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1 Conjecture on uniform equicontinuity of the
rescaled stationary distribution

In the conditions (x) we imposed, we required the uniform equicontinuity of
nmx, . Without this condition, our proof technique implies the weak convergence

> wx, ()6, = 7y (x)da

TEX,

of the empirical stationary measures of X,,(¢) to the stationary measure of Y (¢).
The additional imposition of uniform equicontinuity was required solely to up-
grade this convergence to a convergence of the rescaled discrete density functions



to the continuous density function. We conjecture that this continuity is true
in general.

Conjecture S1.1. Given the other continuity and scaling conditions on p(x)
and ep () in (x), nwx, (z) is a.s. uniformly equicontinuous.

We discuss a few reasons why we might believe this conjecture to hold.

e In the case of constant €,(x), nmx, (x) is proportional to [NB,(z)|, hence
converges to p(z) uniformly. The conjecture therefore holds in this case.

e QOur empirical results produce robust results across a broad range of n,
Z(x), and p(x). One possible explanation would be that Conjecture S1.1
holds for all datasets constructed according to (x).

e For x,y € X, let r,(x) denote the expected first return time to z and
¢n(z,y) denote the expected commute time from z to y. It is known that

so to show that nrx, (z) is uniformly equicontinuous, it suffices to show
that %(w) is uniformly equicontinuous. Notice that

() < enlx,y) + Tn(y) +cn(y, o)

and that
T (y) < cn(@,y) +ro(z) + cn(y, ©),

which together imply that

rn(2) = ra(y)] < len(z,y) + en(y, ).

This relates continuity of r,(z) and hence 7x_(x) to the commute time
¢n(z,y). On the other hand, our techniques using the Stroock-Varadhan
criterion yield convergence of the simple random walk X, (¢) to the Ito
process Y (t) in D([0, c0), D) without assumption of uniform equicontinu-
ity. In a scaling limit, this should lead to a relation between ¢, (x,y) and a
rescaling of the commute time of the corresponding It6 process. In future
work, we intend to use this result to relate a scaling of ¢, (z,y) to |x — y|
and approach Conjecture S1.1 in conjunction with new methods for metric
estimation.

2 Full proof of Theorem 2.1

The goal of this section will be to give a fully rigorous proof of Theorem 3.4
from the main text. We first restate the theorem as Theorem S2.1.



Theorem S2.1. Under (%), if hy, — g2 as n — oo, then a.s. in X, the process
Xn(|t/hn]) converges in D(|0,00), D) to the isotropic D-valued Itd process Y (t)
with reflecting boundary condition defined by

(Y (@)

_ V(Y () 2
= Sy S WP+ =W ), (1)

where the precise meaning of the reflecting boundary condition is given in Sub-
section 2.1.

dY (t)

Our technique is an application of the Stroock-Varadhan criterion (see [2,
Theorem 6.3]) for convergence of discrete time Markov processes in a bounded
domain to drift-diffusion processes with reflecting boundary conditions in that
domain. In what follows, we preserve the notation used by Stroock-Varadhan
in [2] whenever possible.

2.1 Definition of the objects

In this subsection, we recall in detail the problem setup. We are given an infinite
sequence X = {x1,z32,...} of latent coordinate points drawn independently
from a distribution with probability density p(x) in R¢ supported on a compact
domain D C R? with smooth boundary dD. We may then find a bounded C?
function ¢(x) on R so that

D = {z| ¢(z) > 0}, 0D = {z | ¢(x) = 0},and [Vo(x)| > 1 on OD.

We fix a single random draw of X and analyze the quenched setting.
We are then given a radius function e, (z;) which may depend on the draw
of X and a scaling factor g, so that

. -1 -
Jim_ g, en(x) = E(2)
for some deterministic £(z) on D. Let G,, = (X, E,,) be the unweighted directed
neighborhood graph with vertex set X, = {x1,...,2,} and with a directed edge
from ¢ to j if and only if
‘l‘i — l‘jl < En(ﬂjl)

Note that G,, is stochastic and depends on the specific realization of X, which
is drawn.

Let X, (t) be the simple random walk on the directed graph G,, so that
X, (t) is a discrete-time Markov process with state space X,,. We normalize the
timestep of X,,(¢) to be h,, = g2 and identify X,,(¢) with the continuous time
process given by ¢t — X,,(|t/hy]). From now on, we refer to these two processes
interchangeably.

In Theorem S2.1, we wish to show that X, (t) converges weakly in D([0, c0), D)
to the continuous-time continuous-space It6 process Y () defined by (1) with re-
flecting boundary conditions. We interpret the boundary conditions in terms of



the submartingale condition of [2]. That is, we define the vector function (s, x)
to be the normal vector to 0D at x whose length is normalized so that

<’7(sﬂ :L')7 V¢($)> =

Take also the scalar function p(s,z) = 0. Together, v and p specify the boundary
conditions in the following sense.

We say that a process Y (t) solves the submartingale problem for a, b, p, and
~ if for any function f € Cy?([0,00) x D) satisfying

p(Of/0t) + (1, Vf) = 0
on [0,00) x 0D, the random variable
FY )~ [ (4 LD Y () 1o (Y (9)ds

is a submartingale, where

1 d
Lif = 2 Z 8;5 81‘] 2:: Jaxj

ij=1

As explained in [2], when p = 0, this formulation is equivalent to specifying that
Y (t) satisfies (1) on the interior of D and has reflecting boundary conditions on
oD.

2.2  Quantities used in the Stroock-Varadhan criterion

We now define the moment and boundary quantities which are used in the
Stroock-Varadhan criterion. We follow the notations of [2]. Our discrete time
Markov process X,,(t) has time increment h,, = g2 and transition kernel

X, N AN B(z,e,(2))]

I, (2, A) = p(Xn(t +1) € A|X,,(t) = 2) = |X, N B(z,en(x))]

for z € X,,, where we recall that X,, N B(z,e,(z)) = NB,(z).
The moment quantities in [2] are the discrete time drift b, diffusion a,,, and
tail A, o coefficients, defined for x € &, by

a(s,x) = % /(yi —xi)(y; — ) (2, dy) = hi 2 v Wﬁgvfi/;)_ .

n

ZIENBn(J;)
1 Yi — T
b ( d YT
(5,2) h/ (@, dy) = 7 2 INB,. ()]
yENB, (z)
1 ly — x>t
Ana 2T, (2, d LA
(5,0) = /|y ) =5 3



The boundary conditions are specified by v and p, where we recall that p = 0.
We note that v has the alternate expression

. _ p(z+y)
v(s,z) = Cy(z) lim &,(z) 1/ y—7%dy,
! n—oo ly|<en(x) Pe, (z) (LE)

where p,(z) = [, p(z + y)dy for a normalization factor C,(z). Define Jy =

lyl<r
{(t,y) : p(t,y) = 0} and J; as its complement. In our setting, Jo = 0D and J;

is empty.

Remark. In the definitions above, we have included possible time dependence
in all quantities to be consistent with the notation of [2]. However, all processes
we consider are time-independent, so this dependence will not exist in our case.

2.3 Statement of the Stroock-Varadhan criterion

We now state two theorems of Stroock-Varadhan which together imply the con-
vergence of X, (t) to Y (¢) in D([0,T], D) for any T > 0. These theorems will
depend on several conditions which we label A-E and F1-4 and check in the

next subsection.

Remark. By [3, Theorem 2.8], convergence in D([0, T, D) for all T > 0 implies

convergence D([0,00), D). Further, by [1, Theorem 4.9.12], this implies weak
convergence of the stationary measures of X, (t) to the stationary measure of
Y ().

The first theorem yields tightness of measures of X,,(¢) on Skorokhod space.

Theorem S2.2 ([2, Theorem 6.1]). Suppose a discrete time Markov process
X, (t) satisfies the following conditions.

A. (bounded tail mass): For some o> 0, as n — 0o, we have

sup sup A, o(t,z) — 0.
0<t<T z€G

B. (all large drifts are reflections): There exists M and ¢ such that for all
n > ng, |bn(t,z)| > M implies 7{%;1(;)(,:7;37,1)) > c.

C. (bounded drift outside boundary): For every d > 0 there exists some My <
oo such that for all m > ng, |by(t,z)| > Ms implies ¢(x) < 6.

D. (bounded diffusion): There exists M < oo such that for all n > ng,

sup_sup |lan(t, 2)|| < M,
0<t<T z€G

where || - || denotes the Frobenius norm.



Then, the family of distributions PP induced by XZ(t) over trajectories is con-

ditionally compact in D([0,T], D). Moreover, any weak limit of these is concen-
trated on the subset C([0,T], D) C D(][0,T], D).

The next theorem yields convergence of X, (t) under convergence of the
moment quantities and some regularity conditions on the boundary.

Theorem S2.3 ([2, Theorem 6.3]). Suppose X,,(t) satisfies the following.

E. (convergence of coefficients): Drift and diffusion coefficients a,, and b,
converge uniformly on compact subsets K C [0,T] x D to some a and b.

F1. (reflectivity at absorbing boundary): Given (t,y) € J; and € > 0, there
exists ng < 00, 6g > 0 such that if [t — s| < b, |z —y| < o, n > ng and
(Vo(x), an(s,2)Ve(x)) < do the following hold:

lan(s, )| <& and  |ba(s,x) — pT Ly (Ey) <e

F2. (bounded drift under absorption): Given (t,y) € Jy there exist My < oo
and 6o > 0 such that if |s —t| < do and |y — x| < o, then

lbn(s,2)| < Mo for all n.

F3. (drift dominates diffusion on reflection): Given (t,y) € Jy and M < oo
there exist &g > 0 and ng < oo such that if |t—s| < &g, |z —y| < do,n > no,
and (Vo (x), an(s,2)Vo(x)) < do, we have

|br, (s, )| > M.

F4. (drifts at boundary simulate reflection): Given (t,y) € Jy and € > 0 there
exist o > 0,n < 00 and M < oo such that if |s — t| < o, |z — y| < do,n >
ng, and b, (s, z)| > M, then

b (s, x)
(bn(s,2), Vo

(1})> - 7(t7 y) <Ee.

Then any weak limit Y (t) of X,(t) in D([0,T], D) solves the submartingale
problem for a, b, p, and ~.

Finally, we state a criterion for uniqueness of solution to the submartingale
problem for a, b, p, and ~.

Theorem S2.4 ([2, Theorem 5.8]). Suppose a, b, p, and v are time independent
and satisfy the following conditions.

1. a is continuous, symmetric, and positive definite on D;

2. b is bounded and measurable;



8. 7y is bounded, locally Lipschitz, and on 0D satisfies
(v(z),Vo(x)) = 8 > 0;

4. p(x) is bounded, continuous, and non-negative.
Then the solution to the submartingale problem for a, b, p, and v is unique.

Combining Theorem S2.2, Theorem S2.3, and Theorem S2.4 yields the fol-
lowing conclusion.

Corollary S2.5. Suppose that X,,(t) satisfies the conditions of Theorem S2.2,

Theorem S2.3, and Theorem S2.4. Then X, (t) converges to Y (t) in D([0,T], D).

Proof. By Theorem S2.2, some subsequential limit of X, (¢) exists. Theo-
rem S2.3 implies that any such limit is a solution to the submartingale problem
for a, b, p, and +, so the uniqueness of Theorem S2.4 yields the desired result. [

2.4 Verification of the Stroock-Varadhan conditions

We now verify each of the nine conditions necessary for weak convergence. Con-
ditions F1 and F2 are vacuous because J; is empty for us. We now verify each
of the remaining conditions.

2.4.1 Moment conditions

Theorem S2.6 (Condition A). Asn — 0, we have

sup sup A, 1(t,z) — 0.
0<t<T z€D

Specifically, we have

1
Bualss) = i oo [ p 2 g,
ly|<en(zx)

oo hy, Pe () (2)
Proof. From Lemma 3.2 with f(z) = |z|3. O

Theorem S2.7 (Condition E). The sequences of drift and diffusion coefficients
an — a and b, — b converge uniformly on compact subsets K C [0, T]xG. More
specifically, the limiting quantities are

g 1
a’(s,x) = lim —/ yiyjmdy
n=00 N lyl<en(x) pen(m)(x)

4 1
by (s,z) = lim —/ yimdy.
n=00 hny Jiy|<en (@) Pen()(T)

Proof. From Lemma 3.2 with f(z) =z and f¥(z) = z;z;. O



2.4.2 Boundary conditions

Theorem S2.8 (Condition C). For § > 0, there exists Ms < oo and ng so that
forn > mng, |bu(t,x)| > Ms implies ¢p(z) < 6.

Proof. On the compact set {¢(z) > 6}, b,(t, ) converges uniformly by Theo-

rem S2.7 and Theorem S2.14 to %Z’Zg)é(x)z, hence is uniformly bounded on
this set. O

Theorem S2.9 (Condition D). The diffusion term a,, is uniformly bounded by
some M < oo so that
sup ||an(s, z)|| < M.

s,x,n

Proof. By definition the diffusion term
1 1

af(s,2) = — Y (i — @) (y; — @)
hy, NP (@) INB,,(z)|
is an average of numbers bounded by 5”}57;6)2 This quantity converges to the
bounded function (z) as n — oo, yielding the result. O

Theorem S2.10 (Condition F3). Given (t,y) € Jo and M < oo, there ex-
ist & > 0 and ng < oo so that if |t — s| < do, | —y| < do, n > ng, and
(Vo(x), an(s,2)Vo(x)) < do, then |b,(s,x)| > M.

Proof. For any é; > 0, by Lemma 3.2, we may choose ng large enough so that
for all n > ng and = € &,,, we have

llan(s,z) — a(s, z)|| < d1,

which implies that

(Vo(x), an(s, 2)Vo(a) > (32(2)” — ) V()]

Because £(y) > 0, we can choose dp > 0 so that (z)? is uniformly bounded away
from 0 on |z —y| < do, hence choosing §; small makes the condition vacuous. O

Theorem S2.11 (Condition F4). Given (t,y) € Jo and € > 0, there exist
00 > 0, ng < 00, and M < 0o so that if [t — s| < dp, |x — y| < do, n > ng, and
|6, (s, z)| > M, then

‘ by (s, )
(bn(s, ), Vo(z))

Proof. For any € > 0, fix M > 0 to be chosen later. Choose Jy small enough so
that if |x — y| < 20y, we have

—v(t,y)' <e.

‘<Cl



for some uniform C;. By Lemma 3.2 and the fact that |V¢(z)| > 1 on 9D
and is continuous, we may choose ng large enough so that for all n > ny and
| — y| < b9, we have

e c,(x) < do;

o |e,(z)?h, ! —E(z)?| < Cs for a uniform Cy > 0;

bn(s,x) — E[bn(s,x)]‘ < M/2 for x € X,;

bn (s:2) — Elbn(s.2)] y ‘ <e/2 for x € X,.

® | (2) . Vo@) — (Ebn(s,2)], V(@)

If |by (s, z)| > M for n > ng, then
‘E[bn(s,x)}‘ > M/2.

Now, orient the coordinate axes so that the first coordinate axis lies on the
normal vector from x to 9D, and let 7 be the distance from z to dD. In this
case, we compute

E[b} (s, :h:Ll/ z21— &
[ ( )] zeB(a:,e,L(m))ﬂD( ' 1)pan(r)(m)
_ en(z) — min{r, e, (z)} n 10ip(x) en(x)® + 72 Lo
hy, 6 p(z) I

and for ¢ > 1 that

_ 10,p(@) en()?
6 p(x) hy

for error terms C5 and Cy independent of n. Choosing M large enough, we find

7 < (1—C5(M))en(z)

E[b),(s, )]

+Cy (2)

for a constant C5(M) > 0 independent of n, which implies that

En(‘r) lalp(l‘) En(x)2 + 72 + 03

Now, notice that v(s,y) is a vector purely in the normal direction to 9D at y
normalized so that (y(s,y), Vo(y)) = 1. Because the constants Cs, Cy, C5(M)
in (3) and (2) are independent of n, all terms in these equations aside from
Cs(M)EZ—(:') scale to constants as we take ng and M large, so %
becomes arbitrarily close to a vector purely in the normal direction to 9D from
x. Choosing dy small enough makes these vectors coincide up to error €/2, which

gives the result when combined with the bound

b (s, ) B E[b, (s, )]
n(5:2), Vo@)  (Elus. )], Vo)) | = /2
we obtained by taking ng large. O



Theorem S2.12 (Condition B). There exist M, ¢, and ng so that for all n >
no, |bn(t,z)| > M implies

(Vo(w),balt,2)) -
|bn (2, )] B

Proof. By definition, (¢, z) is uniformly bounded above by some Cy. Now, by

compactness of D = Jy, there exists some § > 0 so that each z € {¢(y) < §}

has a corresponding z’ € 6D so that the conclusion of Theorem S2.11 applies

with € = Cp/2. Taking M = Ms and ng from Theorem S2.8 for this ¢ and

applying Theorem S2.11 yields that

(Vo). balt2) 2
bu(t, )] T Co

2.5 Completing the proof of Theorem S2.1

By Corollary S2.5, to complete the proof of Theorem S2.1, it suffices for us
to compute the limiting terms a and b and to verify the conditions of Theo-
rem S2.4 for uniqueness of the submartingale problem. We begin by computing
the limiting a and b, for which we will need the following lemma.

Lemma S2.13. For d > 2, let By(r) be the d-dimensional ball of radius r and
Va(r) = Vygrd be its volume. Asr — 0, we have

/ Sy — 0 n odd
Ba(r) ‘ 727‘;111 "t 4 o(r"t ) n even

and
/ zixi'dr =0 if n odd.
Bd(T)

Proof. If n is odd, both claims follow because the integrands are odd functions
integrated over symmetric domains. If n is even, for the first claim we compute

" 2V,
/ ridr = / Va—1(Vr? —a?)z"dx = 7‘/(1 Lntd + o(r”er), O
Bd(’l‘)

_r n+1

Theorem S2.14 (Drift diffusion coefficients). The limiting integrals for drift
and diffusion are

i(o,) = - (G200 + olen@))) > 2P

o) = 2vd_1p<;>(;<(§>); fl(sm)d) -0

btoa) = - (5 e @)+ ofenla)?)) - S z(o)?
Suates) = () 0

10



Proof. Because p is differentiable on D, for any x € D we have the Taylor
expansion

pla +y) = p(z) +y - Vp(z) + o(jy*)
of p at x, where the convergence is uniform on compact sets. For n large enough
so that the ball of radius €, (z) centered at x lies completely inside D, we can
substitute this expansion into the definitions of a,, and b,. Using Lemma S2.13
to estimate the resulting expressions yields

1 iytcen o U2P(2) + W3y - V() + y2o(ly[)dy
f\y\<sn(x) p(z) +y - Vp(x) + o(ly|?)dy
2Va_1p(@)en ()2 + oen (2)712)

2Va_1p(x)en (x)4 + o(e, (x)4)
1 2 2
(gsn(x) + o(en(x) ))

ay (s, ) =

Fl=F[= T

Jiyren oy 932(@) + ity - Vo) + yiyjolly[)dy
Sii<entey P@) +y - V() + o(|yl?*)dy

1 oen()™?)

A 2Vy_1p(z)en(2)? + o(e, (x)9)

, and
1 Jiyl<enm YiP(@) + 4iy - V() + yio(ly*)dy
hn Jiyi<en(@ P(®) + - V(@) + o(lyl*)dy
1 %Vdﬂ%g)sn(x)d“ + o(en(x)™+?)
hn  2Va_1p(z)en(z)? + o(en(z)?)

T

Defining S4(r) to be the surface area of a radius r ball in d dimensions, we find
1 Siyteno) WEP@) + 9P p(@) + lylo(lyl*)dy
hoo Jiyj<en@ P@) +y - V(@) + o(ly[*)dy
L J5" 7 P Sarp(e) + ofen(x)™*)
+ o(en(x)?)

b;(s,x) =

An,l(sa 33) =

T hy 2Va_ip(z)e,(x)d
_ 1 O(En(x)d+4)
by, 2Vg_1p(x)en ()4 + o(en(x)4)
The result follows by taking the n — oo limit in each estimate and recalling that
h,, was chosen so that h;le,(z)? — &,(z)? and h,le,(x)*** — 0. The final
convergence is uniform on compact sets because the convergence of the initial

Taylor expansion was, each integration estimate preserves uniformity, and the
limit A te,(x)? — &(x)? is uniform over all of D. O

11



Proof of Theorem S2.1. To prove Theorem S2.1, it remains only to check the
conditions of Theorem S2.4. Condition (1) follows because a(z) = 3&(z)* - I
is a continuous multiple of the identity. Condition (2) follows because b(z) =
%vp’()g)g(x)Q is evidently bounded and measurable. For Condition (3), v is

evidently bounded, locally Lipschitz because it is a normalized vector normal
to the smooth D, and (y(z), V¢(z)) = 1 by definition. Finally, Condition (4)
is evident because p = 0. O

3 Generalizing to isotropic graphs

In this section, we give details on how to generalize our results for e, (x)-ball
graphs to isotropic graphs. The approach is exactly parallel; we verify the
conditions of the Stroock-Varadhan criterion and consider the limiting rescaled
stationary distribution. We give in this section the necessary estimates of the
minimal degree and the drift and diffusion terms. We first present a technical
lemma.

Lemma S3.1. For d > 2, Let Sq(r) be the d-dimensional shell of radius r and
Va(r) = Car be its volume. Asr — 0, we have

/ ng 0 n odd
xltdr =
Sa(r) 2041 (4 d)rn =1 4 o(rn 1) p epen

n+1
and
/ zizi'dz =0 if n odd.
Sa(r)
Proof. This follows by differentiating Lemma S2.13. O

Let us now consider an isotropic graph model with kernel function h(r). In
particular, this implies that there is an edge from z; to x; with probability
h(|z; — xjlen(z;)~t) and that

1
/ h(r)ri=tdr > 0.
0

We characterize the minimal out-degree in this setting.

Theorem S3.2 (Minimal out-degree). For an isotropic graph with kernel h(r)
satisfying (x), we have the almost sure convergence

INBy, ()]
|Xn N B(z,en(z))]

en(a) ™ — C(h)p(x)

for a constant C(h) independent of x and n, which implies that the minimal
degree INB,, ()| = w(n?/(+2) log(n)¥/(@+2)),

12



Proof. The out-degree of a vertex is the independent sum of binary variables,

each with probability h(|z; — z;]en(x;) "), so Kolmolgorov’s strong law yields
INB,(z)|

| X N B(z, en(2))]

INB, (2)]

—d
en(z) | X, N B(x, e, (x))]

—E [sn(:c)_d

Let y(r,0) be the radial representation of y and let C' = % be the
constants in Lemma S3.1. The desired expected value is the integral

£n(7)"4NB,, (z)] B N 1
b |XnﬂB(x,5n(x))|} _/yeB(wn(x))P( +y)h(lyle, (z))dy

~ en(a)~ / (p(@) + Vp(@) - Wh(yler (@)dy
yEB(x,en(x))

En(T)
- / / ©) + Vp(z) - y(r, 0))h(r)dydd
GESd(T)
en ()
= Op(@)en(z)™ / h(r)ri=tdr

en(x)
+ En(x)_d/ h(r)rd=1 / Vp(x) - y(1,0)drdd.
0 0€S4(1)

The latter term is zero by Lemma S3.1 since it is the integral of the odd function
y(1,0) over a symmetric domain. Now take the substitution s = r/e,(x) to

obtain (z)~4|NB, ()| 1
¥ s = z s)s?ds.
B = O [ et

The Kolmogorov strong law provides concentration around this value. Noting
that &, (2)? = w(n?(4+2) log(n)4/(4+2)) gives the asymptotic claim. O

Since Theorem S3.2 guarantees that asymptotically we achieve the necessary
minimal number of points, and h(z) is zero for z > 1, Lemma 3.2 applies to show
the moment conditions in the Stroock-Varadhan criterion. For the boundary
conditions, note that C, D, and F3 only require convergence of coefficients in
Lemma S3.3 to those in Theorem S2.14. Conditions F4 and B rely on two
facts, the uniform convergence of coefficients given by Lemma S3.3, and the
asymmetry induced by the boundary (3), the proof of which is parallel to the
one given for e-ball graphs. Therefore, to complete the proof the generalization,
it remains only to compute the limiting drift and diffusion coefficients.

Lemma S3.3 (Polynomial integrals with respect to kernel). Under the same
conditions as Theorem S53.2, for any positive integer o we have

/ yep(z + )h(yler (2))dy ~ V(h, ) / yep(e + y)dy
yEB(z,en(x))

yEB(x,en(x))

as n — oo for a constant V(h, ) independent of n with V(h,1) = V(h,2).
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Proof. Perform the same Taylor approximation and radial decomposition as in
Theorem S3.2 to obtain

/ yep(e + )yl (2)dy
yEB(z,en(x))

en(x)
~ [ ) ) + Vata) -yl 6)htre, w)drd.
0 0€Sa(r)
For a an odd integer, by Lemma S3.1 we have

/ (e + p)h(yle () dy
yEB(x,en(x))
en(z)
N / h(re=t (z))ro+d / ui(1,0)°Vp(a) - y(1,0)drdo
0 0eSq(1)

1
= Opi(x) / h(r)retidre, ()T / yi(1,0)ag
0 0€Sq(1)

~V(h,a) / yEp(z + y)dy
YEB(z,e ()
for )
V(h,o) = (a4 d+1) / h(r)rotddy.
0

If v is an even integer, we have

/ yop(e + h(yler (@))dy
yEB(ID78n($))
en(z)
~ / h(ra;l (w))r“+d_1 / yi(1,0)%p(x)drdd
0 0eSa(1)

en(x)
— p(@) / h(re=1 ())r* =Ly / yi(1,0)°d6
0 0

€Sa(1)

1
:p(x)sn(x)o‘+d/() h(?")?"a+d71d7”/0 yi(1,0)*do

€Sq4(1)

~V(h,a) / yep(a + y)dy
yEB(z,en(x))

for )
V(h,a) = (a+d) / h(r)retd=lar, O
0

The limits of drift and diffusion terms in Theorem S2.14 depend only on ra-
tios of these integrals for a = 1, 2, so applying Lemma S3.3 shows that the limits
for isotropic graphs are identical to the ones for e-ball graphs. The remainder
of the analysis proceeds unchanged.
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4 Recovery of distances via ball-radii

We will prove that given the ball radii e, (z;), we can recover point-to-point dis-
tances if x; are located in a convex domain. Otherwise, we recover the geodesic
distances. Our goal is to show that for any points z; and z;, the weighted
shortest path distance d;; between the points on the graph G, where outgoing
edges are weighted by e, (z;) converges to the distance |z; — z;].

4.1 Outline of proof approach

We proceed in two steps. First, we consider the case when e,(x;) is known
exactly. In this case, the weighted shortest path is an upper bound on the true
distance. We bound its weighted distance d;; by constructing a path whose
weighted distance is close to the geodesic distance.

To control the upper bound, we show that there exists a ¢ that converges
to zero faster than min,, &, (x;) while still guaranteeing that every ball of size
¢ in the domain contains at least one point. Once we find such a §, the upper
bound will follow. Indeed, if we are at some x, we can always find a point that
whose distance from our target «; is smaller by at least £,,(x) —d. This gives an
upper bound on the number of steps in our path and therefore the total error.

Second, we assume that we are given noisy estimates of £(z) from our algo-
rithm via the stationary distribution. We use uniform convergence of z(x) to
control the overall pathwise error.

We give a detailed analysis of each step in separate subsections below.

4.2 The case of exact knowledge of ¢,.

We begin with two lemmas allowing us to construct for each pair of points i, j
a point k£ along which to start a path from ¢ to j.

Lemma S4.1. Let 6, = Q(nid%l) For any set of n? balls with radius 6, all
n? balls will have at least one point of X,, with high probability.

Proof. The number of points N(x) in a ball of radius 4,, follows a binomial
distribution with n draws and success probability

ps, (¢) = / p(y)dy ~ Vap(a)d.
ly—z|<d(n)

Therefore, the probability that N(z) =0 is

nps,, ()

P(N(@) = 0) = (1 = ps, (@))" = ((1 = ps, (@)= @) o5 emmrsn (@)

if né? — oco. Recalling that d,, = Q(Tfﬁ), this implies that

nps, (x) ~ N7

and in particular that P(N(x) = 0) = o(n~2), so taking the union bound over
all n? balls yields the result. O
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Lemma S4.2. Let 6, = Q(n~ @71). For all i,j, there exists x), € B(x;,&n(x;))
such that

‘(|xl — x| — |z — x]|) — |a; — xk|‘ < 26, and )|:rk — ;| — en(z;)| < 26,.

Proof. Let v = ‘if :ifl and consider the n? balls
=

By Lemma S4.1, there must exist with high probability at least one point of X,
in each B;;. Any such z;, € B;; verifies the desired conditions. O

Theorem S4.3. Let T, Tj € X and d;; be the weighted shortest path distance
over the weighted graph G,, constructed from G, by assigning weight ,(x;) to
all outgoing edges from x;. For any e > 0, there exists an n such that

|l’i 7.’]Cj| *dij < eE.

Proof. Take 6,, = @(n_d%l). We show that with high probability, there exists
a path with M steps whose weighted path distance d satisfies

|z — x| <d <|x; — x| + 2MJ, + Héa)b(XSn(ﬂi)

and so that lim,, . M, = 0. The result then follows because d;; < d.

To construct such a path from z; to x;, we apply the following procedure.
Start at the point x;. If the current point is zy and z; € B(xy,en(2k)), move
to it and terminate. Otherwise, pick a point x; € By; and repeat until z; is
reached.

The lower bound holds because each edge weight is at least its length. For
the upper bound, by Lemma S4.2, moving to x; reduces the geodesic distance
to z; by at least |z — ;| — 20, and moves a weighted distance of e, (z) <
|xx — x| + 20,,. Thus, if our path has M steps, the difference between our
weighted distance and the geodesic distance is at most 4Mé, + max, &, (z),
where we add the weighted distance of the last step. This gives the upper
bound.

It remains now to bound M. For this, notice that the geodesic distance to
x; decreases by at least min e, €,(x) — 26, at each step, leading to the bound

|zi — 2]

- min:L’EXn En(m) - 2671 .
Recall now that 4,, = @(n_ﬁ) so that e, (z) = w(dy,) and hence

|zi — 2]

mingex, % -1

Mé, = — 0. O
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4.3 The case of stochastic estimates of ¢,

We now consider the case where we are given only an estimate &, (x) of €,, ob-
tained by first estimating £(z) via the stationary distribution and then applying
a normalization to obtain &, (z) on X,,. We first control the error in £, (z) along
a single path.

Lemma S4.4. For k1 =i and ki, = j, let vy, ,...,xy,  be a path between i and
jin Gpn. Ifl, = O(g, "), we have

—0

In
Z |én(‘rkl) - En(xkl)

i probability.

Proof. By uniform convergence of the stationary distribution and continuity of
the out degree estimate p(x)e,(x)?Vy = k/n, for all v and §, we have

P ( sup
TEX,

for large enough n. This implies that

En(®)
In

— (@)

>’y)<6

P ( sup |En(a) — en(a)] > vgn) <s
rEX,

Now notice that

ln
P (Z en(en,) — enlan)| > 7) <P (zn Sup [en(wi) = en(an,)| > 7) .

i=1

By assumption, the number of steps in the path is I, = O(g, ). Therefore,
there exists a constant M > 0 such that

In
P (Z |En (k) — enlzr,)| > 7) <P (sgp |En(z) — en(x)] > Mwn) <4,

i=1
from which the claim follows by choosing n large enough. O

We now show that the shortest weighted distance path recovers the geodesic
distance with stochastic estimates &,(z) instead of the true values. Our ap-
proach is the same as in the deterministic case; we will construct a weighted
path and show that its weighted distance converges to the geodesic distance and
is close to the weighted distance of the shortest weighted path. Let d;; denote
the weighted distance of the shortest weighted distance path from z; to x;.

Theorem S4.5. For any € > 0, there exists n such that
|l‘i —.’Ejl —dij <e

with high probability.
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Proof. Let §,, = @(n_ﬁ). For any v > 0, we show that for large enough n,
with high probability there exists a path from z; to z; with M steps whose

weighted path distance d satisfies
d< |xi—mj|+4M5n+'y+m%(X?n(x). (4)
reXy

Construct the path as in Theorem S4.3 with ¢, (x) replaced by &,(x).

We now analyze its weighted distance. Arguing as in Lemma S4.2, a step
from x to x; which is not the last step in this path reduces the geodesic distance
to x; by between |z — x| —2J, and |z —x;]. On the other hand, this step has
a weighted distance of &, (xy), which satisfies

|2k — @] — 200 — [En(2k) — en(@p)| < En(zk) < lzk — il + [En(2k) — en(z)l.
Therefore, the geodesic distance traveled and weighted distance d along our

constructed path differ by at most

M-1
Z |gn(xkl) - En(xki+1)‘ +4My,
i=1

in the first M — 1 steps. By arguing as in the proof of Theorem S4.3 with
en(x) replaced by &,(z) and noting that &,(x) converges uniformly to e,(z),
the number of steps in the constructed path satisfies

|zi — ] |z —

— 4 <M< .
max, e, (x) ~ ~ min, g,(z) — 24,

(5)

In particular, we note that M = O(g, ). Applying Lemma S4.4 to choose n
large enough so that
M—1
Z |E‘\n($k1) - 6n(kal)l <7
i=1
and adding maxgex, €,(x) for the last step yields (4). Noting by (5) that
M, — 0, taking large enough n in (4) shows that c?ij <d< |z — x|
We now show that cz-j > |x; — xj]. It suffices to show that the length L
of the shortest weighted distance path must be L = O(g, '), as Lemma S4.4
would then imply that its weighted distance with respect to &,(z) converges to
its weighted distance with respect to e,,(«), which is bounded below by |z; — ;.
To bound L, note that the minimum weighted distance at each step is
mingex, &,(x), while the total weighed distance is at most d. Therefore, by
(4), we obtain that for any v > 0 we have

L min <l|x; —ax;| +4Mo g

min £, () < |ai — 2]+ 4M0, + 7 + max &, (x)

for large enough n. By uniform convergence of &,(z) to €,(z), this shows that
for any v > 0 we have

|z; — ;| +4M6, + v + maxzex, En(T)

minge x, en ()

L< =0(g, ")
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for large enough n, yielding the desired. O
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