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ABSTRACT. We refine the statement of the denominator and evaluation conjectures for affine Macdonald
polynomials proposed by Etingof-Kirillov Jr. in [EK95] and prove the first non-trivial cases of these con-
jectures. Our results provide a g-deformation of the computation of genus 1 conformal blocks via elliptic
Selberg integrals by Felder-Stevens-Varchenko in [FSV03]. They allow us to give precise formulations for
the affine Macdonald conjectures in the general case which are consistent with computer computations.

Our method applies recent work of the second named author to relate these conjectures in the case of
Uy (2[2) to evaluations of certain theta hypergeometric integrals defined by Felder-Varchenko in [FV04]. We
then evaluate the resulting integrals, which may be of independent interest, by well-chosen applications of
the elliptic beta integral introduced by Spiridonov in [SpiO1].
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1. INTRODUCTION

The present work leverages a connection between two approaches to generalizing Macdonald theory to the
affine setting to provide precise statements of affine analogues of Macdonald’s conjectures and proofs of the
first non-trivial versions. In [EK95], Etingof-Kirillov Jr. defined affine Macdonald polynomials as traces of
intertwiners of quantum affine algebras and stated rough analogues of Macdonald’s conjectures. In [FV04],
Felder-Varchenko defined their so-called elliptic Macdonald polynomials in the U, (5?[2) case in terms of theta
hypergeometric integrals and conjectured that they coincided with Etingof-Kirillov Jr.’s affine Macdonald
polynomials. In the recent work [Sunl6al, the second named author resolved this conjecture and provided a
precise connection between these two objects.

In this paper, we use this connection to refine and correct the statements of the affine Macdonald denom-
inator and evaluation conjectures in [EK95] and prove the first cases of these conjectures. More precisely, in
the case of U, (sAlg)7 we use the results of [Sun16a] to express the affine Macdonald denominator and evaluation
in terms of special values of certain theta hypergeometric integrals related to Felder-Varchenko functions.
We then give evaluations of these integrals (which may be of independent interest) by manipulating the
integrands to match instances of the elliptic beta integral introduced by Spiridonov in [Spi01]. Combined
with computer computations, our results allow us to conjecture precise formulations for the affine Macdonald
conjectures in the general case; our formulation includes an additional prefactor whose limit is consistent
with a new term appearing in the affine Gindikin-Karpelevich formula for p-adic loop groups recently studied
in [BFK12, BK13, BGKP14, BKP16].

Our work is motivated by two different streams of literature. First, our main results provide a g¢-
deformation of the first non-trivial case of the computations of conformal blocks via elliptic Selberg integrals
given by Felder-Stevens-Varchenko in [FSV03, Theorem 5.1]. While our method is intrinsically different, we
anticipate that it will generalize to give g-deformations of the other conformal blocks present in [FSV03,
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Theorem 5.1]. Second, in future work we plan to approach the general case of affine denominator and eval-
uation conjectures stated here using quantum affine algebras in the spirit of [EK96]. We intend the present
work as a guide for finding the correct statements.

In the remainder of this introduction, we state our results in detail and give additional motivation and
background. In this introduction, we will mix additive and multiplicative notations, where in all cases the
appropriate choice is clear from context. For the reader’s convenience, all notations will be reintroduced in
full detail in later sections, and in each section we will specify whether additive or multiplicative notations
are used.

1.1. Affine Macdonald polynomials. Fix an integer k > 0. Letting L,4ra, denote the irreducible inte-
grable module for U,(sl,,) and V the fundamental representation of U,(sl,,), for a dominant integral weight
1+ kAo and v € Sym™*~VV[0], there is a unique intertwiner

T2 ek(2) t Lutkags(e1)7 = Dyt khot k-1)p@Sym™ DV (2)

such that Tz,k,k(z)UqukAonfl)ﬁ = Upytkho+k—1)5@v~+(Lo.t.), where (Lo.t.) denotes terms of lower weight in

the first tensor factor. Fixing a choice of wy € Sym™* =YV [0] and making the identification Sym™*~DV[0] ~
C - wy, define the trace function

wo

Xk k(G A, w) = Tr‘meonfl),; <Tu7k7k(z)q2)\+2wd) .

In [EK95], by analogy with their approach to ordinary Macdonald polynomials in [EK94a], Etingof-Kirillov Jr.
defined the affine Macdonald polynomial for s, at t = ¢* as

Xy bk (@5 A, W)
J , A,w == .
Mk,k(q ) Xojo’k(q, A,W)

1.2. Statement of the main results. In [EK95], Etingof-Kirillov Jr. state analogues of the Macdonald
denominator and evaluation conjectures in the affine setting. We extend and correct their conjectures in
the following two conjectures, which are a refinement of [EK95, Theorem 11.1] and a correction to [EK95,
Conjecture 11.3], respectively.

Conjecture 4.2 (Affine denominator conjecture). The affine Macdonald denominator is given by

72w+2i; 72w)

ITisi (g a*) T

2(k—1)(p,\) i=1 _ —2(a, Hwd)+2¢\mult(a)

[T (g2wt2ni; g—2w) H H<1 a ) '
i=1\q 4 =1 a>0

Conjecture 4.3 (Affine evaluation conjecture). For |g| > 1, we have that

X0,0,k(Q7 )\7 W) =4q

2ke) Hl;;ll(qui;qu(mkn)) H;(;ll(quni;qukn) k=1 (1— q—z(a,u+k/\0+km—zi)mult(a)

1111

k=1, _opi. _ n k=1, _92i. _okn _ g—2(a,kp)—2i\mult(c
[T2) (20 g 200 TIC (g 2g2%0) Guging (L— g ek msmae)

Jukk(a, kp, kn) = q

Our main results are the following first nontrivial cases of Conjectures 4.2 and 4.3. For n = 2 and k = 2,
Theorem 4.6 provides a computation of the multiplicative correction factor f(p,q) for the affine Macdonald
denominator in [EK95, Theorem 11.1], and Theorem 4.7 corrects and proves the affine Macdonald evaluation
conjecture of [EK95, Conjecture 11.3].

Theorem 4.6. For n = 2 and k = 2, the affine denominator is given by

NUBRSET B P T IAF2 2 2 Qwt2,  —2
X0.0,2(q, A, w) = q e q,Qw)(q‘ TN TP T (R ).
)

Theorem 4.7. For n = 2, k =2, and |¢| > 1, the affine Macdonald polynomial satisfies the evaluation

(a7%7) o a2 (a1~ g2 (@ 2q 7" ) (¢ q ) (a1 7)

Juko(q,2,4) = ¢*
w2 ) (g% q72%) (% q2) (g5 q ) (g2 ¢78)
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1.3. Felder-Varchenko functions and elliptic Macdonald polynomials. Our method proceeds by
using the results of [Sun16a] to connect the trace functions from Theorems 4.6 and 4.7 to theta hypergeometric
integrals defined by Felder-Varchenko in [FV04]. In [FV04], for a positive integer level k > 4, p # +1
(mod k), and Im(n) < 0, Felder-Varchenko defined the non-symmetric hypergeometric theta function of
level k + 2 by

2min 2

ApwNmom) =e = Q20w —2nk,1m) 1w (X7, 1),
where

0(4n; 0)0'(0;0)

Qluinm) := 0( —2n;0)0(n + 213 0)

and
- 2 T(t 4 9 7. —9
Lin(Xi7,m) = €755~ (27 2%7)/ (t+2n; 7, —2nkK)
5 D(t = 2n; 7, —2nK)
Ot + A7) (L + 2np; —2nk)
Ot — 2 7) O(t — 203 —2nK)
where the cycle v travels from —1/2 to 1/2, lies above the pole at ¢ = —2n and below the pole at ¢t = 25, and

separates all other poles above and below the real line. They defined further the symmetrized hypergeometric
theta function by

00(1/2 4+ ut + KT — KA + 2t; 2K7)dt,

Au,f@()‘; T, 77) = AM,R(A; T, 77) - zu,f@(_A; T, 77)
and the elliptic Macdonald polynomial for ¢ = ¢? by

_idntT 2 . A n()\ r 77)
P, ..\ = mi =T (u4-2)* +7wi37 /4 u+2, 3T, .
k(A T,m) =e O(N — 21; 7)O(N; T)O(N + 213 7)

In [Sunl6a], the elliptic and affine Macdonald polynomials were related in the following result.

Proposition 4.5 ([Sunl6a, Theorem 9.9]). For |¢| > 1, |¢~2*| < |¢~%|, and ¢—2* sufficiently close to 0, the
elliptic and affine Macdonald polynomials for U, (sl) are related by

JMJC’Q(CL )‘7(“})
_ Pu(@nX —2nw,m) (a5 a7 %) (g7 %)% (g2 M21q72%, q720) ¢ (a0 ) (¢ P2 )
21 f2,2(q,472) (g2 q72) (g2 %72, q72)? (g% q72) (g 275 q72") ’

where f32(q, q~2*) is the normalizing function of Proposition 4.4 and x = k + 4.

By applying Proposition 4.5, we are able to deduce Theorems 4.6 and 4.7 from Theorems 3.5 and 3.6 on
special values of the elliptic Macdonald polynomials from [FV04]. These special values are g-deformations
of the first cases of [FSV03, Theorem 5.1].

Theorem 3.5. We have that
I'(—6m; 7, —8n) 1 (—4m; —4n)
D(=2n; 7, —8n) 0o (4n; 7) (75 7)% (—2n; —4n)

Poa(Xs7,m) = =27

Theorem 3.6. We have that

—t2rin—2ri(ur2yy (=605 =21, =81) b0 (2(p + 2)1; —26m) (=26m; —2k1)*
T'(—2n; —2kn, —8n) (—8n; —8n)(—4n; —4n)?(—2n; —21)

1.4. Theta hypergeometric integral evaluations. Our proofs of Theorems 3.5 and 3.6 are based on

a single theta hypergeometric integral evaluation, which may be of independent interest. For modular
parameters 7,7 with Im(7),Im(n) > 0, consider the theta hypergeometric integral

Tury) = e—?m‘,\/ Dt = 2n;7,8n) Oo(t + A7) bo(t — 4n;8n)
C o Dt +2n;7,8n) Oo(t + 2n; ) Oo(t + 21; 8n)

where the cycle v travels from —1/2 to 1/2, lies above the pole at t = —27n and below the pole at t = 27,
and separates all other poles above and below the real line. Define the symmetrization

P, . (4n; —=8n,n) = —2me

00(2t + 67 — 4\ + 1/2; 87)dt,

I\ 7,n) = I(N7,n) —I(=A7,m).
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The core technical tool of this paper consists of Theorem 2.4, which gives an explicit evaluation for this
integral based on manipulations of theta functions and well-chosen applications of the elliptic beta integral
of [Spi01].

Theorem 2.4. We have the expression
L'(6n; 7,8n) 1 1
L'(2n; 7, 8n) (87;87)00(—4n; ) (4n;4n)(2n + 1/2;2n)

1.5. Organization of paper. The remainder of this paper is organized as follows. In Section 2, we prove
the theta hypergeometric integral evaluation of Theorem 2.4 as well as two easier evaluations involving
Felder-Varchenko functions. In Section 3, we explain Felder-Varchenko functions and elliptic Macdonald
polynomials and prove Theorems 3.3, 3.4, 3.5, and 3.6 giving certain special values for them using the
integral evaluations in Section 2. In Section 4, we use Proposition 4.5 to prove Theorems 4.6 and 4.7 on
the first cases of the affine Macdonald denominator and evaluation conjectures. We then combine them
with evidence from computer computations to state Conjecture 4.2 on the affine Macdonald denominator
and Conjecture 4.3 on the affine Macdonald evaluation. We conclude by discussing our conjectures in the
classical, affine Hall, and critical limits.

I(\;7,m) = e 12 e300 (X; 7)o (A—21; 7) 0o (A+21; 7).

1.6. Acknowledgments. Y.S. and A.V. thank the Max-Planck-Institut fiir Mathematik in Bonn for provid-
ing excellent working conditions. Y.S. thanks P. Etingof for many helpful discussions. E.M.R. was partially
supported by NSF grant DMS-1500806. This work was partially supported by a Junior Fellow award from
the Simons Foundation to Yi Sun. A.V. was partially supported by NSF grant DMS-1362924 and Simons
Foundation grant #336826.

2. THREE ELLIPTIC HYPERGEOMETRIC INTEGRAL EVALUATIONS

In this section, we present three evaluations of elliptic hypergeometric integrals which arise in the study
of Felder-Varchenko functions. Our method rests upon applications of the elliptic beta integral of [Spi01]
after rearrangement of the integrand.

2.1. Notations and elliptic functions. We now give our conventions and notations for g-Pochhammer
symbols, theta functions, and elliptic gamma functions. Because our techniques connect two streams of
work which use both additive and multiplicative notations in a critical way, we will abuse notation and use
both notations; in all cases, which one is meant will be evident from the context. We have labeled which of
multiplicative or additive notations are used in this section, but we will omit these in the main text to avoid
obscuring the notation. The remainder of Section 2 after this subsection will only use additive notation.

2.1.1. Theta functions. We use the single and double g-Pochhammer symbols, denoted in multiplicative
notation by

(4 Qe = [ [ (1 = ug™) and (5 ¢, )t =[] (1= ug"r™)

n>0 n,m>0

for |g|, |r] < 1 and in additive notation by

(Z; T)add — H (1 _ 627riz+27ri'rn) and (Z; T, O')add — H (1 _ q27riz+27ri'rn+27riam>

n>0 n,m>0
for Im(7),Im(o) > 0. Define the theta function in multiplicative and additive notation by
05" (u;q) == (w)(u™'gzq)  and (7)== (57)(1 -z 7).

Define Jacobi’s first theta function, which will appear only in additive notation, by
7ri'r/477riz(

0(z;7) :=ie 737)00(2; 7).

It satisfies the modular relation
miz?
(2.1) 0(z/7;-1/71) = —iv/—ite = 0(z;7),

where the square root takes values in the right half plane.
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2.1.2. Elliptic gamma functions. Define the elliptic gamma function in multiplicative and additive notation
by

(u"'qrig,r) (T+0—270)
(usq,7)

In [FVO00], it was shown to have the following three-term modular relation of SL(3,Z)-type.

Tt (g g ) = and radd(z; 1, 0) =

(z:7,0)

Proposition 2.1 ([FV00, Theorem 4.1]). The elliptic gamma function satisfies the modular relation
(2.2) L(z/o;7/0,~1/0) = e"OCTD((2 — o) /7;—1/7,—0 /7)D(2: 7, 0),
where

2 140-1, 7*40°+370-371—30+1 1
: == _ — — Dt 4ot 1)
Qz7,0) = — 5o 2t P T +ro -1 +o )

2.1.3. Product notation. We will often use the presence of multiple arguments before the modular parameter
to indicate a product of multiple factors. For example, we have that

[(xz;7,0) :=T(z;7,0)'(—2;7,0)
and that
0o (u®, vE;q) = 0o (u; @)00(u™"; )00 (v; 9)0o (v™"3 q).

2.2. Evaluations of the first kind. The first evaluations we consider are related to Felder-Varchenko
functions specialized at particular values. They take the following form.

Theorem 2.2. We have that

/ L(t+1/4;7,0) 00(t+1/2;7) Op(t +1/2;0)
S Tt —=1/4;57,0) Op(t — 1/4;7) Oo(t — 1/4;0)

(1/4;71,0) 1 1
(3/4;7,0) (1;7) (1 +1/2;27) (0;0) (0 + 1/2;20)’

r
dt = —(1+i) 5

where the cycle 7y travels from —% to %, lies above the pole at t = —1/4 and below the pole at ¢t = 1/4, and
separates all other poles above and below the real axis.

Theorem 2.3. We have that
/ I'(t—1/4;7,0) 00(t+1/2;7) Op(t +1/2;0) (3/4;7,0) 1 1
gl

(1/4;7,0) (7;7) (1 + 1/2;27) (0;0) (0 + 1/2;20)’

N
DT 1/4;7,0) Bolt + 1/457) Bo(t + 1/450) " = 70T

where the cycle 7y travels from —% to %, lies above the pole at ¢t = 1/4 and below the pole at t = —1/4, and
separates all other poles above and below the real axis.

2.3. Evaluations of the second kind. The second type of evaluation we consider is related to a special
value of the elliptic Macdonald polynomial. For modular parameters 7,7 with Im(7), Im(n) > 0, we consider
the theta hypergeometric integral

t—2n;7,8n) Oo(t+ \;7) Oo(t —4n;8n)
t+2m;7,8n) Oo(t + 2n;7) Oo(t + 2n; 8n)

23)  T(hrm) e edmn / ?E 0o(2t + 67 — 4\ + 1/2;87)dt,
Y

where the cycle v travels from —% to %, lies above the pole at t = —2n and below the pole at ¢ = 27, and

separates all other poles above and below the real axis. Define the symmetrization

I(x7m) = I 7m) = I(=X7,m).
We will give an explicit evaluation of I(\;7,7).

Theorem 2.4. We have the expression

I'(6m;7,8n) 1 1
I'(2n; 7,8n) (87;87)00(—4n; ) (4n;4n)(2n + 1/2;2n)

I(\;7,m) = e 12 e300 (X; T) 0o (A—21; 7) 0o (A+21; 7).
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2.4. Proof of evaluations of the first kind. In this subsection we prove Theorems 2.2 and 2.3. We apply
the elliptic beta integral introduced by Spiridonov in [Spi01], formulated in our notations as follows.

Theorem 2.5 ([Spi0l, Theorem 1]). Let 7,0 be modular parameters with Im(7),Im(c) > 0, and let
S1,...,8¢ be parameters with Im(s;) > 0 so that Z?Zl s; = 7+ 0. Then we have

b

/ H?:1 D(£t + 557, G)dt _ 2];; T(si + s5:7,0)
B L(x2t;7,0) (1:7) (03 0)

where the contour - is a line from —1/2 to 1/2.

We proceed by simplifying the integrands into the form of the elliptic beta integral for modular parameters
7/2 and o.

Proof of Theorem 2.2. Denote the original integrand by J(t) and define

2t —1/4;71,0)  0o(2t;7) 0o (2t;0)

1) = T2t +1/4;7,0) 00(2t +1/4;7) Op(2¢t + 1/4;0)

so that I(t) = J(2t +1/2). We note that [ J(t)dt = [ I(t)dt since I(t) is l-periodic in . Denoting
I'(z) :=T(z;7/2,0), observe now that

(2t —1/4;7,0) 1 1 Oo(T+2t+1/4;7)
=D(42t — 1/4;
T2l £ 1/47,0) o2l + /A7) G+ /4] L. [T o) B 1)
=ie U (£2t — 1/4;7,0) = ie U (4t — 1/8)T (£t + 3/8)[ (£t + 0 /2 — 1/8)[(£t + o /2 + 3/8)

and that
0o (2t;7) 1 0o (2t;7)
00 (2t;7)00(2t;0) = =
0(267)00(24; 0) L(20)D(o —2t)  T(£2t) Oo(7/2 + 2t;7/2)
i L anaDCE /T /4 +1/2)
[(£2t) Op(2t 4+ 7/2;7) (£2t) '

Substituting these in, we find that

Jpy - Tt = U8t + 3/8)0(EE + 0/2 = 1/S)D(EL + 0/2 + 3/S)0(EE + /AT (t +7/4+ 1/2)
(8) == T (£21) '

Therefore, I(t) corresponds to the integrand of the elliptic beta integral with
(s1,...,86) = (—1/8,3/8,0/2—1/8,0/2+3/8,7/4,7/4+1/2)
and modular parameters 7/2 and o. By Theorem 2.5, we conclude that

/I(t)dt _ —Wr(m)r(m AT (0/2 4 1/A)T(r/4 — 1/8)0(r/4 + 3/8)
(02 + 1/4)0(0/2 + 3/4)T(7/4 + 3/8)T(7/4 + T/8)T (0 + 1/4)T (/2 + /4 — 1/8)
T(o/24+71/4+3/8)(c/2+7/44+3/8)[(c/2+ 7/4+T/8)(T/2+1/2)

2 2 - :7,20) (0 +7/2 — 7, 20)2
:—WF(J+1/2,T,2O') I(t/2 —1/4;7,20)T(0c +7/2 — 1/4;T,20)
D(1/4)T (0 + 1/4)T(r/2 + 1/2)
2

= —WF(U +1/2;7,20)T(1/2 = 1/4;7,0)T(1/4)T (0 + 1/4)T(7/2 4+ 1/2),
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where we apply the duplication formulas for the elliptic gamma function of [FV05]. Notice now the identities

oc+1/2;7/2,0 1/2;0
P2 +1/2) = (£/2+{/2;Z/2,;) - (E/ém/;)
T4+o+1/2;7,20 1
Tlo+1/2m20) = : (0—5-1/2{7',20) ) - (0 +1/2;20)
(t/2+0+1/47,0)2 (1/2—1/47/2,0)(T/2+0 —1/4;7/2,0)
(1/2—=1/4;7,0)? (1/4;7/2,0)(c +1/4;7/2,0)
(t—1/4;7,0)? 1
(o +1/4;7,0)200(1/4;7/2)

Substituting these into the previous expression yields

I(1/2 —1/4;7,0)°T(1/4)T(c +1/4) =

1 (1/2;0)
(1/2;7/2)(1/2;7/2)00(1/4;7/2) (050)(0 + 1/2;20)?
L(1/4;7,0) 6o(1/47) (1/2;0)

['(3/4;7,0) (1;7)(1/2;7) (050) (0 + 1/2;20)200(3/4;0)°

/ I(t)dt = —2iT (o + 1/4;7,0)?

= —i(1+1)

Observe now that
Oo(1/4;7) 1 (1/4;7)(—1/4;7) 1 (1/2;27) 1 1

(r;7)(1/2;7)  1+i (m7)(1/27) 144 (m;7)(1/2;7) T 11 (r;7) (1 +1/2;27)

and
(1/2:0) . (1/2:0)
(@:0)(0 + 1/2:20)260(3/%,0) (0:0)(0 + 1/2:20)2(3/40)(1/4; )
(1/2;20) 1

= e+ 2oz Y

Substituting in, we conclude as desired that
I(1/4;7,0) 1 1
I(t)dt = —(1 +4) .
/7 L'(3/4;7,0) (1;7) (1 + 1/2;27) (0;0)(0 + 1/2;20)

(o;0)(0 +1/2;20)°

Proof of Theorem 2.3. As in the proof of Theorem 2.2, denote the original integrand by J(¢) and define
) = I(2t+1/4;7,0) 6o(2t;7) 0o (2t;0)
T2t —1/4;7,0) 00(2t — 1/4;7) 0o(2t — 1/4;0)
so that I(t) = J(2t + 1/2) and hence that [ J(t)dt = [ I(t)dt since I(t) is 1-periodic in t. Denoting
I'(z) :=T'(z;7/2,0), observe now that

(2t +1/4;7,0) 1 1 Oo(T + 2t —1/4;7)
= T(£2t + 1/4;
T2t —1/4:7,0) fo(2 — /A7) G0 — 1/ho) L2 VAT o) = e
= —ie I (L2t + 1/4;7,0) = —ie U (£t + 1/8)T (£t + 5/8)[ (£t + 0 /2 + 1/8)[(£t + 7 /2 +5/8)
and that

_ 1275 5 B | Oo(2t;7)
B0(2t;7)00(2150) = F(2t())F(a “ 2t D(%20) 90(7/; ¥ 2t;7/2)
o 1 1 e Dt 4 /AT (£t + 7/4 4 1/2)
T T (2t /2 C T (£2¢) '

We conclude that
D(xt+ 1/8) (£t +5/8)(xt+0/2 4+ 1/8) (£t +0/2+5/8)' (£t + 7/4)T (£t +7/4 4+ 1/2)
[(+2t) ’

Itt) =i

which is the integrand of the elliptic beta integral with modular parameters 7/2 and o and

(s1,...,56) = (1/8,5/8,0/2+1/8,0/2 +5/8,7/4,7/4 +1/2).
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By Theorem 2.5, we conclude that
/ I(t)dt = WFBM)F(U& +1/4)T(c/243/4)T(1/4+ 1/8)T(r/4+ 5/8)
I'(o/2+3/0)(c/2+ 1/ (7/4+5/8)(1/4+1/8)T'(c +3/4)'(c/2 +7/4+ 1/8)
L(e/2+7/4+5/8)(c/2+7/4+5/8)(6/2+71/4+1/8)T(1/2+1/2)
2 2 :7,20)*T (0 + 1 .7, 20)>
= WF(U—Fl/Q,T,QU) D(r/24+1/4;7,20)T(c +7/2+ 1/4;7,20)
r'@E3/49)(c+3/49)T(r/2+1/2)
I o .7, 20)°T (7 7, 0)? o T
= e O /AT 20 T (/24 145, 0) T340 + 3/4)T(r/2 +1/2)
where we apply the duplication formulas for the elliptic gamma function of [FV05]. We observe now the
identities
(o +1/257/2,0) (1/2;0)
PO ) = o nr/ne) — (12i7)2)
_ _(tH+o+1/2;7,20) 1
o +1/2m20) = (04+1/2;7,20) (0 +1/2;20)
(c+7/2—1/4;7,0)2 (1/2+ 0 +1/4;7/2,0)(T/2+1/4;7/2,0)
(/24 1/4;7,0)? (3/4;7/2,0)(0c +3/4;7/2,0)
_ (1+1/4;7,0)? 1
(0 —1/4;7,0)2 (/2 + 1/4;7/2)(3/4;7/2)"
Substituting this into the previous result yields
B Z,F(cr+3/4;7',ar) 1 (1/2;0)
Ll(t)dt =2 D(r+1/4;7,0) (1/2;7/2)(7/2;7/2)00(3/4;7/2) (0;0)(0 + 1/2;20)?
L(3/47,0) 00(3/4;7) (1/2;20)
LA/47,0) (137)(1/2;7) (050)(0 + 1/2520)00(1/4; 0)
=—(1- -)F(3/4§77‘7) 1 1
N ! r(1/4;7,0) (1;7) (1 +1/2;27) (0;0) (0 + 1/2;20)°

D(1/2+1/4;7,0)°T(3/4)T(c + 3/4) =

=i(1—1)

O

2.5. Proof of the evaluation of the second kind. The remainder of this section is devoted to the
proof of Theorem 2.4. Our strategy will be to show that the value of the integral does not change after
symmetrization of the integrand and then to evaluate this simpler symmetrized integrand. We defer some
computations with theta functions to Subsection 2.6 and some integral evaluations resulting from the elliptic
beta integral to Subsection 2.7. Define the intermediate expressions

Ji(t,7,m) i= T (t = 2057, 8T (=t — 20 7, 87)00 (¢ + 4n; 81)
and N

Jo(t, N, 7) i= e 73 g (t + \; 7)00 (2t 4 67 — 4\ + 1/2; 87).
Notice that jl(t,T, n) = jl(ft,T, 7). We use this decomposition to show in Lemmas 2.6, 2.7, and 2.8

that a symmetrization of the integrand admits a simpler expression. First, we show that jl and jg give a
factorization of the integrand into symmetric and non-symmetric parts.

Lemma 2.6. We have that
Tovrn) = e [ Fierapdate, it

¥
Proof. Applying Lemma 2.9, we find that

f()x; T,1n) = — T dmiA—dmin / 6_2”“1“(15 —2n; 7,80 (—t — 2n; 7, 8n)0 (t + X\; 7)00(t — 4n; 8n)0 (2t + 67 — 4\ + 1/2; 87)dt
%

= e~ 3miA—12min / T(t — 2n;7,8n)T(=t — 2n; 7, 87)00 (t + 47; 80)0 (t + X; 7)00(2t + 67 — 4N\ + 1/2; 87)dL.
v
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We conclude as desired that

I\ 71,n) = / 67127”7773“}\1_\(25 —2n; 7, 8N (—t — 2n; 7, 8n)00(t + 41; 8n)00(t + ;)0 (2t + 67 — 4N + 1/2;87)dt
v
= ¢~ 12min / Ji(t,7,m)Ja(t, A, 7)dt. O
5y

Lemma 2.7. We have that

 200(67 + 1/2;87)e™ AT, (£ + Ay T)00(t — 2X\ 4+ 1/2;27)

Jo(t, \,7) — Jo(—t, =\, T) 0o(1/2;27)

Proof. Notice first that
Jo(—t, =X, 7) = 30y (=t — A\;7)00(—2t + 67 + 4\ + 1/2; 87)

= 3™ (T +t + N 7)00(2t 4+ 27 — 4N+ 1/2;87)

= —™AT2TY (4 N\ T)00(2t + 27 — AN+ 1/2;87).
We conclude that
Jo(t, A7) = Jo(—t, =X, 7) = e 3™ (t+X; 7) (90(2t+67—4)\+1/2; 87) et AT (24427 —4N+1/2; 87')).
By Lemma 2.10 applied with z =t — 2\ and ¢ = 27, we find that

0o (2t 4+ 67 — 4N 4 1/2;87) + ™ =200, (2t + 27 — AN+ 1/2;87)

 200(67 + 1/2;87)e 2TUHATING (t — 2X\ 4 1/2;27)
B 0o(1/2;27)

We conclude as desired that
 200(67 + 1/2;87)e™ AT, (£ + Ay T)00(t — 2X\ + 1/2;27)

Jo(t, A\, 7) — Jo(—t, =), . O
2(t: 0, 7) = R =h) f0(1/2:27)
Lemma 2.8. We have that
Jo(t, A7) = Jo(t, =N, 7) + Ja(—t, A, 7) — Ja(—t, =\, 7)
400(67 +1/2;87)00 (A7) _grin (Q0(2A+1/2;27) 5 0 5
= A LTy (¢ 1/2;27)0p(t +1/2;2
00(1/2;27)° € (90(T+1/2;27’) € ot +7+1/2:27)00(t +1/2;27)
Oo(A+1/2;7)% 5 ., 5
— e (¢ 1/2;27)00(t; 2 .
0o (T;27) € ot 7+ 1/2;27)00(%; T))
Proof. Denote the quantity on the left by h(t, ). Applying Lemma 2.7 twice, we conclude that
20 1/2; ;
h(t,>\) _ O(GT + / ’87—) 67271'116
00(1/2;27)
(e“”‘@o(t + N 7)00(t — 20+ 1/2;27) — e ™o (t — A 7)00(t 4 2\ + 1/2; 27)).
Substituting in the result of Lemma 2.11 yields the desired result. O

We are now ready to prove Theorem 2.4 by relating the value of the integral to its symmetrized version.

Proof of Theorem 2.4. Since the cycle « is invariant under the change of variables t — —t, we see that

[le(t’Tan)jz(t,/\,T)dt:/

471(_t7T7n)‘}v2(_t7AaT)dt:/‘Tl(t7T7n)"]v2(_t7AaT)dt
Y

~
By Lemma 2.6, this implies that

671277277

10 7m) = [ At (et M) = Tolts A7) + To(—t A7) = Talt, A7)
ol



10 ERIC M. RAINS, YI SUN, AND ALEXANDER VARCHENKO

Define the integral evaluations

I = / Ji(t, 7, m)e” 2 00 (t 4 7 4 1/2;27)00(t + 1/2; 27)dt
2.

Iy = / jl(t, T, 77)672“1&00(15 + 7+ 1/2;27)00(¢; 27)2dt
¥

so that by Lemma 2.8 we have that
2e~12mN=3AG (67 + 1/2;87)00(\; ) (90(2)\ +1/2;27) I Oo(A+1/2;7)2 IQ>
00(1/2;27)3 Oo(T 4+ 1/2;27) Oo(7;27) '
By the integral evaluations of Lemmas 2.13 and 2.14, we find with I'(z) := I'(z; 27, 8n) that
2

(2.4) I\ 7,m) =

I, = WF(—M +7)L(6n + 1/2)(—2n)(2n 4+ 1/2)T (=21 + 7)* (=21 + 27)
L(8n+1/2)T(120)T(8n + 7 + 1/2)['(4n + 1/2)T(7)
I, =— 2 I'(—4n+ n)T'(6n)T(=2n+1/2)T'(2n + 1/2)T'(—2n + 7)

(27;27)(8n; 8n)
Len+7)I(=2n+7+1/2)T(2n+ 7+ 1/2)T'(—2n + 27)
T'Bn+1/2)T(12n + 1/2)T'(8n + )T (4n)T(1 + 1/2).
Having now expressed the integral as an explicit theta function in (2.4), it remains only to simplify this theta
function. Define the quantity
~ Bo(2X+1/2;27) Oo( N+ 1/2;7)2

To(A = — I
AT = ez T e

so that
2e~12min=3miAgo (61 + 1/2;87)00(A; 7)
Bo(1/2;27)?
We claim now that Iy(2n, 7,1) = 0; indeed, we observe that
L 0o(4m; 27)00 (T + 1/2;27)00(—2n + 1/2;27) 1

Iy 0o(—2m;27)00(4n + 1/2;27)00(7; 27)00(—2n + 7327) T(—=2n + 7 + 1/2)T(2n + 7 + 1/2)

(2.5) I(A,7,m) =

IO()‘a 7, 77)

where ( ) ( )
0o (4n; 2T 0o (4n; 2T dmin
= = —e*™M0y(2 1/2;
0o(—2n;27)00(—2n + 7;27)  Oo(—2m;7) ¢ 0(2n +1/27)

and

(1 4+ 10+ 1/2;27,8n) (T + 61 + 1/2;27,87)
(1 =20+ 1/2;27,8n) (7 + 2n+ 1/2; 27, 8n)
1 1

o (t—2n+1/2;27) (1 +2n+1/2;27,8n)  Oo(T + 20+ 1/2;27)

D(-2n+1+1/2T2n+7+1/2) =

and
Oo(—2n +1/2;27)00(T 4+ 20 + 1/2;27) = e 4™00(2n + 1/2; 7).
Substituting in, we conclude that
I 00(0+1/2;27)00(2n + 1/2;7)?
I Oo(4n + 1/2;27)0(1; 27)
and therefore that Iy(2n, 7,77) = 0. Notice that I(A,7,1m) = I(—\, 7,n) by definition, so by (2.5) we conclude
that

Io(—=\7,m) = —e ™2 o (\, 7, 7).
and therefore that I'(2n, 7,n) = I'(—2n,7,17) = 0. Notice that I'(\, 7,7n) is a theta function in A with period
7 and multiplier e~*"**, hence we have that

I'(\7,m) = C(1,m)00 (A — 21;7)00 (A + 21; 7)
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for some function C'(7, 7). To compute the value of C(7,7), we set A = 1/2 and apply the alternate expression
for I; in Lemma 2.12 to obtain

Io(1/2,7,m)
) = G o+ /27020 + 172:7)
B 00(1/2;27) I
Oo(T + 1/2:27)0y (—2n + 1/2: 7)0p (20 + 1/2;7) '
2F(677;T 8n) 00(1/2;27) (7 4+ 1/2;7)00(2n + 1/2;7)00 (T + 20+ 1/2;7) 1
L'(2n;7,8n) Oo(T + 1/2;27)00(—2n + 1/2;7)00(2 + 1/2; 7) (75 7)00 (7 + 4n; 7) (4 4n) (20 + 1/2;2n)
4F(6 7, 8n) (21 +1/2;27)% (1 + 1/2;7) 1
L(2n;7,8n) (14 1/2;27)2 (75 7)00 (7 + 4n; 7) (4n;4n) (20 + 1/2; 2n)
B 4F(6 ; 7, 87) (27 +1/2;27)3 1
T @2n;7,8n) (7 +1/2;27) (75 7)00 (T + 4n; 7) (4n;4n) (20 + 1/2;2n)

We deduce now that

2e 12700 (61 + 1/2;87)
00(1/2;27)3

L'(6n;T,8n) (27 +1/2;47) 1

L(2n;7,8n) (27 +1/2;27)% (7 4+ 1/2;27) (75 7)00 (—4n; 7) (413 4n) (20 + 1/2; 2n)

e300 (N 700 (N — 213 7)00 (X + 25 7).

I\ 7,nm) = C(r, 77)6_3”’\90()\; )00 (A — 21, 7)00 (N + 215 7)

— 6—127”7]

Notice now that

(27 +1/2;47) B (27 +1/2;47) B (27 +1/2;47)
(27 +1/2;27)3(7 + 1/2;27)(7;7) (27 +1/2;27)2(7 + 1/2;7)(157) (27 +1/2;27)2(27;27)
(2T +1/2;47) B 1 1

- (27 +1/2;27)(47;47) (47 + 1/2;47)(47;47) - (87;87)"
We conclude as desired that
I'(6m; 7, 8n) 1
L'(2n; 7,8n) (87;87)00(—4n;7)
1
(4 4m) (20 + 1/2; 2n)

2.6. Computations with theta functions. In this section we perform some computations with theta
functions which are used in the previous subsections.

I\, 7,m) = e 2™

6737”./\00(/\; T)0o(A —2n;7)00( N+ 2n; 7). O

Lemma 2.9. We have the identity

I'(t — 2n;7,8n) 1 1

= —e 2MUTATIND (4 o 8T (—t — 2n; 7, 8n).
T(t+ 20;7,80) Oo(t + 2m;7) Oo(t + 20 8m)  © (8 =25, 8n)L'( m; 7, 8n)

Proof. Applying the identity I'(¢t;7,0)~t = T'(1 + o — t;7,0), we obtain
I'(t — 2n; 7, 8n) 1 1 1 1

— T(t — 27, 8) T (=t + 61 + 73 7, 8
L(t + 2n;7,8n) Oo(t + 2n;7) Oo(t + 2n; 8n) (¢ = 2m 7, BT T n>90(t+2n;7) Oo(t + 2m; 8n)
Oo(—t — 2n; 7) o (—t + 61; 8n)
Oo(t +2m;7)  bo(t + 21;8n)
= —6_2””_47”"71"(75 —2n; 1, 8MI'(—t — 2m; 7, 87). O

=T(t — 20,7, 80T (~t — 21 7, 817) —

Lemma 2.10. For any modular parameter o with Im(o) > 0, we have

200(30 +1/2 40)e>"%00(2 + 1/2,0).
00(1/2;0)

00(22 + 30 +1/2;40) + e 2™%04(22 + 0 + 1/2;40) =
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Proof. Denote the expression on the left by g(z) and notice that

g(z +0) = 00(22 + 50 + 1/2;40) + e 2™ 72T904 (22 + 30 + 1/2;40)
= e METIMIO0 (22 + 0+ 1/2;40) + e FTTETATO0, (22 + 30 + 1/2;40) = e 2TET AT g (),
On the other hand, we see that
9(1/2) = 0930 + 1/2;40) — Op(0 + 1/2;40) = 0,

hence g(z) is a degree 1 theta function with period o, multiplier e=27*=27@ and zero at z = 1/2. Therefore,

it is given by Ce™2™#y(z + 1/2;0) for some constant of proportionality C. To determine the constant C,
substitute z = 0 to obtain that

Oo(30 +1/2;40) + Op(0 +1/2;40)  200(30 + 1/2;40)

Go(1/2: o) 00(1/2; ) -

C =

Lemma 2.11. We have that

™Mo (t 4+ X T)00(t — 2N+ 1/2;27) — e ™o (t — A; 7)o (t + 2\ + 1/2;27)
_ 26_37”;)\90(7? + 74+ 1/2;27)00(X\; 7) (00(2/\ +1/2;27) o Oo(A+1/2;7)
00(1/2;271)2 Oo(T 4+ 1/2;27) Oo(T;27)
Proof. Denote the quantity on the left by f(t). Notice that f(t 4 27) = e~ 6™ =277 f(¢) and that
f(T4+1/2) = ™o (T + XN+ 1/2;7)00(T — 2X;27) — e ™00 (T — A+ 1/2; 7)0p (T + 2X; 27)
= e ™ Mo(A + 1/2;7)00(T + 2X;27) — e 0o (T — A+ 1/2; )00 (T + 2X; 27)
=0.

Oo(t +1/2; 27) 0o (t: 27)2).

Therefore, we see that f(t) is a theta function with period 27, multiplier e ~6™%=277 "and a zero at t = 7+1/2.
Consider

)

Oo(t +741/2;27)’
which is a theta function with period 27 and multiplier e~4". We may write
g(t) = Aby(t;27)* + By (t + 1/2;27)?

for some constants A and B. Setting ¢t = 1/2, we find that
g(1/2) €™M+ 1/2;7)00(—2X;27) — e ™Mo (— A + 1/2;7)6p(2X; 27)

g(t)

A= 00(1/2;21)2 0o(7;27)00(1/2;27)2

—2e73 Ao (A +1/2;7)%00 (X 7)
0o(7;27)00(1/2; 27)2 ’

and setting t = 0, we find that
B g(0) e (A T)00(—2X + 1/2;27) — e~ ™o (= \; 7)00(2) + 1/2;27)
~ 0p(1/2;27)2 Oo(T +1/2;27)00(1/2; 27)2
2737 A 0o (X 7)00 (2 + 1/2; 27)
Oo(T +1/2;27)00(1/2;27)2
Putting these together yields the desired result. |

Lemma 2.12. We have that
2 2
WF(—ZLU + )6+ 1/2)T(—2n)T(2n + 1/2)T(—2n 4+ 7)°T(—2n + 271)
L(8n+1/2)T(12n)T'(8n+ 7+ 1/2)'(4n + 1/2)T'(7)
L(6n;7,8n) (1+1/2;7)00(2n 4+ 1/2; 7)00(T + 20+ 1/2; 7) 1
T'(2n; 7, 8n) (737)00(T + 43 7) (4n;4n)(2n + 1/2;2n)

=2
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Proof. Denote the given expression by S. We may simplify S as

2 T(67+ 1/2)T(2n + 1/2)T(8n + 1/2)T(12n)T (47 + 1/2)T(7)
(27' 27)(8n;8n)  T(7 + 12n)T'(10n + 27)T'(10n + 7)20 (7 + 1/2)T'(10n)
2 ['(2n + 1/2;27;2n) ['(m)['(127)

(27’ 27)(8n; 8n) T(10n; 7,8 T (10 + 7;7,8n) T'(7 + 1/2)I(7 + 12n)
Notice now the identities
274 1/2;27,2n) (27 +1/2;27)
+1/2 27,2n) (20 +1/2;2n)

T'(2n+1/2;27,2n) = E

I(r) = (r;21)7"
_ Oo(4n; 27)
Hzm) = (47m;8n)

I(r+1/2) = (r+1/2;2r)7"
T(7 + 12n) = 0o(7 + 4n; 27).
Substituting in, we find that

L(—2n;7,8n) (27 + 1/2;27)00(4n; 27) (T + 1/2; 27) 1
L(2n;7,8n) (27;27)(7;27)00 (T + 415 27)00(20; 7) (8n; 8n)(2n + 1/2; 2m)(4n; 8n)
L(6n;7,8n) (r+1/2;7)00(2n+ 1/2;7) 1
L(2n;7,8n) (75 7)00 (7 + 4n; 27)00(—2n; 7) (4n;4n)(2n + 1/2;2)
L'(6m;7,8n) (T+1/2;7)00(2n + 1/2;7)00 (T + 2n + 1/2;7) 1
)

(
(
QF(277, 7,81 (737)00(T + 45 7) (4n;4n)(2n +1/2;2n)°

S=2

=2

13

O

2.7. Applications of the elliptic beta integral. In this section we evaluate two integrals in Lemmas
2.13 and 2.14 using the elliptic beta integral of Theorem 2.5 introduced by Spiridonov in [Spi01]. It is not
obvious that these integrals may be evaluated by using the elliptic beta integral, and the main technique in

these evaluations is to make the correct choice of modular parameters to use in the elliptic beta integral.

Lemma 2.13. We have that

/ T(t — 2n;7,8n)00(t + 4n; 8n)e 2" 0o (t; 27)% 00 (t + 7 + 1/2; 27)dt
.

2

—WF(—ZM + 706 (—2n+ 1/2)T(2n+ 1/2)T(—2n+ 7)T'(6n + 7)T(—2n+ 7+ 1/2)

r2n+74+1/2)T(=2n+27)I'(8n+ 1/2)I'(12n + 1/2)T'(8n + 7)I'(4n)T(7 + 1/2).

Proof. Denote the integrand by I(¢). Using the notation I'(z) := I'(z; 27, 8n), we notice that
I(t) = —T'(£t — 2nm;7,8n)00(t + 41; 8n)00(t; 27)00 (t + 27;27)00 (t + 7 + 1/2; 27)
= —D(&t — 2n; 7, 8n)T(£t + 4n + 757, 87)T' (¢ + 8n; 27, 8n)T'(—t + 8n + 27; 27, 8n)
L(t + 27 + 8n; 27, 8n)[(—t + 8n; 27, 8n)T'(t + 7 + 8n + 1/2; 27, 8n)['(—t + 7 + 8n + 1/2; 27, 8n)
_ D(ft =200 (£t — 20+ 7)D(£t + 4y + 27)0 (£t + 8n) (£t + 8n + 27)
I(xt+7+4+1/2) )

Observe now that

(&t +1/2;7,8n) I'(£2¢; 27, 167m)
PE T+ = =50~ T+ /2T (e r.80)
B I(+2t)
 D(Et+ 1/2)0 (2t + 8n; 27, 16m) T (L) (£t + 7)

I(+2t)

T T(&t A+ 1/2)T (£t + AT (Et + 4 + 1/2)T (T (Xt + 1)
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Substituting in and canceling terms, we find that
D(t — 2n(£t — 2n + 7)T(£t + 8n)T (£t + 1/2)T (Lt + 4y + 1/2)D (£t + 1)

I® == T(£2t)

Notice now that
—2n—2n+T7+8n+1/24+4n+1/2+7=2n+87 +1,

meaning that applying (an analytic continuation of) the elliptic beta integral with parameters (—2n, —2n +
7,8n,1/2,4n 4+ 1/2,7) and periods 27 and 8n implies that
L (1)1 = — e s T+ IO (=20+ 1/2T (@20 + /2T (=20 + 7)I (G -+ )T (=20 + 7+ 172)

IF2n+7+4+1/2)T'(=2n+ 27)I'(8n+ 1/2)I'(12n + 1/2)I'(8n + 7)I'(4n)T'(7 + 1/2)T'(dn + 7 + 1/2)

2
— (2m2n)(8m;8n)
r'2n+7+1/2)I'(=2n+27)I'(8n + 1/2)I'(12n + 1/2)I'(8n + 7)I'(4n)T' (T + 1/2). O

Lemma 2.14. We have that

)
L(—4n+ n)T(6n)T(—2n+ 1/2)T'(2n + 1/2)T(—2n + 7)T'(6n + 7)T'(—2n + 7 + 1/2)
)

/ D (%t — 20,7, 8n)00(t + 4n; 8n)e ™2™ 00 (t 4+ 1/2;27)%00(t + 7 + 1/2; 27)dt
.

I'(—4n + 7)I'(6n + 1/2)I(=2n)T(2n + 1/2)T'(—2n + 7)°T(—2n + 27)
(8 + 1/2)T(120)T(8n + 7 + 1/2)T (4 + 1/2)T(r).
Proof. Denote the integrand by I(¢). Using the notation I'(z2) := I'(z; 27, 8n), we notice that
I(t) = T'(x£t — 2n;7,87)00 (t + 4n; 87)0o (t + 1/2;27)00 (t + 27 + 1/2;27)00(t + 7 + 1/2;27)
=T(t — 2n;7,8n)(xt +4n + 7; 7,80 (t + 8y + 1/2; 27, 8n)T'(—t + 8y + 27 + 1/2; 27, 8n)
T(t+27+8n+1/2;27,8n))T(—t + 8y + 1/2; 27, 8n)T(t + 7+ 8n + 1/2; 27, 8n)T'(—t + 7 + 8n + 1/2; 27, 8n)

D(£t —2n)T(£t — 2n + 7)T(2£t + 4n + 27)0(£t + 8n + 1/2)T (£t + 8y + 27 + 1/2)
D(£t+717+1/2) '

~ (2m:27)(3m:8n)

Observe now that

D(+t+1/2;7,8n) [(£2¢; 27, 161m)
I(+ 1/2) = -
(Ft+7+1/2) T(£t + 1/2) T(£t + 1/2)0(£t; 7, 81)
B I(+2t)
- D(Et + 1/2)0 (2t + 8n; 27, 16n) T (L) (£t + 7)

B I(2t)
o T(dt + 1/2)D (£t + 4n)T(t + 4n + 1/2)T ()T (Et + 1) °
Substituting in and canceling terms, we find that
I(t) = Tt =2n)0(t — 2+ 7)D(EL +8n + 1/2)T (£ (L +dn + 1/2) (£t + 7)

T(£2¢)
Notice now that

—2n—2n+T7+4+8n+1/2+4n+1/2+7=2n+87 + 1,
meaning that applying (an analytic continuation of) the elliptic beta integral with parameters (—2n, —2n +
7,80+ 1/2,0,4n 4+ 1/2,7) and periods 27 and 87 implies that

2
[0 = e
F2n+741/2)0(=2n+27)T'(8n+ 1/2)I(12n)T'(8n + 7+ 1/2)T(4n + 1/2)T(7)T'(dn + 7+ 1/2)

B 2
~(27327)(8n; 8n)
I'(8n+1/2)I'(12n)(8n + 7+ 1/2)I'(4n + 1/2)I'(7). O

(=45 + 7)T(6n + 1/2)T(=2n)T(2n + 1/2)0(=2n + 7)T(6n + 7 + 1/2) (=2 + 7)

[(—4n + 7)T(6n + 1/2)T(=2n)T(2n + 1/2)T (=21 + 7)*T(=2n + 27)
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3. FELDER-VARCHENKO FUNCTIONS AND ELLIPTIC MACDONALD POLYNOMIALS

In this section, we introduce the Felder-Varchenko functions specialized to the three-dimensional irre-
ducible representation of U,(sl2), explain their relation to the elliptic Macdonald polynomials defined in
[FV04], and prove Theorems 3.3, 3.4, and 3.5 on three special values for these functions. We provide also
some motivation for the form of these special values coming from SL(3,7Z) modular properties of the Felder-
Varchenko functions. In this section, we will only use additive notation.

3.1. Felder-Varchenko functions. For modular parameters 7, o with Im(7), Im(o’) > 0, the Felder-Varchenko
function corresponding to the three-dimensional representation of Uy,(sly) and studied in [FTV97, FTV99,
FV01, FVO02] is the theta hypergeometric integral

_mid Ot + X\, 7) 0(t+ p;0)
= 27 9] .
wA T o) = € L 5T ) g 2y ot — 25 0)

dt,

where the phase function is defined by

L(t+2n;7,0)

L(t —2n;7,0)

and the cycle 7 is the interval [—1/2,1/2] for Im(n) > 0 and is deformed to have the same sets of poles

above and below for other 7. These functions were initially defined as hypergeometric integral solutions to
the ¢-KZB and ¢-KZB heat equations.

Qo (t;7,0) =

3.2. Theta functions of level x. For a modular parameter 7 with Im(7) > 0, a holomorphic function f is
a theta function of level k > 0 if

FOV+2r + 2s7) = e 2TRETTEN ()
for integers 7, s. A particular theta function of level x is given by
Opr(A; ) == Z e2min(n*T+nA)
neZ+4-
Lemma 3.1. We have
0,0 (N;T) = €T R TN 27 207) 00 (1/2 + T + KT 4 KA; 267).
Proof. By the Jacobi triple product formula, we have
0 (}\ 7_) _ Z eQﬂinrn2+27riTun+7riT§+27Tin)\n+7ri)\u
ns\AT) =
ne”Z
. 2 . . 2 . .
_ efr'm'g—n+7rz/\,u Z e27r7,/vrn +(2miTp+2wikA)n
neEZ
N .
= e“”/ﬁ+”“”(2/ﬂ; 267)(1/2 + pr + KT + KA 267)(1/2 4+ KT — T — KA 2KT)
L2 .
= TSR TNY Q7 267)00 (1 /2 + T + KT + KA; 26T). O

3.3. Hypergeometric theta functions and elliptic Macdonald polynomials. In [FV04], Felder-
Varchenko used theta functions of their hypergeometric integrals to define elliptic versions of Macdonald
polynomials corresponding to type A; and t = ¢2. For a positive integer level & > 4 and p # +1 (mod k),
they defined the non-symmetric hypergeometric theta function of level x 4 2 by

~ . . 7Tl--r+47 -2
Apcimm) = > u(X2nj, 7, —2nK,7)Q(2nj, —2nk, n)e™ 2w,
JE2RZA1
where 64 018/ (0: )
17;0)0'(0;0
Qu;o,1m) =

0 — 2m;0)0(p + 2m50)
They defined further the symmetrized hypergeometric theta function by

A;L,n()\; T, 77) = A;A,n()\; T, 77) - A#,n(_)‘; T, 77)

These functions admit the following convergence properties and integral form.
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Proposition 3.2 ([FV04, Theorem 3.1]). Suppose that Im(n) < 0, Im(7) > 0, and j7 + 4n ¢ Z for any

positive integer j. Then A, .(A;7,n) converges to a holomorphic function of A and admits the integral

expression
2min

, _
Q20w =20k, m) 1y k(N T, 1)

AucNTn) =e
for

O(t + X\;7) O(t + 2np; —2nk
L (X 7m) ::/Qm(tm—%n) ( ) Ot + 2np; —21rk)
.

O(t —2n;7) 0(t — 2n; —2nkK)
Ot + X;71) 0(t + 2np; —2nk)
0(t —2n;7) 6(t — 2n; —2nK)

: 2
eI (St = X T)dt

.42 .
:eWZTET’"““(2KT;2mT)/an(t;T,—Zn/c) 00(1/2+ p7 + K7 — KA+ 215 257)dt.
2!

The elliptic Macdonald polynomial for ¢t = ¢* was defined in [FV04, Section 5.2] by

Py (N7 n) = o~ ABET (u42) 4 midr /4 Apton(Xi,m) _
oA O(A —21;1)0(N\; 7)O(A + 2m;7)
In [FV04, Theorem 5.2], it was shown that as 7 — 00, P, »(\; 7,7) converges to a constant multiple of the
ordinary Macdonald polynomial P, (e™*; ¢, ¢?) for sly. It was conjectured in [FV04] and proven in [Sunl6a]
that these elliptic Macdonald polynomials are related to the affine Macdonald polynomials defined in [EK95]

by a simple renormalization; we will discuss and exploit this relation further in Section 4.4.

3.4. Special values of Felder-Varchenko functions and elliptic Macdonald polynomials. We are
now ready to state our main results, which concern special values of parameters for which the integral formulas
for Felder-Varchenko functions and elliptic Macdonald polynomials admit explicit evaluation. These results
correspond to the integral evaluations in Section 2.

Remark. In Theorems 3.3 and 3.4, the cycle v in the definition of the Felder-Varchenko function must be
deformed to consider n = +1/8. In this case, the deformed cycle lies above the pole at t = —2n and below
the pole at t = 21 and separates all other poles above and below the real line.

Theorem 3.3. We have that
“I'(3/4;7,0) 1 1
1/2,1 -1 =—(1 .
w(1/2,1/2,7,0,-1/8) ( +Z)F(1/4;T, o) (r;7)(1 +1/2;27) (0;0) (0 + 1/2;20)
Proof. By definition and Theorem 2.3, we find that
P(t—1/47,0)0t+1/2;7)0(t+1/2;0)
w(1/2,1/2,7,0,~1/8) = —/
STt +1/47,0)0(t +1/4,7) 0(t +1/4;0)
_ 7677”./2/ I(t—1/4;7,0)00(t +1/2;7) Op(t + 1/2;0)
s LDt +1/457,0) Oo(t +1/4;7) Oo(t + 1/4;0)
I'(3/4;7,0) 1 1
r(1/4;7,0) (1;7) (7 +1/2;27) (0;0) (0 + 1/2;20)°

= —(1+1)

Theorem 3.4. We have that
_Z,)F(3/4;T, o) 1 1
r(1/4;7,0) (1;7) (7 +1/2;27) (050) (0 + 1/2;20)°
Proof. By definition and Theorem 2.2, we find that
L(t+1/47,0)0(t+1/2;7)0(t +1/2;0)
w(1/2,1/2,7,0,1/8) = 7/
STt =1/47,0)0(t —1/4;7) 0(t — 1/4;0)
_ _6737”-/2/ T(t+1/47,0)00(t+1/2;7) 0p(t + 1/2;0)
Sy Dt =1/457,0) 00(t —1/4;7) Oo(t — 1/4;0)
(3/4;7,0) 1 1
(1/4;7,0) (1;7)(1 +1/2;27) (030)(0 + 1/2;20)°

w(1/2,1/2,7,0,1/8) = —(1

dt

dt

=0 -ig

Theorem 3.5. We have that
I'(—6m; 7, —8n) 1 (—4n; —4n)
L(=2n;7,—8n) O (4n; 7) (15 7)3 (—2n; —41)

Pya(A;7,m) = —271
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Proof. By Proposition 3.2, we have that
Ag (A7) = TQ(41; =81, 1) Iz.a (N 7, 7)
and that
1”:2740\; T, = emiT/2-3TiA=8Tin (g . g7y

Oo(t + X;7) Ot + 4m; —8n)
Q t. —
/v 2n{6 7, ~81) Oo(t —2n;7) Oo(t — 21; —8n)

= eﬂT/Q_Sﬂ"(ST; ST)T(A; T,—1)

00(1/2 + 67 — 4\ + 2t; 87)dt

where I(A;7,7n) is defined in (2.3). We conclude by Theorem 2.4 that

Ao s(Ny7,m) = €™ TEETINQ(dn; —8n, ) (87 87) (N T, —)
D(—6m; 7, —8n) e300 (X; )00 (X — 21; 7)00 (A + 21; 7)
D(=2n;7,—8n) Oo(4n; 7)(—4n; —4n)(—2n +1/2; —2n) ’

= e™T/EEETINQ (4, —8n, )

where we note that

0(4n; —8n)6' (0, —8n) amin 00 (4n; —8n) (—8n; —8n)*

Q(4m; —8n,m) = = —2mie ,
( ) 0(2n; —8n)6(6n; —8n) B0(2n; —8n)00 (6n; —8n)
Therefore, we find that
o Ao 4 (N 7,m)
P A _ 2min+miT /4 2,4\ T
0.a(AiT ) =e 0N —2n; 7)0(N; T)O(N + 2m;7)
) ) ) 2
_ o psmin L (=617, —81) 1 B0 (4n; —8n) (—8n; —8n)

L(—2n; 7, —8n) (757)300(4n; 7) 00(2n; —8n)00 (613 —8n)(—4n; —4n)(—2n + 1/2; —2n)

Notice now that

0o (4n; —8n) (—8n; —8n)*
00 (2n; —81)8o (6m; —8n) (—4n; —4n)(—2n + 1/2; —2n)
(4nm; —8n)(—12n; —8n)(—8n; —8n)?
(2n; —8n)(—10m; —8n) (61; —8n)(—14n; —8n)(—4n; —4n)(—2n + 1/2; —2n)
ST (—4m; —4n)? 1
(—4n; —4n)(=2n + 1/2; =2n) etmint12min(—2n; —dn)?
_ —smin (T4 —41)
(—2n; —4n)’

from which we conclude that

I'(—6m; 7, —8n) 1 (—4n; —4n) _
L(=2n;7,—8n) O (4n; 7) (15 7)3 (—2n; —41)

Poa(Ns7,m) = =27

Theorem 3.6. We have that

2min—2mi(us2)n L(=61; =2km, =8n) 00 (2(p + 2)m; —2kn) (=2kn; —2k1)*
D (—2n; =261, —8n) (—8n; —8n)(—4n; —4n)%(—2n; —2n)

P, (4n; —8n,n) = —2me

Proof. First, notice that

Ton(dn; =81, m) = e~ % W AT (16 5cm: —16Kn)
O(t + 4n; —8n) O(t + 2un; —25kn)
Qo (t; —81, —2kn)
v 0(t — 2n; —8n) O(t — 2n; —2¢n)

_ 4min 2 ~
3

w —8772'7](716577; —16k0)1(2un; —2Kn0, —1n).

00(1/2 — 8un — 12kn + 2t; —16kn)dt

=€
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On the other hand, we see that
Tu,n(*4775 —8n,m) = e~ = I (_16km; —16kn)

6t — 4n; —8n) O(t + 2un; —2xkn)
0 B 0o(1/2
/ 2,7 —8n, )0(75 —2n; —8n) O(t — 2n; —2kn) o1/

HER2TIR (1641, —16k7)

o (t — 4m; —8n) Oo(t 4 2um; —2kn)
Qo (t; —81, —2kn
L 2 (15 =81 )Ho(t — 2n; —8n) Oo(t — 2n; —2k)

Denote the integrand by

47r777 2

— 8un — 4kn + 2t; —16kn)dt

47rw1 2

00(1/2 — 8un — 4kn + 2t; —16kn)dt.

B0 (t — 4n; —8n) Oo(t + 2umn; —2k1)
Oo(t — 21m; —8n) Oo(t — 2m; —2kn)

f(t) = XMy, (t; —8n, —2kn) 00(1/2 — 8un — dkn + 2t; —16k1).

Notice now that
Qo) (t; —8n, —2k1) _ T(t+ 2n; —8n, —2kn) 1
Oo(t — 2m; —=8n)0o(t — 2m; —2km) — T(t — 21; =81, —2kn) Oo(t — 21; —8n)Bo (t — 21; —2r1)
_ D(t+2n; —8n, —2kn)T'(—t — 69 — 2km; —8n, —2kn)
B 0o(t — 2n; —8m)0o(t — 21; —2kn)
—e T ITUHATIND (4t 4 92y —8n, —2kn).

We conclude that
f(=t) = =X TN (£t 4 20y —8n, —2kn)0o(t — 41; —81)00(t — 2un — 2km; —26m)00(1/2 + Sun — 12kn + 2t; —16kn)

(
_ o~ Smin+6mipn L (t + 211 =81, =26m) Oo(t + d; 877) Oo(t — 2pm; —25n)
I'(t — 2n; —8n, —2kn) Oo(t — 2m; —8n) Oo(t — 21m; —2kn)

Because the cycle 7 is invariant under ¢ — —t, we conclude that

00(1/2 + 8un — 1260 + 2t; —16Kn).

T (—41; —81,m) :e’y“g(—lﬁm;—wm)/f(t)dt

47ru7 2

=e  ~ M (=16Kkn; —16kn) /f t)dt = e~

41ruy

m —Smn( 16km; —16%77)?(—2/177; —2#K1, =1).

By Proposition 3.2, we have that
2min 2 ~ ~
Ay (A —8n,m) = e = M Q (204 —2kn, 1) (IM,K(M; =81, —n) — L« (—4n; —8n, —77))

= e RIS (16 5ny; —161)Q(2np1; — 2w, 0) I (2pa; —2k1, 7).
Applying Theorem 2.4 and noting that
6(4n; —2kn)8' (0, —2xkn)
0(2pm — 245 —260)0(2pun + 21; —2k1)
—Amin+4mipn 0o (4m; —2kn) (=20, —2’<«'77)2
00 (2pm — 21m; —26n)00 (2pum + 21; —2k1)

Q(2un; —2kn,m) =

= —2me

we conclude that

2win 2 _orium U (=603 =261, —8n) 0o (2pm; —26m) (—2kn; —2kn)?

A, (4n; —8n,n) = —2mie” .
por ) ['(—2n; —2kn, —8n) (—4n; —4n)(—2n + 1/2; —2n)

This finally implies that

2min 2_Gri Ayyo x(4n; —8n,m)
P (A =8, 1) = e (127 =0min ey
g 0(2n; —8n)0(4n; —8n)0(6n; —8n)

in—2mi I'(—6n; —2km, —8n)
12min—27mi(p+2)n ) } 0n(2 2\n: —9 94 —9 9
F(—Qn;—Q/ﬂ?, —8’17) 0( (M+ )77, Kn)( K13 /‘”7)

1

(—8n; —81)300(2n; —8n)0o (4n; —8n)0o (61; —8n) (—4n; —4n)(—2n + 1/2; —21n)°

= 27e
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Notice now that
(—81; —8n)00(2n; —8n) 0o (41; —8n)00 (61; —8n) (—4m; —4n)(—2n + 1/2; —2)
= (—8n; —8n)° (4n; —8n)(—12n; —8n)0o (61; —4n) (—4n; —4n)(—2n + 1/2; —21)
= 'O — €T (—8n); —8n) (= 8n; —4n) (—4n; —4n)*(—2n; —4n)* (=21 + 1/2; —2n)
= —®™(—8n; —8n) (—4n; —4n)* (—2n; —2n).
We conclude that

2min—2mi(ut2)y L(=6m; =2k1, =8n) 00 (2(1 + 2)n; —2kn) (=2k1; —2k1)* 0
['(—2n; —2kn, —8n) (—8n; —8n)(—4n; —4n)?(—2n; —2n)

3.5. SL(3,Z) modular properties. In this section we provide some motivation for Theorems 3.3, 3.4, and
3.5 via the SL(3,Z) modular properties of Felder-Varchenko functions and the elliptic gamma function. We
were able to use this philosophy to conjecture and numerically verify their statements before finding their
proofs via the elliptic hypergeometric integrals in Section 2. In [F'V04, Theorem 4.1], modular transformation
properties are given for hypergeometric theta functions. When translated into modular properties for the
elliptic Macdonald polynomials and specialized to Py 4, they become the following three term relations.

Py, (4n; —=8n,n) = —2me

Proposition 3.7. The function Py 4(\;7,n) satisfies the modular properties

4+ 216n% — 42n(t — 1) + 37 + 472)

(3.1) Pos(N;m,m)S™(1,m)Poa(N; =1/, 77/7')71 = 4\ 2mir exp (Tri 197

and

4421602 — 42n(1 — 37+ 472
(32) Poa(Ni7,m)ST(r,m)Poa(X; —1/7, —n/7) ™" = —4V2miT exp (” = n1(2 Lo >
T

for the quantities

0(1/2;7/8m)6"(0; 7/8n)
0(1/2; —7/8n)0"(0; —7/8n)
0(1/4; —7/8n)0(3/4; —7/8n)

We guessed the statements of Theorems 3.3, 3.4, and 3.5 by creating candidate expressions which are
products of elliptic gamma functions and theta functions with the correct modular parameters, degenerate
to known trigonometric and classical limits of these expressions, and satisfy the modular properties (3.1)
and (3.2) as a result of the modular transformations (2.1) and (2.2). Before finding proofs for Theorems 3.3,
3.4, and 3.5, we were then able to verify the conjectured expressions for generic special values of 7 and 1 by
numerical integration.

Si(,ra 77) = -2

ST (r,m) =2 u(1/2,—-1/2,1/8n,—7/8n,1/8).

4. AFFINE MACDONALD CONJECTURES

In this section, we relate our results on special values of elliptic Macdonald polynomials to special cases
of the constant term and evaluation conjectures for the affine Macdonald polynomials defined by Etingof-
Kirillov Jr. in [EK95]. We first introduce the affine Macdonald polynomials, relate them to elliptic Macdonald
polynomials using the results of [Sun16al, and then state and prove the relevant conjectures. In this section,
we will only use multiplicative notation.

~

4.1. The quantum affine algebra U,(sl,). Let «o;, ¢ = 1,...,n — 1 be the simple roots for sl,, 6 the
highest root, p = 1> «, and note that the dual Coxeter number is h = 1+ (0, p) = n. Let A = (aij)?;:lo

be the extended Cartan matrix of ;[n Let the Cartan and dual Cartan algebras be
h=h®Cc®Cdand §* = h* @ CAy @ C,

with Ag = ¢* and 6 = d*. Take ap : =5 — 60 € E* The algebra s, admits a non-degenerate invariant form
(—, —) whose restriction to b satisfies

(d,d)=0 (c,d) =1 (aviyo;) =2 fori >0
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and agrees with the standard non-degenerate form on h. Fix an orthonormal basis {z;} of h under (,).
Define p := p 4+ nAy.

Let g be a non-zero complex number with |¢| < 1. The quantum affine algebra U, (sl,,) is the Hopf algebra
generated as an algebra by e;, f;, ¢t for 0 < i < r with relations

~

[, q") =0 gMejq =qhide;  qrifgh =gl ey, fy] = 6y q:__;__lhw
1—ai; 1—ai;
Z (—1)k(1 kaij) e; " ek =0 Z (—1)* <1 kaij> ;R =0,
k=0 q k=0 q
where we use the notations [n] = %7 [n)! = [n]---[1], and (Z)q = m The coproduct of Uq(;[n)

is
Ale)=e;®l+¢"®e;  A(f)=fivwd " +10fi  Ald")=d" 2",
the antipode is
Sle) =—q Me;  S(f;)=—fig" S(q") =q ",
and the counit is
elei) =e(fi) =0 e(g™) =1
Let Uq(;[n) be the extension of U, (;[n) by a generator ¢ which commutes with ¢" and interacts with e;
and f; via
[¢%ei] =lg" fi] =0fori #0  qeoq™ " =qeo ¢ foa™ " =a""fo
and on which the coproduct, antipode, and counit are

Al@)=¢"®q¢" S =q¢? e(@)=1

Remark. This coproduct is the opposite of the one in [FR92, ESV02] but agrees with those in the bosoniza-
tions of [KQS93, Kon94, Mat94]. Our motivation for using it is to apply results from [Sunl6a], which uses
the bosonization and coproduct of [Mat94]. For a presentation of results parallel to those of [ESV02] in the
coproduct of this paper, we refer the reader to [Sunl6b].

4.2. Affine Macdonald polynomials. Fix an integer k > 0. For a dominant integral weight u© + kAo,
let L, +xa, denote the irreducible integrable module for U, (E[n) with highest weight p + kA and highest
weight vector v, 4xa,. Let V denote the dimension n irreducible fundamental representation of Uy (sl,,). For
v € Sym™* " DV[0], we have a unique intertwiner

T2 ew(2) t Lutkags(e1)7 — Dyt khot k-1)p@Sym™ DV (2)

such that Tz,k,k(z)vqukAoJr(k*l)ﬁ = Uytkho+k—1)5 @ v + (Lo.t.), where (Lo.t.) denotes terms of lower weight
in the first tensor factor.
Fix a choice of wy € Sym™*~VV[0] and make the identification Sym™*~VV[0] ~ C - wy. Define the trace

function
wo

Xk (@ A @) = Tr[L x4 (ka’k(z)q

3

2)\+2wd>

where the trace is independent of z. In [EK95], the affine Macdonald polynomial for ﬁA[n at t = ¢* was defined
to be

Xu k,k(qa )‘7 w)

T k(g A\ w) = S
o Y XO,07k(q7)‘aw)

It is a symmetric Laurent series with highest term ¢(#tkA0.2A+2wd) — The denominator X0,0,k(¢, A\, w) was

determined in [EK95] up to an unknown multiplicative factor as follows.

Proposition 4.1 ([EK95, Theorem 11.1]). There is a function f,, k(g,¢~*) with unit constant term whose
formal power series expansion in ¢~2* has rational function coefficients in ¢ such that

k—1
X0,0,k(Qa )\7w) _ fn,k(qa q—Qw)qZ(k—l)(p,)\) H H (1 _ q—2(a,>\+wd)+2i).

i=1 a>0

Remark. Our function f, x(g,¢?*) corresponds to the function f(p,q) in [EK95, Theorem 11.1].
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Remark. To avoid conflict with the use of &k for level, we use k to denote the parameter of the Macdonald
polynomial. This corresponds to the variable k in [EK95] and m in [FVO04].

4.3. Modified affine Macdonald conjectures. In [EK95], denominator and evaluation conjectures were
stated for affine Macdonald polynomials by analogy with the finite-type setting. In this section, we make
refinements and corrections to these conjectures based on the behavior of the U, (;[2) case determined from
computer computations in Magma and Theorems 4.6 and 4.7 in Section 4.4. We begin with a conjecture
which refines the result of [EK95, Theorem 11.1] by specifying a precise form for the affine Macdonald
denominator.

Conjecture 4.2 (Affine denominator conjecture). The affine denominator is given by

2(k—1)(p,A) Hl‘(_f(q_%wl ) g 2@ A twd)+2i mult(a)
. ~1)(p, i— —2(a,\tw 2 ymult (o
X0,0,k(q7 >‘7W) =q Hk_ll (q—2w+2nl —2w H H ) '

i=1 a>0

1=

Remark. Conjecture 4.2 is equivalent to the fact that the correction term f, k(q,¢~2“) is given by

fnk q,9 —2w H H

a>0
« imaginary

(1-— q—2(oz,>\+wd)+21‘)n—1 kall(q72w+2i. q72w)n71
_ 1= bl
1 — g 2@ twd)+2ni kall (q2w+2ni; g—2w)

1=

However, recalling that the multiplicity of each imaginary root for 5A[n is n — 1, it is more natural to write
the conjectured expression as

A ( —2w) . 2(k—=1)(p,A) H H (v, )\+wd)+21)mult( )’
i=1 a>0
where Ay (g, ¢~ 2*) is a correction factor given by
—1(q72w+2i.

—owy . Llim 4
(4.1) Awlg,q7) = H;‘;l(q‘%”m;q—%).

72w)

k—1
(4.2) k=D H H(l _ q—2(a,)\+wd)+2i)mult(a)

i=1 a>0

is an affine analogue of the finite-type Macdonald denominator. Note that the presence of the multiplicity
in the exponents of (4.2) is motivated by their appearance in the Weyl-Kac character formula.

Remark. For n = 2 and k = 2, Conjecture 4.2 is established in Theorem 4.6. For n =2 and 3 < k < 15 and
n =3 and 2 < k < 3, we verified in the computer algebra system Magma (see [BCP97]) that Conjecture 4.2
holds up to first order in ¢=2¢. Our code and instructions for reproducing our computations are provided at
github.com/yi-sun/aff-mac.

For the affine evaluation conjecture, we must modify [EK95, Conjecture 11.3], which in our notations
states that J,, x (g, kp, kn) is given by

(o, ptkANo+kp)+2i

1- q
conj =2 k
Jmk,k(q’ kp, kn) =4 (pk2) H H 2(a kp)+2i
a>01i=0

2knd

Note that the presence of ¢ in the expression for

Xﬂ’k,k(qv kp7 kn) = Tr|Lu+kA0+(k—1)5 (Tffkvk(’z)qQkp+2knd)7

implies that the trace can only converge for |¢g| > 1. On the other hand, the conjectural expression
J;"),i]k(q, kp,kn) of [EK95, Conjecture 11.3] does not converge for |g| > 1, meaning that we must replace
it by an expression which does. We propose in the following Conjecture 4.3 a modification which converges

for |¢| > 1 and incorporates a multiplicative correction of form similar to that of Conjecture 4.2.
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Conjecture 4.3 (Affine evaluation conjecture). For |g| > 1, we have that
(4.3)

k=1, _9;. _ k=1, —oni. — k—1 _ _9i
(ko) Hi:l (q 21; q 2(k+kn)) Hi:l (q an; q 2kn) H (1 —q 2(a,p+kAo+kp) Qz)mult(a)
kal(qum;qﬂ(mkn)) Hif;ll(qf%;qukn) Pt (1 — g—2(kp)=2éymult(e) 7

=1

Ju k(a0 kp, kn) = ¢*

where
H ( —21 —2(k+kn) 1— q72(a,;¢+kAg+kﬁ)72i
H‘ 1( Qm, 2(k:+kn H 1;[0 1— q—2(a,;t+kAg+k5)—27li
1= g 1= «
Ot 1magmary
and
k—1 —2711 —2kn —2(a,kp)—2ni
[1i=: (g H H 1 — g 2(kp)
Hk—ll(q—zz —2kn) 20 1 — g=2(akp)=2i
1= «

oc imaginary

Remark. For n =2 and k = 2, Conjecture 4.3 is established in Theorem 4.7.

Remark. The conjectured expression (4.3) in Conjecture 4.3 differs from J CO,?Jk(q, kp, kn) in two ways. First,

the ordinary Macdonald evaluation formula of [EK96, Corollary 4.4] may be rewritten as

2(a,ptkp)—

l-q”
Pu(@®™:q*.q*) =4 ’”‘p)HH T e T
a>01i=0 T

where P, (x;q,t) denotes the ordinary Macdonald polynomial. One multiplicative factor is given by taking
the affine analogue of this form, which has better convergence properties for |¢| > 1 in the affine setting.
Second, the multiplicative correction factor

k—1, _ _ k=1, —omni. —
Hi:l (q 217q 2(k+kn)) Hi:l (q an;q 2kn)

H'i‘;ll(q—%n; g2tk H;:ll(q—%; q—2kn)
72w)'

has been added in analogy with the presence of f, «(q,q

4.4. Proof of affine Macdonald conjectures for n = 2 and k = 2. In the remainder of this section,
we resolve Conjectures 4.2 and 4.3 for n = 2 and k = 2. This partially answers two questions from [EK95].
Our approach uses a connection between affine Macdonald polynomials for n = 2 and k = 2 and elliptic
Macdonald polynomials conjectured to exist by Felder-Varchenko in [FV04] and established in a precise form
by Sun in [Sunl6a]. To state the relation in Proposition 4.5, we specialize and make explicit Proposition 4.1
in Proposition 4.4.

Proposition 4.4 ([EK95, Theorem 11.1]). There is a function fa2(q,¢~%*) with unit constant term whose
formal power series expansion in ¢~2“ has rational function coefficients in ¢ such that

X0,0,2(0: A\, w) = fao(q, )M (72072 (¢ 272 7)) (g2 7).

Proposition 4.5 ([Sunl6a, Theorem 9.9]). For |q| > 1, |[¢=2*| < ¢8|, and ¢~ 2# sufficiently close to 0, the
elliptic and affine Macdonald polynomials for Uy (sl) are related by

J,u,k,2(q7 )\,Ld)
_ Buk(2nXs —2nw,m) (% q”‘“)(q*“, q ) (@722 g7 )2 ¢ q 70 ) (P2 )
27Tf2,2(q, (]72“)) (q72w+2; q- ) (q72w 2’ q- 20.;7 q72n)2 (q74; q72n)(q72n; q72f€) ?

where f22(q,¢72) is the normalizing function of Proposition 4.4 and k = k + 4.

Remark. The version of [Sunl6a, Theorem 9.9] in Proposition 4.5 differs from the published version in the
following ways:
e there is a normalization error in the published version yielding a multiplicative factor of 27;
e our function fs5(q,q~%) corresponds to the function f(p,q) defined in [EK95, Theorem 11.1] and is
related to the function of [Sunl16a, Theorem 9.9] by f[Su16al(g ¢=2w) = fa,2(q, q_2‘*’)(q Zot2, g2y,
e our notation for elliptic Macdonald polynomials is related to that of [Sunl6a] by Ju,n(q, Aw) =
P, . (2n\; —2nw, n), where ¢ = €™,
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e the published condition that |¢~2¢| is sufficiently close to 0 can be weakened to |¢7%*| < |¢7 9],
since the cycle in Proposition 3.2 may be deformed so that the integrand has no poles with Im(7) >
—5Im(n), meaning that the expression on the right of Proposition 4.5 admits a convergent expansion
as a series in ¢~ 2 with no poles in the region {|¢=2¥| < |¢~°|}.

We now use this connection to determine the multiplicative factor fs2(g,¢~**) in Theorem 4.6 and to
establish the first case of the affine Macdonald evaluation conjecture in Theorem 4.7.

Theorem 4.6. For n =2 and k = 2, the function fa2(q, ¢~ %) takes the value

—2 2.
wt2:q

_ (q )
fo2(0,47%) = 77—+,
( ) (q=2w+4, g~ 2w)

meaning that the affine denominator is given by

(q72w+2; q

N 72w)
X0,02(¢; A, w) = ¢q W(q

—22+2,

7q72w)(q2)\+2q72w; q72w)(q72w+2; q72w).

Proof. By definition, we have that Jy 0,2(¢, A,w) =1, so by Proposition 4.5 and Theorem 3.5, we have that
~2y _ Poa(@Xi ~2nw, 1) (@ a2 @507 2)° (a7, 0% ¢* (¢ %q®)?
2 (q—2F2;q72) (27%q72,q7%) (¢4 a7%) (% q7%)
L(g%a ™, q7%) (@ > q7%, ¢ ) (¢%q7>) a*(a%a %) a7

f2,2(q7q

T(g25¢72,¢78) (¢727 %72, 8)2 Oo(q*; ¢ 2) (722 ¢7%) (¢4 07 3) (¢ 807 8) (¢ %074
Notice now that
D(g%q 2,8 (2"%¢2,¢5)?  (¢%q¢ 2,0 (> 3¢ 2,¢8) (2% ¢ 2, q78)?
D(g2¢72,¢78) (2 2%¢72,¢78)2  (¢%q2,¢ %) (¢ 0¢2,¢78) ("2 %¢ 2, ¢ 8)?
B (q—Q; q—S)(q—Qw-‘rQ; q—2w)2
B (q=5;q78) '

Substituting back in, we obtain
faalg g2y = a0 ) (e ) g e ) (@ ) O
2\ (27202900 (g% ¢ 2) (¢ 24 H(g 5 q ) (g 2014 g—2)

Theorem 4.7. For |g| > 1 and n = 2, the affine Macdonald polynomial satisfies the evaluation
(q—Q; q—Qr@) eo(q—2u—4; q—2n>(q—2u—6; q—ZN)(qQ;,H-Qq—Qn; q—2ﬁ)(q—2n; q—Zm)(q—Qﬁ—Z; q—2fi)
(=% q7%) (a7 2)(a % a8)(a7%q78)
Proof. Noting that |¢~8| < |¢~| for |¢| > 1, we may apply Proposition 4.5 and Theorem 4.6 to find that
Toa(g.2,4) = Do (4:=81,1) Oo(a " ") (a™%q7%)° (a7 %q™% q7)% ¢ (g™ "% ) (¢* 272" %)

b2 S 2 (g% q7%)? (¢710;¢78,q72%)? (4 q72F)(q=2"5q72%) '
In multiplicative notation, the result of Theorem 3.6 states that
L(q%q7,q7%) Oo(®™ g7 ) (g %)
L(g=%5¢72%,47®) (a3 07%) (¢ ¢7*)* (a7 ¢72)

Jp,,k,Q(q7 27 4) = qQM

P (4n; —8n,n) = —2mq "+ 8

Substituting in, we find that
P(g%q™q7%) (7% g% ¢7")
L(g=25q72%,¢78) (g0 q78,q72F)?

Jue2(a,2,4) = =g 00(q®* a7 2") (720727 ) (¢ 22" g7 2)

(¢2%q7%)  Oolg ¢ %) (g % ¢ %)
(% a7 )%(q72%472) (7% a7 8)2 (g% q72%)
Observe now that
Clg5%q,q¢®) (%% (%> ¢ %> ¢ %0>,¢7%)

F(q—Q; q—QR, q—S) (q—IO; q—87 q—2ﬁ)2 - (q—2f€—6; q—ZK’ q—S)(q—lo; q—2f€’ q—8)2
6,4 (g2 ¢~ 2)?
’ (%q7%) 7

—2K.
)

= (q
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which implies that

JlL,k,Q(Q? 2a 4) = qQ“ q

eo(q—2u—4; q—2n)(q—2u—6; q—2n>(q2u+2q—2n; q—2n)(q—2n; q—2l€)(q—2.‘€—2; q—2.‘-€)

(%0 (a5 a7 %) (a2 q7®) '

4.5. Limits of the conjectures. In this section we discuss three degenerations of our affine Macdonald

polynomials and the known or conjectured relations of our conjectures to results for other known objects.

Affine Macdonald theory has a four-dimensional space of parameters, with coordinates given by ¢, t = ¢¥, k,

and w, and each degeneration will be to an integrable system with a three-dimensional space of parameters.

In particular, in the classical, affine Hall, and critical limits, we recover relations to the affine Jack, affine
Hall, and elliptic Macdonald-Ruijsenaars integrable systems.

O

4.5.1. The classical limit. In the classical limit ¢ — 1, the affine Macdonald polynomials become the affine
Jack polynomials defined in [EK95] in terms of traces of intertwiners between irreducible integrable modules
for the classical affine algebra. More precisely, let Lf} kA, denote the irreducible integrable module for U, (f?[n)
with highest weight p+ kA and highest weight vector Uﬁl kA, and let V<l denote the dimension n irreducible

fundamental representation. For v € Sym™*~DV[0], there is a unique classical Uq(;[n)-intertwiner

v,cl . = n(k—
Y5 (2) LS o s ee1yp = Litkao+ 1) @Sym™ DV (2)

such that TZ”%’k(z)vZIJFkAOkal)ﬁ = UZIJF,CAM(FDE ® v + (Lo.t.). Fixing a choice of wy € Sym™* =YV [0] and
identifying Sym"(kfl)V[O} ~ C - wg, we define the classical trace function by
c ,cl
X”l’k’k(A’ ) := Tr|Lftl+kAo+(k—1)ﬁ (Tﬁ?k?k(z)62A+ZQd>’
where the trace is independent of z. In [EK95], the affine Jack polynomial with parameter k was defined by

cl AQ
T (A, 0) = XD
v X6.0.k (A, €2)

It is the classical limit of the affine Macdonald polynomial in the sense that
k(A Q) = lim (e, e7AL 710,

This limit of Conjecture 4.2 was proven in [EK95, Theorem 7.5], as the correction term f,, k(q, ¢~>*) becomes
1 in the limit. For Conjecture 4.2, the corresponding classical limit is more singular. The conjectured value
in Conjecture 4.3 has a singular limit as ¢ — 1, and the conjecture implies that the asymptotics of this limit
should match the asymptotics of the evaluation Jﬁl_’kyk(n -kp,n - kn) of the affine Jack polynomial as n — 0.
In terms of the integral formulas for the affine Jack polynomials from [FSV03, Theorem 3.2], this becomes a
statement about asymptotics of integrals. In the case n = 2 and k = 2, we believe this can be verified using
the method of steepest descent.

4.5.2. The affine Hall limit. In this section we discuss a limit which is consistent with the form of the
conjectured affine denominator in Conjecture 4.2. In the context of affine root systems, Macdonald studied
a factor similar to Ay(q,¢2¥) from (4.1) in [Mac03]; more precisely, he proved the following identity.

Proposition 4.8 ([Mac03]). If W,g is the affine Weyl group of sl,,, we have that

mult ()
242n. 2 1 1— t2(a,)\)+2 2(a,d)
AMaC(t,p) .— (p 3D ) Z w - (Ha>0( D ) 7

= (p2t2§p2) = Wag(t2) Ha>0(1 _ t2(o¢,)\)p2(a,d))

wEWagt

where

Wag(t) := Z i),

wEWagr
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The factor AMa(¢, p) has recently appeared as a normalization factor in the affine Satake isomorphism
and affine Gindikin-Karpelevich formula in the works [BFK12, BK13, BGKP14, BKP16] of Braverman,
Finkelberg, Garland, Kazhdan, and Patnaik. These works involved the study of affine Kac-Moody groups
and should correspond to the limit of affine Macdonald polynomials to affine Hall-Littlewood polynomials.
By the general philosophy of Macdonald theory, the resulting expressions are therefore expected to be related
to the limit of our affine Macdonald theory as ¢ — 0 and ¢* and ¢~2 are held constant. Indeed, notice that
for
w*a*p? ¢%) (**"5 0%, ¢*")

(P*t%02,¢%) (P*¢*™; % ¢*")’
we have that Ay(q,¢72*) = A(q, g%, ¢~*). The desired limit transition is therefore

A(g,t,p) =

(p2t2n;p2) _ AMaC
242 12 -
(p2t2; p?)

providing a link between our correction factor and the affine Hall case.

(}l_r}(g A(g,t,p) = (t,p),

4.5.3. The critical limit. Noting that the dual Coxeter number for U, (g[n) is given by n, the critical limit
corresponds to Kk = k 4+ kn — 0; in particular, if k = 1, we recover the critical level kK — —n. In the classical
limit ¢ — 1, the ¢-KZB heat equation becomes the classical KZB heat equation, which at the critical level
reduces to the elliptic Calogero-Sutherland integrable system. It was shown in [EK94b] that this limit
preserves eigenfunctions in the ;[2 case, meaning that the relevant limit transition sends trace functions for
Verma modules for 5/1\[2 to eigenfunctions of the classical Lamé operator.

In the full g-deformed setting, we expect the ¢-KZB heat equation to degenerate to the elliptic Macdonald-
Ruijsenaars integrable system. We may also check that in the case of Uq(g[g), the critical limit preserves
eigenfunctions. That is, by applying the steepest descent method to the integral formula for Felder-Varchenko
functions, we find that the limit transition sends trace functions for Verma modules for Uq(glg) to the
eigenfunctions for the ¢-Lamé integrable system obtained via algebraic Bethe ansatz by Felder-Varchenko in
[FV96, FV9g.

In both the classical and g-deformed settings, the critical limit becomes significantly more complicated in
the symmetrized setting of affine Jack and affine Macdonald polynomials, and we have not yet been able to
identify the limiting object in terms of the elliptic Calogero and Macdonald-Ruijsenaars integrable systems.
Once such a connection is made, the limit of Conjecture 4.3 would be a special value identity for certain
eigenfunctions related to these systems.
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