on b,. Define the right ideal Z*(g) C U(g) generated by
the local sections

§—(p—AN)(&) €U(g)
for £ € b. The following lemma shows that it is possible to quotient by Z*(g).

Lemma 4.4. For \ € b* an arbitrary weight, T (g) is a two-sided ideal.

Proof. It suffices for us to show that [E,Eﬂ C b. But this follows because the map p of (14) was a map of
O x-algebras, hence for any € € b and p € g, we have

P&, ul) = p(&)p(n) — p(p)p(€) = 0,
hence [¢, ] € b. O

Remark. Lemma 4.4 illustrates the essential role that sheaves play in the theory. In particular, a naive
definition of an analogous left ideal I*(g) C U(g) generated by & — (p — \)(€) for € € b does not result
in a two-sided ideal. The problem is that b C g is not globally the kernel of the map g — I'(X, Tx). By
considering instead the sheaf E, we are able to detect more local behavior.

Now, define the sheaf of Ox-algebras D% to be the quotient
Dk = U(@)/7(9),
and define the maps

(15) ® : U(G) — Dx
and
(16) ¢ U(g) = (X, D%)

to be the projection map and the map given by composing the action of @, on global sections with the
natural inclusion U(g) — I'(X, Ox) ®¢ U(g), respectively.

Proposition 4.5. For any weight A\ € b*, D is a sheaf of twisted differential operators.

Proof. We check each property in turn. Condition (i) is obvious. For condition (iii), note that when
restricted to F1U(g)/Fold(g) ~ @, the image of the inclusion Z*(b) — U(g) is simply b, hence the
isomorphism follows from the exact sequence 0 — b — g — Tx — 0. Finally, for condition (ii), note

that the image of Z*(g) in FU(g)/F_1U(g) ~ Syméx g is given by b - Symé)x g, hence we see that
gr' U(@) /I (g) ~ Symp, Tx,
as needed, where we are using the fact that 'gv/E ~Tx. (]

Corollary 4.6. For any weight \ € h*, U(E) acts via p— X on Dy

18We refer the reader to [BB93] for more information about constructions of this sort and their generalizations.
T here is a more general theory of twisted differential operators, for which we refer the reader to [BB93|. However, we
will in this essay only be concerned with sheaves of twisted differential operators of the form ’Dé(.
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Proof. This follows because the action of U(b) is by applying ®, and the multiplying on the left. (]

Now, let A € b* be an integral weight. Because £* is G-equivariant, by Corollary 3.12 we have a
map ¢y : U(g) = I'(X,Dx zr-0). Together with the inclusion Ox — Dx ;r-p, this defines a map of
Ox-algebras Uy : U(g) — Dx gr-». We would like to show that Wy realizes Dy ga-» as exactly the
quotient U(g)/Z*(g) of U(g), which would mean that our new family D% extends the family Dx sa—p.

Lemma 4.7. Let X\ € h* be an integral weight. Then, the map Uy : U(g) — Dx gr-o defines an
isomorphism

A
DX — DX7L>\7/J,

where here we take p corresponding to the choice of B used to construct L P,

Proof. First, we claim that the map U(g) — Dy gr—» kills Z*(g). For this, it suffices to note that for
each z € X, the corresponding Borel subalgebra b, acts on the fiber £} by e?*~* (this is p, instead of p
because we are on b, instead of b). The resulting map is an isomorphism by the following commutative
diagram on the level of the associated graded

Symep, Tx <— grDx cx

gr D,

where the top and left maps are isomorphisms by Propositions 4.3 and 4.5. U

4.4. The localization functor and the localization theorem. Given a Dﬁ‘(—module M on X, the
map (16) endows its global sections I'(X, M) with the structure of a U(g)-module. Conversely, given a
U(g)-module M, the map ¢, of (16) allows us to construct the D}-module

Locy(M):=Dyx ® M,
U(g)
where U(g) is viewed as a (locally) constant sheaf of algebras on X, M is viewed as the corresponding
(locally) constant sheaf of modules over U(g), and the map U(g) — D% is induced by ¢.2° We call

Locy (M) the localization of M and Locy a localization functor. The following shows that it is left adjoint
to the global sections functor I' := I'(X, —).

Proposition 4.8. The functors Locy : U(g) — mod = D% — mod : I are adjoint.
Proof. This follows from the following chain of natural isomorphisms of bifunctors
Homp, (Locx(—), —) = Hompy (Dx U((@) —,—) = Homy(g)(—, Hompy (Dx,—)) ~ Homy(g)(—, T'(X, —)).
g
O

To further characterize the relationship between Loc) and I', we must analyze ¢, more carefully. By
the following theorem, whose proof we defer to Subsection 4.5, ¢, allows us to identify I'(X, D% ) with

U(g)y for x = x-x.
Theorem 4.9. The map ¢y : U(g) — I'(X,D%) defines an isomorphism
U(g)x_» =T(X, D).
An immediate consequence of Theorem 4.9 is the following.
Corollary 4.10. If M is a U(g),-module for some x # X—x, then Locy (M) = 0.

Proof. Take some z € Z(g) with xx(2) # x(z). For any local section £ ® m of Locy (M), we have

! 1

where the first equality follows from Theorem 4.9. We conclude that Locy (M) = 0. O

E@m =

20Equivalently, the map factors as U(g) — U(F) — DX.
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Thus, we see that Loc kills the subcategories U(g), — mod of U(g) — mod unless x = x—x. On the
other hand, by Theorem 4.9, T is a functor D} — mod — U(g)y_» — mod.?! The following theorem and
its corollary, which is the main result of this essay, show that when A is regular, these functors give an
equivalence of categories. We defer the proof of Theorem 4.11 to Subsection 4.7.

Theorem 4.11. Let A € b* be an arbitrary weight. Then, we have the following:
(i) if A is dominant, then T : DX — mod — U(g)y_, — mod is exact, and
(ii) if A is regqular, for T : D% — mod — U(g)y_, — mod, if I'(X,F) =0, then F = 0.2
Corollary 4.12 (Beilinson-Bernstein localization). If A is regular, then
Locy : U(g)y_, — mod = D% — mod: T
is an equivalence of categories.

Proof. This follows formally from Theorem 4.11. Indeed, by Proposition 4.8, Locy and I' are adjoint,
hence it suffices to check that the unit and counit maps are isomorphisms.

First, consider the map Locy o'’ — id. It becomes an isomorphism after application of I' by the
adjunction. However, I' is exact and conservative by Theorem 4.11, which implies that the original map
is an isomorphism. Indeed, for any M € U(g),, — mod, taking the exact sequence

0 — K — Locy(I'(X,M)) = M—=C =0
gives an exact sequence
0—-T(X,K)—=TI(X,Locy(T(X,M))) = (X, M) = T'(X,C) =0
with T'(X, Locy (T'(X,M))) ~ I'(X,M), which shows that I'(X, K) = I'(X,C) = 0, hence C = K = 0.
Next, consider the map id — I" o Locy. For any M € U(g),_, — mod, take a free resolution

Ug), , = U@ , = M—0

X=X
for M for some index sets I and J. Now, by Theorem 4.11 I" o Loc), is right exact as the composition of
an exact functor and a left adjoint, hence we obtain the commutative diagram of right exact sequences

Ulg)y , — Ula)y_, - M - 0

X—Xx

U(g)y_, — Ulg)y_, — T(X,Locy(M)) — 0

X=X
where the first two columns are isomorphisms. By the five lemma, M — T'(X, Locy(M)) is an isomor-
phism, completing the proof. (I

At first glance, Corollary 4.12 applies only to weights A lying in the principal Weyl chamber {u €
h* | (u, ) > 0}. However, because W acts simply transitively on the Weyl chambers, for any weight
A which avoids the root hyperplanes {\ € h* | (u,a)) = 0}, we may find a unique w € W such that
= w(A) is regular. Therefore, Corollaries 3.17 and 4.12 give equivalences of categories

U(g)Xﬂ —mod = U(Q)Xw — mod ~ D‘;{ — mod.

Remark. We summarize here the relevant notational conventions underlying the statement of Corollary
4.12. Recall that we chose the positive roots RT to correspond to the Borel subgroup B, and the G-
equivariant line bundle £* to correspond to the character e~ rather than e* (we make this choice so
that dominant and regular A correspond to globally generated and ample £* in Proposition 3.8). In
particular, the b-action on local sections of £ is via the weight —\ rather than A. We emphasize,
however, that under our definition of

Dx =U(g)/ (& — (p — N (€))U(g),

21This fact places Locy in analogy with the following situation for schemes which explains why it is known as the
localization functor. For X a scheme, there is a left adjoint Locx : I'(X, Ox) — mod — QCoh(X) to the functor of global
sections given by Locx (M) := Ox F(X®O )M, For quasicoherent sheaves, Locx is an equivalence if and only if X is affine;

Ox

however, for D-modules, the key consequence of the Beilinson-Bernstein correspondence is that the localization functor is
an equivalence more frequently.

22Recall that a functor F is called conservative if, for F(f) an isomorphism, f is an isomorphism. When F' is an exact
functor between abelian categories, the condition of (ii) implies that F' is conservative.
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the sheaf D3\( corresponds to Dy ga-,. In particular, we have that D% ~ Dx. As we shall see in the
proof of Proposition 4.13, this shift is necessary to ensure that Z(g) acts by the same central character
on all fibers of D%. Finally, we note the action of Z(g) on the global sections of Dy -modules is via x_
(rather than xy).

4.5. The map U(g) — ['(X,D%). In this subsection, we prove Theorem 4.9 subject to an algebraic
statement related to the geometry of the cone of nilpotent elements in g, which we defer to the next
subsection. We begin by checking that the statement of the theorem makes sense.

Proposition 4.13. The map ¢ : U(g) — (X, D%) factors through U(g)_, -
Proof. We recall that the map ¢, was obtained by considering
U(g) = (X, U(@)) — T(X, D).

Letting J_x(g) C U(g) be the ideal generated by z — x_A(z) for z € Z(g), it suffices for us to show that
the composition
T = UG - DX
is zero. In fact, it suffices to check this on fibers. For each x € X, by right exactness of k, ® —, we see
that
ke @ Dx =k, © Dy ~U(g)/(kx @ T7(9)),
Ox Ox Ox

where we observe that k, ® Z*(g) is the right ideal of U(g) generated by & — (p, — A\)(€) for € € b,.23
Ox

In other words, we have shown that

k, @ DY ~k, _» ® U(g).
O X P )\U(bx) (g)

By Corollary 3.19, the action of Z(g) on this right U(g)-representation is by x,,—x—p, = X—»x, hence
J-(g). dies on each fiber, as needed. O

Remark. The proof of Proposition 4.13 allows us to identify

(X, ky @ DXM)~k, » ® U
( & ) = kp, Yo (9)

as a right Verma module which under the isomorphism between U(g) and U(g)°P will transform to a
dual Verma module.

By Proposition 4.13, ¢, induces a map U(g),_, — (X, D% ), which we will denote by 1. We would
like to show that ) is an isomorphism. For this, we will require the following algebraic consequence,
Proposition 4.14, of a theorem of Kostant, Theorem 4.19. Kostant’s theorem will require some additional
geometric background to state, so for now we describe only Proposition 4.14 and how it may be used to
prove Theorem 4.9. In the next subsection, we will state and prove Kostant’s theorem and then use it
to derive Proposition 4.14.

Recall now that the G-action on X gives rise to amap p : g — I'(X, T'x) of (10) given by differentiating
the action. This map induces a map Sym(g) — I'(X, Sym, (Tx)), which we may characterize as follows.

Proposition 4.14. Let Sym(g)$ denote the elements of positive grade in Sym(g)¥. The map
Sym(g)/ Sym(g) - Sym(g)§ — T'(X,Symep, Tx)

is an isomorphism.

Modulo the following lemma, we are now ready to prove Theorem 4.9.
Lemma 4.15. The inclusion Z(g) — U(g) gives rise to an isomorphism

gr Z(g) ~ Sym(g)“.
Proof. By definition, we have for each i the short exact sequence
0 — F;_1U(g) — F;U(g) — Sym'(g) = 0

induced by the order filtration on U(g). Viewing this as a sequence of g-representations, it splits by
complete reducibility. We may therefore apply the functor of G-invariants (which coincides with the
functor of g-invariants) to obtain an exact sequence

0~ Fi_1Z(g) = FiZ(g) — Sym’(g)“ — 0
which induces the desired isomorphism gr Z(g) — Sym(g)€. O

23We emphasize here that Z*(§); is not a left ideal of U(g).



36 D-MODULES AND REPRESENTATION THEORY

Proof of Theorem 4.9. Equip U(g),_, with a filtration inherited from the filtration of U(g) by order. By
definition ¢, respects the filtration, so it suffices for us to show that the induced map

gron:erU(e)y , — erT(X, Dy)
is an isomorphism. Our approach for this will be to construct a chain of maps
Sym(g)/ Sym(g) - Sym(a)§ — grU(g)x_, — gr (X, Dy) = (X, gr Dy) ~ I(X, Symg  Tx),
with the first and last map surjective and injective, respectively, whose composition is the map of
Proposition 4.14. Because it is an isomorphism, each of the maps will be an isomorphism, giving the
claim.

We now construct the two desired maps. For the first map, we have a natural surjective map Sym(g) —
grU(g)y_,; it suffices to check that it kills Sym(g)§. But recall from Lemma 4.15 that gr Z(g) ~
Sym(g)¥, hence for any element f € Sym(g)f, we see that the image of f in Sym(g) lies in (gr Z(g))+ C
grU(g). But x_x sends Z(g) — k ~ FyoU(g), hence this image dies in grU(g),_,. For the second map,
we have for all i a short exact sequence of sheaves

0 — F; DX — F;DX — gr, DX — 0,
hence applying the left-exact functor I'(X, —) yields an injection
gr' T(X, DY) = FI(X, D)/ Fi1l (X, Dx) < I(X, gr; Dx),
where we are using the fact that F,I'(X,D%) = I'(X,F;Dy). It is clear that the resulting map
grI(X, DY) — ['(X, gr D%) respects the ring structure, hence this gives the desired map. O

4.6. The geometry of the nilpotent cone and Kostant’s Theorem. It now remains for us to prove
Proposition 4.14. We will reinterpret the statement in terms of the geometry of the nilpotent cone N of
nilpotent elements in g. Therefore, let us begin by considering the geometric situation more carefully.
We note that A is in fact a variety, as the condition that ad, is a nilpotent linear map g — g is a
polynomial one. Now, recall that in Subsection 4.2, we defined the vector bundles g, b, and n on X
whose fibers over x € X were g, b,, and n,, respectively. Let h//W := Spec(Sym(h*)") be the quotient
of h by the W-action, and consider the diagram

SmeE — b

(17)

g h//W

where the maps SmeE — g and SmeE — B are given by the inclusion b — g and the projection
b/n — b and the map g — bh//W is given by the Chevalley isomorphism. We now give some initial
characterizations of (17).

Lemma 4.16. The diagram (17) commutes, the variety h//W is smooth, and the maps b — b//W and
g—b//W are flat.

Proof. For commutativity, we check that the corresponding maps of structure sheaves agree. We would
like to show that

Symg  b* ~— Sym(h*)

Sym(g*) ~— Sym(p*)"

commutes, for which it suffices to note that for f € Sym(h*)", the image of f tracing up and to the left
is a function on Symy b which factors through the map

Symy b — Symy b & AL
On the other hand, the image of f tracing left and up is a function on Sym b which assigns to a pair
(b, &) with € € b, the value of the corresponding function ¢(f) at &, where ¢ is the map of the Chevalley

isomorphism. But by Theorem 3.13, such a map factors through the projection b, — b, /n, — b EN Al
hence the two resulting maps on Symy b agree, as needed.
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The fact that h//W is smooth follows from the fact that it is affine as the quotient of a finite reflection
group acting on a vector space (see [Hum90, Theorem 3.5]). Now, h — §//W is a map with fibers of
dimension 0 with h Cohen-Macaulay and b//W regular, hence it is flat.

Finally, to show that the map g — h//W induced by the Chevalley isomorphism is flat, we must
show that Sym(g*) is flat over Sym(h*)" =~ Sym(g*)¥. We give a sketch here of the very elegant
argument presented in [BL96, Theorem 1.2]. Fix a choice of  C b C g, which gives rise to a canonical
decomposition g* ~ h* @ (g/h)*. Place an alternate filtration F, Sym(g*) on Sym(g*) so that

F{ Sym(g") = Sym((g/b)") - F; Sym(g"),
where F; is the standard filtration. We then check that under this filtration gr Sym(g*) ~ Sym(h*) ®
Sym((g/h))*, where the grading on the second term is on Sym(h*) only. Let us now consider gr Sym(g*)
as a gr Sym(g*)@-algebra with this modified filtration. Now, the image of gr Sym(g*)“ in gr Sym(g*) is
the same as its image after restriction to Sym(h*). But by the Chevalley isomorphism, this is simply
gr Sym(h*)". We see therefore that the map gr Sym(g*)¢ — gr Sym(g*) factors through

grSym(g*)“ ~ Sym(h*)" — Sym(h*) < Sym(h*) ® Sym((g/h))* ~ gr Sym(g"),

where we showed that Sym(h*) was flat over Sym(h*)"'. The result then follows from the following two
facts. First, a module over a graded algebra is flat if and only if it is free ([Eis95, Exercise 6.11]), which
implies that Sym(h*) is free over Sym(h*)", hence gr Sym(g*) is free over gr Sym(g*)“. Second, if gr M
is a free gr A-module, then M is a free A-module ([BL96, Lemma 4.2]); this follows from noting that an
isomorphism (gr A)™ — gr M comes from a map A" — M with a special filtration on A™. This implies
that Sym(g*) is free over Sym(g*)“, as needed. O

Now, we say that € g is regular if its centralizer 34(§) = {i € g | ade() = 0} has minimal dimension.
The locus of regular elements is determined by the non-vanishing of a determinantal ideal, hence forms
a Zariski-dense open set in g, which we denote by g. Recall that this minimal dimension is called the
rank of g and for semisimple Lie algebras the rank is given by dim b (see for instance [Ser01, Corollary
I11.5.2]). Importantly, the following proposition shows that the Chevalley map ¢ is smooth on gyeg.

Proposition 4.17. The restriction of the Chevalley map ¢ to greq is smooth.

Proof. We refer the reader to [HTT08, Theorem 10.3.7] for the proof, which proceeds by considering the
differential form det(2) on g defined by Q,(x,y) = (a, [z, y]), where (—, —) is the Killing form. This form
turns out to be non-vanishing exactly on gree, and its Hodge star may be computed to be the Jacobian
of the Chevalley map, giving the result.?* O

This allows us to give a characterization of (17). Let us write g’ :=g x b.
b/ /W
Lemma 4.18. Let (Symy E)Teg be the preimage of greg in Symy b.
Cartesian.

Then, the following diagram is

(Symy b)reg —— b

h//W

Proof. Denote by g;cg the preimage of gyee in g’. The diagram induces a map

Oreg

reg ¢ (SYMy B)reg — Ghop 1= Oreg X
pg(YX)g Greg ggh//Wh

which is proper because (Symy b)reg — greg is proper and g]’reg — Qreg 1S separated.
Let us see now that it is also birational. Let gss denote the set of semi-simple elements in g; recall
that it is an open Zariski-dense set in g, and let greg.ss := @reg N gss be the set of elements which are both

regular and semi-simple. Let (Symy b)regss denote the preimage of gregss in (Symy b)reg, and let hreg
and breg//W denote the regular elements in b and h//W, respectively. Here, here we notice that hyeg is

24This is a somewhat non-trivial result, so we are in some sense cheating by citing it here. However, it does not introduce
any logical circularity, so we choose to omit the fairly computational proof to streamline our description of the geometric
situation.
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simply the complement of the root hyperplanes in b, the W-action restricts to h.ee and it makes sense
to consider beg//W. Then, for birationality, it suffices for us to show that

b

(Sme b)reg,ss - hreg

(18)

Oregss — > hreg//W - h//W

is Cartesian. For this, we need only check that the left square is Cartesian. We claim that each £ € greg ss
is contained in exactly |IW| Borel subalgebras of g; indeed, because £ € greg ss, its centralizer 34(§) is the
unique Cartan subalgebra containing it. Therefore, the set of Borel subalgebras containing £ is exactly
those which contain this Cartan subalgebra, of which there are |W| by definition. To specify one of
these Borel subalgebras is to specify exactly one of the |W| possible images of £ in the abstract Cartan
subalgebra, hence we see that (18) is Cartesian and thus pycg is birational.

Now, notice that the map g., — b is smooth as the pullback of the smooth map greg — b//W (by
Lemma 4.17) along the flat map h — bh//W. Therefore, we see that g, is regular. Thus, by Zariski’s
main theorem (see [Gro61, II1.4.4.9]), it suffices for us to show that pres has finite fibers, for which it
suffices to check that p,s is injective on tangent spaces. Indeed, note that the tangent space to SmeE
at a point (b,£) with £ € b is given by g/b @ b and the map to the tangent space to g h/>/<Wh is given by

the map

(11, p2) = (p2, m([pa, €]))
with 7 the projection b — h. Note here that this map is well defined because 7 vanishes on [b, b] = n.
Thus, we must check that for p; € g and & € byeg, if [1,£] € n, then py € b. Indeed, if 3 ¢ b, then
by the classification of Proposition 4.20, the lowest weight of [u1,&] will be non-positive, meaning that
[p1,€] ¢ n, as needed. O

Because greg is open in g, Lemma 4.18 implies that the induced map
p: Symy b—>g x b
b/ /W
is birational. We now consider the following two diagrams.
Symy n —— {0} N ——— {0}

(a) (b)

Symy b — b g——b//W
We claim that they commute and are Cartesian; for (a), this is clear, and for (b), this follows from
the fact that nilpotent elements in g are exactly those which are killed by all functions in the image of

the Chevalley homomorphism without a constant term. We may now fit all three diagrams together to
summarize the geometric situation.

Symy 1 oI {0}

(19) Symyb - g x h-——sh

Y
o — " n/w
Here, the maps of (cd) are given by those of (a), and the maps of (de) are given by those of (b). The
diagram commutes by construction; we now claim that each square is Cartesian. Indeed, for (d), this
follows because (de) and (e) are both Cartesian, and for (c¢), this follows because (cd) and (d) are both
Cartesian. We may now state Kostant’s theorem.
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Theorem 4.19 (Kostant). The map p: Symyx 1 — N of (19) is a resolution of singularities, known as
the Springer resolution. Further, the map p satisfies pxOgym , 7 =~ Opn .2

Before giving the proof, let us first see how it implies Proposition 4.14.
Proof of Proposition 4.14. By Theorem 4.19, the map p : Sym 1 — N provides an isomorphism
(20) P«Osym 7 = On.
Recall from the definition of b that we had an exact sequence
0—=b—g—Tx — 0.

Note that this sequence is a priori only left exact, but is right exact by Lemma 4.7. Therefore, we
see that Tx ~ g/b ~ n~. Therefore, applying the identification given by the Killing form we have

T% ~ (n")* ~n and hence
(21) Symy T% =~ Symy n.
Further, the construction of the Chevalley isomorphism given in Theorem 3.13 provides an explicit

description for A/ as the elements in g which vanish under every element of Sym(g*)¢ without a constant
term; under the identification g ~ g*, this shows exactly that

(22) N = Spec(Sym(g)/ Sym(g) - Sym(g)S).-
Combining the identifications (21) and (22), the isomorphism of (20) induces an isomorphism
Sym(g)/ Sym(g) - Sym(g)§ =~ F(N, Ox) = T(Symy Tx, Osym, 73 ) = (X, Symp , Tx).

It remains now to check that this isomorphism is the map given in the statement of Proposition 4.14.
Concretely, we must show that the diagram

Symyn ~ Symy(n~)* = Sym y T%

Ne——————— g~y
commutes, where the map Symy T% — g* is induced by differentiating the action of G on X. Indeed,

tracing through the identifications, this amounts to the fact that the double adjunction of a map g — T'x
gives the map itself. O

It remains now for us to prove Theorem 4.19. Our strategy will be to lift the resolution of singularities
Sym b — g’ given by Lemma 4.18 to a resolution Symy n — N. The remaining result will then follow
from a more detailed analysis of the regular elements in g. In particular, we will first classify all regular
elements that lie within a specified Borel subalgebra b.

Proposition 4.20. An element € € b is reqular if and only if there exists a Cartan subalgebra h C b, a

subset I C {1,...,n} of the simple roots, and a decomposition
£ = fss + Z €a
a€RTt

with s € b and &, € go such that the following properties hold:
o a;(&ss) =0 foralliin 1,
b ai(gsé') 7é 0 fO’f’i ¢ I,
o &, =0 if a; appears in the decomposition of a for i € I, and

® &o, #0 fori g I.

Proof. Take € € g and let £ = & + &, with & semi-simple, &, nilpotent, and [£, &,] = 0 be its Jordan
decomposition. Write 3 = 34(&ss) and note that 3 is the direct sum of a semisimple Lie algebra and an
abelian one with total rank rank g. Further, because 3;(&,) C 34(§) we see that ¢ is regular if and only
if &, is regular inside the semisimple part of 3.

n fact, it is known that p is a rational resolution of singularities, meanin at Rpx« q in the derive
25Tn fact, it is k that 7 i tional resoluti ingulariti ing that RpxOgym, 7 ~ Ox in the derived
category. For k = C, Grauert-Riemenschneider vanishing (see [GR70, Satz 2.3]) shows that it suffices to check that the
canonical bundle of Sym y 1 is trivial.
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Now, suppose £ € b was regular. Pick a Borel subalgebra b’ C b of 3 containing ¢ and a Cartan
subalgebra b of 3 inside b’. Then b is also a Cartan subalgebra of g. Then, this determines a decomposition

b=hHo @ga

a€Rt
along with a choice I C {1,...,n} of a subset of the simple roots for which we may write £ in the form
6 = Ess + Z fa
a€Rt

with &, € g, such that a;(&s) =0 for i € I, a;(&s) # 0 for i ¢ I, and &, = 0 if «; for i € I appears in
the decomposition of a as the sum of simple roots.

To complete the classification of regular elements, then it suffices to understand when nilpotent ele-
ments of the form »_ . &, are regular. We claim that this occurs if and only if £,, # 0 for all i ¢ I;
we omit the proof of this and instead refer the reader to the original in [Kos59, Theorem 5.3], which
proceeds by combinatorial considerations on principal sly’s in g. Putting everything together, we have
obtained exactly the desired conditions on our decomposition. (]

We may now use Proposition 4.20 to analyze the codimension of g — gyeg in g.
Lemma 4.21. The codimension of § — greg in g is at least 2.

Proof. Tt suffices for us to show that for every Borel subalgebra b, the codimension of b — b N (g — greg)
is at least 2.25 Given a choice of b, we have a canonical projection

b— @ Ja
a€ERT

independent of the choice of . Translating the result of Proposition 4.20, we see that the image of b—b,eg
under this projection is contained in the finite union of the hyperplanes {{,, # 0} and further that the
fiber of b — bycg above each point in P, p+ go has codimension at least 1, allowing us to conclude that
b — breg itself has codimension at least 2 in b, as needed. O

Finally, before beginning the proof, we need one more auxiliary result, a standard lemma from com-
mutative algebra.

Lemma 4.22. Consider a Cartesian diagram

X/( ‘Y/ ‘Z/

X < - Y - 7

of affine schemes with Z' — Z flat and X — Y and X' — Y’ closed embeddings. Then, if X has
codimension at least 2 in' Y, X' has codimension at least 2 in Y.

Proof. Recall by construction that
Ox =0x ® Og.
Oz

Take a prime p ® q of Ox, where p and q are primes of Ox and Oz which agree upon restriction to
Oyz. Because X has codimension at least 2 in Y, there exists a non-trivial chain of primes

PoCp1 CPp

in Ox with corresponding preimages p;, C pj C p’ in Oz. Now, Oz is flat over Oz, so we may apply
the going down theorem to obtain a corresponding chain of primes

o C g1 Cq

in Ogz such that p, and q; both restrict to p;. This gives a chain of primes p; ® gq; contained in p ® g
which shows that height(p ® q) > 2, as needed. (]

26In fact, it is true that codim(g — greg) > 3.
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Proof of Theorem 4.19. Note that square (c) is Cartesian and p : Symy b — ¢’ is birational by Lemma
4.18, so to show that p is birational, it suffices merely to check that the intersection of N and g;eg ing
is non-empty. Indeed, the preimage of any regular nilpotent element of g lies in this intersection, so p is
birational. B

Let us now show that p.Ogyn, 7 =~ On. For this, we first consider the map p : Symy b — g’. Denote
the composition

q:SmeE—>X><g—>g

of the closed embedding Symxg — X X g and the projection X x g — g. Note that ¢ is projective
because X is a projective variety; therefore, p is projective because the projection g’ — g.

We now claim that g’ is normal. By Lemma 4.16, g’ is the pullback of a smooth variety along a
flat morphism between smooth varieties, hence it is a local complete intersection and therefore Cohen-
Macaulay. Now, recall p : Sym yx b — ¢’ is birational and restricts to an isomorphism to g;eg C ¢’, which

is regular because it is isomorphic to (Symy b)yeg, which is smooth. Thus, to show that g’ is normal, it
suffices to check that g’ — g]’reg has codimension at least 2. By Lemma 4.21, we know that g — gy has
codimension at least 2; because h — h//W is flat by Lemma 4.16, by Lemma 4.22 we see that g’ — g,,
has codimension 2 in g’. This implies that g’ is Cohen-Macaulay and regular in codimension 1, hence
normal. Therefore, by Zariski’s Main Theorem applied to the proper map p (see [Gro61, I11.4.3.12]), we

see that p*OSymx = Oy

We now claim that Symy b — b is flat. Indeed, note that Symy b is smooth and equidimensional as
a vector bundle over the flag variety, hence this is a map of Cohen-Macaulay schemes, so it suffices by
[Gro65, TV.6.1.5] to check that each fiber is Cohen-Macaulay and has dimension dim g—dim . But notice
that the fiber over a point £ € b is a vector bundle over X whose fiber over x € X is {u € b, | 7 (1) = &}
for 7, : by/n, — b the canonical projection. Thus, we see that each fiber is smooth of the correct
dimension, so the map is flat as needed. Therefore, we may apply flat base change on (cd) and (d) to
see that

~ k) Y sk
7T*p*OSymxﬁ =1t ¢*p*OSyme =t ¢*p*OSyme = ] OQ’ ~ m.On-

But recall that N was affine, so this implies that P«Osym, 7 ~ ON .27 (I

4.7. The global sections functor on the flag variety. In this subsection, we analyze the functor
of global sections on the flag variety to prove Theorem 4.11. Let M be a Dy-module. For u € X an
appropriately chosen dominant integral weight, we will instead consider M ® £#. For this, let V_, =
I'(X,LH) and V* = T'(X, L*)*; by Theorem 3.9, V_, and V# are the (finite dimensional) irreducible
representations of G’ of lowest weight —x and highest weight i, respectively. Denote by V_,, := Ox®,V_,
and V¥ := Ox ®p V# the corresponding sheaves.

Lemma 4.23. Let {u1,...,ux} be a labeling of the set of weights of V* so that p; < p; implies that
i > j. Then, there are B-stable filtrations
0=VocWLcCc---CcVp=VH
and
OZWOCW1C"'CW]€:V,”,
such that V;/V;_1 is the one dimensional B-module corresponding to p; and W;/W,;_1 is the one dimen-
sional B-module corresponding to —pig—;t1.

Proof. Such a filtration of U(b)-modules is immediate from the classification of finite-dimensional rep-
resentations of semisimple Lie algebras. Because G was connected and simply connected, it lifts to a
filtration of B-modules. O

Lemma 4.24. Let {p1,...,u,} be a labeling of the multiset of weights of V* so that p; < p; implies
that i > j. Then, there are filtrations

0=VoCViC---CV,=VH
and
OZWOCW1C-"CW]€:V7M
of G-equivariant sheaves such that V;/Vi—1 ~ L™ and W;/W;_q ~ Lik—i+1,
27Instead of passing through g’, we could have instead shown that A is normal by further analyzing the geometry of

G-orbits in M. Then, a direct application of Zariski’s main theorem to the birational map Symy % — A would give this
part of the result.
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Proof. Construct these filtrations by applying the functor £(—) to the filtrations of Lemma 4.23. The
result satisfies Vj, := L(V#*) = V* and Wy, := L(V_,) = V_,, by Proposition 3.7 and V;/V;_ ~ L™
and W; /W,;_1 ~ LH—i+1 by Proposition 3.6(i). O

Because p1 is dominant, £ is globally generated, giving a natural surjection V_,, — £#. Dualizing and
tensoring by the line bundle £#, we obtain also an injection Ox < L* ® V*. Because the U(g)-module
structure on £* is induced by the map g — I'(X, D), we see that these are maps of ¢(g)-modules. By
functoriality, we may tensor them with M to obtain maps of U (g)-modules

(23) Mo M@ LH @ VH
and
(24) MRV_, - M L,

Here (23) is evidently injective and (24) is surjective by right exactness of M ® —. We now have the
following key lemma.

Lemma 4.25. Let u be an integral weight and X an arbitrary weight. For any D% -module M, we have
the following:

(i) if X is dominant, the map of (23) is a split injection of U(g)-modules, and

(ii) of X is regular, the map of (24) is a split surjection of U(g)-modules.
Proof. Pick a labeling {u1,. .., ur} of the weights of V#; in particular, we note that 3 = p and p; < p
for ¢ > 1. Consider now the corresponding filtrations given by Lemma 4.23. Viewing V; and W; as
U(g)-modules via the G-equivariant structure, we obtain filtrations

0=MRSIL!RVy CMILFRQV C---CMRILF@ V=M LH e V!
and
0=MIWs CMOIW, C---CMIW,=MRV_,

of U(g)-modules, where for each i we have short exact sequences

25 0 - MRLFRV, ] 2 MRILF RV, = MRQILFQLTH =0
(

and

(26) 0—-MOIW;,_1 =MW, - M LH+—i+1 (.

We claim now that for any local section z € Z(g), the section
a;(z) = H(z = X-A-ptu(2))
i=1
acts by zero on M ® L* ® V;. For this, recall that by Proposition 4.13, Z(g) acts on M and £* via y_»
and x_,_,, respectively. Further, notice that if Z(g) acts on M; and M, via x,, and x,,, then by the
definition of the U(g)-action on M; ® Ma, it acts on M; ® My via Xmlﬂtﬁp.zs

The claim will now follow by induction on . For the base case i = 1, Z(g) acts on M, £, and V,
via X, X—pu—ps and X—_,, —p, respectively, hence it acts on M ® L* ® V) via X —x—pu4u, = X—x. For the
inductive step, consider the short exact sequence (25); by the inductive hypothesis, a;_1(2) kills the first
term, while Z(g)-acts by Xa—,+,, on the last term, hence a;(z) kills the middle term, completing the
induction.

Taking ¢ = k, we see that Hle(z — X A—ptpm (2)) kills M ® LF* @ V*. By a similar argument, we see
that Hle(z — X—A—pi_is1(2)) kills M ® V_,,. Together, these show that the action of Z(g) is locally
finite on M ® L* @ V* and M ® V_,,, as the image of any section under the Z(g)-action is spanned by
the images of finite powers of the generators for Z(g).

Thus, M ® L @ V* and M ® V_,, split as U(g)-modules into the direct sum of generalized weight

spaces for Z(g) with weights parametrized by the weights of the U/ (b)-stable filtrations. To complete
the proof of the lemma, for (i) it suffices to show that the inclusion (23) exhibits M as the kernel of the
action by (z — x_(2))" for N large under the inclusion

0 =+MMRL'R@V = M L V!

and for (ii) that (24) exhibits M® L£* as the quotient by the kernel of the action of Hf:2 (2= Xoa—ps ()N
for N large under the projection

MOV_, = MW/ Wi ~ M@ LH — 0.

28Here the addition of p is to compensate for the shift we introduced in the definition of the Harish-Chandra isomorphism.
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For (i), we need to check that for p; < p, we have x_x # x—a—p+pu,.- By Corollary 3.17, it suffices to
check that —\ and —\ — p + p; are not in the same W-orbit. Indeed, if

(=) = —A— i+ g,
we would have

w(A) = A= p—p; >0,
which is impossible because A is dominant.

For (ii), we need to check that for p; < p, we have x_x_,, # X—r—n. Again by Corollary 3.17, it

suffices to check that —\ — pu; and —\ — p are not in the same W-orbit; indeed, if

w(=A = pi) = A= p,
we would have

w(A) = A=p—wp) =0

where the last inequality follows because —p; is a weight of the lowest weight module V_,, with lowest

weight —u. This implies that w(\) = A and hence that w = 1 because A is regular. But this means that
i = 13, a contradiction.?® O

Proof of Theorem 4.11. Let M be a Dy-module. For (i), we wish to show that H*(X, M) = 0 for all
k > 0. Recall that because cohomology commutes with direct limits, we have that

HY(X,M) = thk(X, 7),

where we take the direct image over the directed set of coherent submodules F of M; it therefore suffices
for us to show that H*(X,F) — H*(X,M) is the zero map for all such F. Fix now a coherent submodule
F of M. Because L is ample for p regular by Proposition 3.8(iii), we may choose a regular integral
weight p so that

HYX,F @ L' T(X, L)) ~ H¥(X,F © L") @ T(X, LM)* =0
k k

by Serre vanishing. Now, consider the following commutative diagram on the level of sheaves of abelian
groups.

F - M

FLroT(X,LM)" — M LF (X, LH)*
k k

Therefore, the resulting map H*(X,J) — H*(M @ LH %) [(X, LH)*) factors through H*(F @ LH %
(X, L£*)*) = 0, so it is the zero map. On the other hand, by Lemma 4.25(i), we see that H*(X, M) —
HEM ® LF % [(X, LH)*) is injective, meaning that H*(X,F) — H*(X,M) is zero for all coherent

submodules F of M, hence H*(X, M) for k > 0, as desired.

For (ii), suppose that I'(X, M) = 0. We again pass to the coherent submodules F of M. For any such
F, we have an injection I'( X, F) — I'(X, M), hence I'(X,F) = 0. Now, pick p a regular integral weight
so that F ® L# is globally generated (again this is possible by Proposition 3.8(iii)). Then, by Lemma
4.25(ii), we have a split surjection

FRT(X,LM) = F® LH,
k

which induces a surjection I'( X, F) @ I'( X, L*) — ['(X,F ® L*) on global sections. Thus, we find that
k

(X, F®LH*) = 0, meaning that F® L* = 0 by global generation, hence F = 0. Therefore, every coherent
submodule F of M is zero, so M = 0, as desired. O

291t was crucial to the proof of (ii) that we could use regularity to conclude that w = 1, which is not necessary for (i).
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