TRACES OF INTERTWINERS FOR QUANTUM AFFINE sl AND
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ABSTRACT. We show that the traces of Uq(glz)—intertwiners of [ESV02] valued in the three-dimensional
evaluation representation converge in a certain region of parameters and give a representation-theoretic
construction of Felder-Varchenko’s hypergeometric solutions to the ¢-KZB heat equation given in [FV02].
This gives the first proof that such a trace function converges and resolves the first case of the Etingof-
Varchenko conjecture of [EV00].

As applications, we prove a symmetry property for traces of intertwiners and prove Felder-Varchenko’s
conjecture in [FV04] that their elliptic Macdonald polynomials are related to the affine Macdonald poly-
nomials defined as traces over irreducible integrable Uy, (slz)-modules in [EK95]. In the trigonometric and
classical limits, we recover results of [EK94, EV00]. Our method relies on an interplay between the method
of coherent states applied to the free field realization of the g-Wakimoto module of [Mat94], convergence
properties given by the theta hypergeometric integrals of [FV02], and rationality properties originating from
the representation-theoretic definition of the trace function.
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1. INTRODUCTION

The present work connects two approaches for studying a family of special functions occurring in the study
of the ¢-KZB heat equation, one originating in the representation theory of quantum affine algebras and
one in the theory of theta hypergeometric integrals. In [ESV02], Etingof-Schiffmann-Varchenko showed that
certain generalized traces for U, (g)-representations solve four commuting systems of difference equations: the
¢-KZB, dual ¢-KZB, Macdonald-Ruijsenaars, and dual Macdonald-Ruijsenaars systems. In [FTV97, FTV99),
Felder-Tarasov-Varchenko constructed solutions to the ¢-KZB and dual ¢-KZB systems in terms of certain
theta hypergeometric integrals which we term Felder-Varchenko functions. The general philosophy of KZ-
type equations predicts that these two families of solutions should be related by a simple renormalization,
and this was conjectured by Etingof-Varchenko in [EV00, ESV02, EV05]. In the trigonometric and classical
limits, the Etingof-Varchenko conjecture was verified for the sl-case in [EK94, EV00, ES01, EV05, SVO0T].

In this paper, we show that the traces of Uq(g[g)—intertwiners of [ESV02] converge in a certain region
of parameters and give a representation-theoretic construction of the Felder-Varchenko functions for the
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three-dimensional evaluation representation of Uq(.;\[g). This gives the first proof that such a trace function
converges and resolves the first case of the Etingof-Varchenko conjecture. As applications, we prove a sym-
metry property for traces of intertwiners and prove Felder-Varchenko’s conjecture in [FV04] that their elliptic
Macdonald polynomials are related to the affine Macdonald polynomials defined as traces over irreducible
integrable Uq(glg)—modules in [EK95]. We take the trigonometric and classical limits explicitly and recover
results of [EK94, EV00].

Our method relies on an interplay between the free field realization of the ¢-Wakimoto module of [Mat94],
convergence properties given by the theta hypergeometric integrals of [FV02], and rationality properties
originating from the representation-theoretic definition of the trace function. We apply the method of
coherent states to the g-vertex operator expression for the U, (sflg)—intertwiner to express its trace as a formal
Jackson integral of iterated contour integrals. Evaluation and a non-trivial manipulation of the resulting
integrals allows us to identify the Jackson integral with a renormalization of the Felder-Varchenko function
and therefore prove that the trace function converges.

Our work is motivated by Felder-Varchenko’s conjecture in [FV01, FV02] that their functions satisfy the
¢-KZB heat equation, an integral equation which endows them with a SL(3,Z) modular symmetry. Felder-
Varchenko proved their conjecture by hypergeometric integral computations only in two special cases. In
future work, we hope to apply and extend the representation-theoretic understanding of the Felder-Varchenko
functions provided by this work to show that all Felder-Varchenko functions satisfy the ¢-KZB heat equation
and prove the Felder-Varchenko conjecture.

In the remainder of this introduction, we state our results more precisely and give some additional moti-
vation and background. For convenience, all notations will be reintroduced in full detail in later sections.

1.1. Trace functions for Uq(f:\[g). We define now the trace function for Uq(sAlg) valued in the irreducible
three-dimensional representation which appears in our main results. A more general definition appears
in Section 2. For a weight u and level k, let M, ;, be the Verma module for Uq(sAlg) with highest weight
pup~+kAg and highest weight vector v, . Let o and k be generic and L (2) be the evaluation representation of
U, (g[g) corresponding to the 3-dimensional irreducible representation of U, (sl2). For wy € L2 [0], by [EFK9S,

Theorem 9.3.1] there is a unique Uq(g[g)—intertwiner

5(2) + Myp — M, . ®La(2)

which satisfies
q)ﬁ),ok('z)vu,k = v,k @ wy + (Lo.t.),

where (l.o.t.) denotes terms of lower weight in the first tensor factor. Define the trace function by

A d
T (00,015 K) 2= Tt (B2 ()77 72),

where we treat the trace as a C-valued function via the identification Ls[0] ~ C-wy and we remark that the
expression is independent of z.

In [ESV02], it was shown that T%°(gq, \,w, u, k) satisfies two commuting systems of infinite difference
equations in (A, w) and (u, k), the Macdonald-Ruijsenaars and dual Macdonald-Ruijsenaars equations. It
was further shown that a generalization of T%°(q, A, w, p, k) valued in the tensor product of multiple repre-
sentations satisfies the ¢-KZB and dual ¢-KZB equations, which are difference equations in A and pu.

1.2. Felder-Varchenko functions. The other key object in the present work is the Felder-Varchenko func-
tion, which we again define for the three-dimensional representation here, leaving a more general definition
to Section 3. In the region of parameters

lal, la™*], g7 < 1,
define the Felder-Varchenko function as the theta hypergeometric integral given by

U(qa )\7 w7 ‘[L, k) = in#iAi#iQ dt 2 (tv 72‘03 quk 00(tq2u; quk) 00 (tQ2/\7 q72UJ) )
¢, 2mit™ ! 00(tq=2; k) o (tq=2; ¢=2)

where the phase function is
(za”tsr,p) (2~ ta " trps 1, p)
(za;r,p)(z~ arp; T, p)

Y
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the theta function is 0y(u; q) := (u;q)(u~'q;q), the single and double g-Pochhammer symbols are (u;q) :=
[1,50(1 —ug") and (u;q,7) := [1, ,,50(1 —ug"r™), and the contour C; is the unit circle. Away from this
region, u is defined by analytic continuation and extends to a function on the region of parameters satisfying
lg7>| # 1 and |g~2| # 1.

In [FV02], the function u was shown to be a projective solution to the ¢-KZB heat equation, an integral
equation which is the difference analogue of the KZB heat equation and endows the functions u with a
SL(3,Z)-modular symmetry. In [FTV97, FTV99], generalizations of u valued in the tensor product of
multiple representations were shown to satisfy the ¢-KZB and dual ¢-KZB equations.

1.3. Statement of the main results. Our main result links the trace function T%°(q, A\,w, u, k) to the
Felder-Varchenko function in a certain region of the parameters ¢, ¢~2*, ¢~2*, ¢~*, and ¢~ 2*. We term this
region the good region of parameters and define it as the region where the parameters satisfy

(5.1) 0< g | < g™ < g~ < g~ | < lal, la] "
We show that the trace function converges and admits an integral formula on this region of parameters.

Theorem 5.1. For ¢~2# and then ¢~2* sufficiently close to 0 in the good region of parameters (5.1), the
trace function converges and has value

Two(q7)\7w7% k): _ un—_A+2_(q—4;_q—2w)_ _ _ _(q—Qk;q_—Qk)(q4q—2k_;q—2k_)
00(q?*; q729) (g} ~2q72w; g 22) (g7 721 q72) (g2, g 2F) (g2 2 g2k, g =2F)
(q‘zw”;q‘%,q‘z’“)zf At g2, g2 Oo(tq—>";4>*) Oo(tq™;47>)
(¢ 222 )2 Jo 2mit © 0 TG0t % ) On(tg 2 g %)

where the integration cycle C; is the unit circle.

Corollary 5.12. For ¢~ 2* and then ¢~2“ sufficiently close to 0 in the good region of parameters (5.1), the
trace T%°(q, \,w, u, k) is related to the Felder-Varchenko function by

g gt q7)
0o (q?;q729) (¢ 2q72%;q=2) (=22 ¢ %)

(22729 722 (a2 2F) (¢*q¢ 2 )

(72902, g2, q—2F)2 (q21+2; g~ 2k) (q21t+2q—2k; g—2k)

TU}O (q) A’ w? /’[” k) =

U(Q7 >\7 W, —H, k)

Remark. Together Theorem 5.1 and Corollary 5.12 form the quantum affine generalization of [EV00, ESV02,
EVO05, Theorem 8.1] and resolve the first case of Etingof-Varchenko’s conjecture from [EV00]. Further, The-
orem 5.1 gives the first proof that a trace function for the quantum affine algebra is analytic, as conjectured
in [ESV02, Remark 1].!

We obtain also a symmetry property for a renormalization of the trace function motivated by representa-
tion theory. Define a normalized trace by

T (g, Ay w, k) i= Tr|ar_, yy, (P2 TITY0 (71 X, —w, 1, k),

p—2Ag

where we interpret T%°(q~!, —\, —w, u, k) via the quasi-analytic continuation of T%°(q, \,w, i, k) to the
region |[¢72| < 1 and |¢~?¥| > 1. By this, we mean that the coefficients of T%°(q, \,w, i, k) as a for-
mal series in ¢~2% converge to rational functions in ¢=2* and ¢~%* for |[¢7?*| < 1 and |¢~2#| < 1, and
Two (g1, =\, —w, u, k) is interpreted by evaluating the same rational function coefficients in the region
lg~2*| > 1 and |¢~2*| < 1. We show the following symmetry property for the renormalized trace.

Theorem 8.1. The function 770 (¢, \,w, i, k) is symmetric under interchange of (A, w) and (p, k).

Remark. Theorem 8.1 is the generalization to the quantum affine case of the symmetry of [EV00, Propo-
sition 6.3]. In our setting, an additional difficulty which does not arise in the trigonometric limit is the
necessity of introducing quasi-analytic continuation. We expect the other symmetry of [EV00, Theorem 1.5]
to generalize to our setting as well.

11ntegral formulas for traces of screened vertex operators are given in [Kon94a, Kon94b| as noted in [ESV02, Remark 1],
but there has been no prior analysis of the convergence of the Jackson integrals.
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1.4. Relation to elliptic and affine Macdonald polynomials. In [FV04], Felder-Varchenko introduced
the elliptic Macdonald polynomials jwc(q, A, w) as hypergeometric theta functions in terms of their epony-
mous functions. In the trigonometric limit, they showed that these functions were related to Macdonald
polynomials, and they conjectured that in the general case they were related to the affine Macdonald poly-
nomials J, x 2(g, A, w) of [EK95]. We prove this conjecture in Theorem 9.9.

Theorem 9.9. Let k = k+4. For ¢~ 2* and then ¢—2¢ sufficiently close to 0 in the good region of parameters
(5.1), the elliptic and affine Macdonald polynomials are related by

J/L,k,Q(q7 )\,w)

J (g, A w) (g=4: g=29) (g=2: q—=29)3 (¢—29+2. g2 g—2F)2 _ . .
NA SR q 5 q q ' q q 54 » 4 — 2 — —92k —92k. —2k
| ( )( ) ( ~) qp,+4<q 2n 6; q Zk)(qu,+2q Qk;q Qk)

f(q,q*%) (q—4;q—2E)<q—2E;q—2E) (q—Qw—2;q—2w,q—2k)2
24;.1)

)

where f(q,q~ is the normalizing function of Proposition 9.8.

Remark. This theorem shows that ju,k(q, Aw) and J, k. 2(g, A,w) are proportional with constant of pro-
portionality explicit aside from dependence on the normalization constant f(g, ¢ %) for the denominator of
the affine Macdonald polynomial left undetermined in [EK95]. In future work, we plan to use the results of
the present paper to explicitly evaluate f(q,q=2).

1.5. Relation to the Felder-Varchenko conjecture. One of our motivations for studying the trace
function T'(q, A\, w, p, k) originates in two streams of prior work. In [ESV02], it was shown that traces of
intertwining operators for quantum affine algebras satisfy the Macdonald-Ruijsenaars, dual Macdonald-
Ruijsenaars, ¢-KZB, and dual ¢-KZB equations, giving four commuting systems of difference equations.? On
the other hand, in [FTV97, FTV99], it was shown that the Felder-Varchenko functions satisfy the ¢-KZB
and dual ¢-KZB equations, and in [FV01, FV02] it was conjectured that they also satisfy the ¢-KZB heat
equation, which is non-trivial in the case considered in this paper.

In [EV00, ESV02, EV05], Etingof-Varchenko posed the natural conjecture that the two resulting functions
are related by a simple renormalization, and in the trigonometric and classical limits proofs of this conjecture
for the sly case were given in [EV00, EK94, SV07]. Corollary 5.12 resolves this conjecture in the case of
functions valued in the three dimensional representation. This gives a representation-theoretic interpretation
of the Felder-Varchenko function and provides the first proof that the trace function for U, (5A[2) converges
for parameters lying in a certain region.

In future work, we aim to use this interpretation to study the Felder-Varchenko functions using the
representation theory of quantum affine algebras. In particular, we hope to prove symmetry properties
similar to that of Theorem 8.1 and to approach the Felder-Varchenko conjecture that the Felder-Varchenko
function satisfies the ¢-KZB heat equation. This would yield generalizations of the corresponding theorems
shown in the trigonometric limit in [EVO05].

1.6. Relation to geometry of Laumon spaces. In [Neg09, Negl1], Negut realizes certain intertwiners for
sl, and gA[n via geometric actions of these algebras on the equivariant cohomology of certain moduli spaces
known as (affine) Laumon spaces. He interprets traces of these intertwiners as generating functions for the
integrals of Chern polynomials of tangent bundles of the Laumon spaces, thereby relating the generating
functions to Calogero-Moser systems via results of [Eti95]. This picture is expected to admit quantization,
giving a relation between U, (;[n)—intertwiners and the K-theory of the affine Laumon space; for instance, an
action of the quantum loop algebra U, (Lsl,,) on the K-theory of the affine Laumon space was constructed in
[Tsy10]. Under this expected correspondence, our trace function would thereby encode certain intersection-
theoretic computations in K-theory giving enumerative information about the affine Laumon spaces.

1.7. Outline of method and organization. We briefly outline our method. The main technical inputs to
our computation of the trace function are the free field construction of the g-Wakimoto module of [Mat94] and
the method of coherent states for one loop correlation functions. Combining these tools, choosing contours
carefully to ensure convergence, and performing some intricate integral manipulations yields the Jackson
integral expression in Proposition 5.3 for the trace function. In the good region of parameters, we then check

2In this paper, we consider only traces valued in the dimension 3 irreducible representation, for which the ¢-KZB and dual
q-KZB equations are trivial.
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that this expression agrees with the formal expansion of the Felder-Varchenko function to deduce that the
trace function converges and has the integral form of Theorem 5.1.

In the remainder of the paper, we take degenerations and give some applications of Theorem 5.1. In
Theorems 6.9 and 7.4, we take the classical and trigonometric limits of our expression and show that they
reproduce prior results from [EK95] and [EV00]. In Theorem 8.1, we show that a normalized quasi-analytic
continuation of our trace function has a symmetry property predicted by representation theory. Finally, in
Theorem 9.9, we use the BGG resolution for irreducible integrable modules to compute the affine Macdonald
polynomial in terms of our trace functions. The resulting expression takes the form of the hypergeometric
theta functions posed as elliptic Macdonald polynomials by Felder-Varchenko in [FV04], resolving their
conjecture on the connection between the two.

The remainder of this paper is organized as follows. The technical heart of the paper is in Sections 2
to 5. In Section 2, we define our notations for U, (;[2) and for trace functions for U, (f?[g)—intertwiners. In
particular, we fix a coproduct which agrees with [Mat94] and is the opposite of that of [ESV02]. In Section
3, we fix notation for the Felder-Varchenko function and give a formal series expansion and quasi-analytic
continuation for it. In Section 4, we fix notations for the free field realization of Uq(glg)-modules given in
[Mat94] and compute normalizations of g-vertex operator expressions for intertwiners. In Section 5, we apply
the method of coherent states to the g-vertex operators from Section 4 to obtain a contour integral formula
for the trace function in Theorem 5.1 and identify it with the Felder-Varchenko function in Corollary 5.12.

In the remaining sections, we apply and take degenerations of Theorem 5.1. In Sections 6 and Sections
7, we verify in Theorems 6.9 and 7.4 that our computations are consistent with existing computations in
the classical and trigonometric limits. In Section 8, we show that a renormalization of the trace function
satisfies a symmetry property motivated by representation theory. In Section 9, we relate the affine and
elliptic Macdonald polynomials to our trace functions using the BGG resolution and dynamical Weyl group
for U, (;[2)—1110(111168 and prove Felder-Varchenko’s conjecture on their relation. Appendices A and B contain
notations and estimates for elliptic functions and computations of OPE’s and one loop correlation functions
which occur in the method of coherent states.

1.8. Acknowledgments. The author thanks P. Etingof for suggesting the problem and for many helpful
discussions. Y. S. was supported by a NSF Graduate Research Fellowship (NSF Grant #1122374).

2. THE TRACE FUNCTION FOR Uy (sl2)-INTERTWINERS

In this section, we give our notations and conventions for Uq(g[g) and define the trace functions for

U, (f?[g)—intertwiners which will be the focus of this work. Our coproduct is the opposite of that in [ESV02]
and therefore some of our variable shifts are also different.

2.1. The Cartan subalgebra of s?[2~ and ;[2. Denote by f/s\[g the affinization of sly and by 5~[2 its central
extension. The Cartan subalgebra of sly and its dual are given by

h = Ca®Cc® Cd and h* = Ca @ CAo ® CS,

where Ag = ¢* and § = d*. Define p = %oz, and recall that sl has dual Coxeter number h = 1+ (6, p) = 2,
where 6 = « is the highest root. Define oy ==, ap :=6 —a € h*, and p:= p + 2A¢.
The algebra sly admits a non-degenerate invariant form (—, —) whose restriction to b has non-trivial values

(o, ) = 2, (c,d) =1, (d,d)=0
and agrees with the form on h. This defines the identification E ~ E* given by
a a, ¢+ 0, d— Ag.
Transporting the form to E* yields the non-trivial values
(o, ) =2, (0,A0) =1, (Ao, Ag) = 0.

The Cartan matrix A = (a;;) for sly is defined by a;; = (o, ).
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2.2. The algebras U, (.;\[2) and U, (5~[2) Let q be a non-zero complex number transcendental over Q, and
for an integer n define the g-number by [n] = q L g-factorial by n)!=1[n]----- [1], ¢-falling factorial by
[n]i =[n]---[n—1+1], and ¢-binomial coefﬁment by (M, =

is the Hopf algebra generated as an algebra by e;, fi, ¢t for i = 0,1 with relations

The quantum affine algebra U, (s 5ly)

q [M]'[n m]l

e s o e hy _ (hey N
4" "] =0 qMejgh = qhee;  ghi g =gt (e, f] = L ———
1—a;; 1—ayj;
~ k 1- Qij l—aijj—k K ! k 1- Qij l1—a;;—k k
DOEDHT T e e =00 Y (=D Y ) TS =0
k=0 q k=0 q

The coproduct, antipode, and counit of U, (sly) are
Ale)=e;@1+¢" ®e;,  A(f)=fivwd " +10fi,  A@")=d"@d";
S(ei) = *q*’“eu S(f) = —fid™,  S(¢")=q¢7"
e(e;) =e(fi e(¢") = 1.

We centrally extend Uy(slz) to U, (5[2) by adding a generator ¢ which commutes with ¢" and whose
commutators with e; and fi are

[¢%,ei] = [q", fi] = 0 for i # 0, q%e0q™" = geo, 0" fog " =q""fo
and on which the coproduct, antipode, and counit are
Ag)=q¢"®q", Sl =q¢? e¢)=1L
Define the subalgebras Uq(EJr) = (e;, q¢™"), U, ( ) = {fi, ), U,(ny) = (e;), and U, (n_) = (fi) of Uq(g[z).
Remark. This coproduct agrees with that of [Mat94, Kon94b] and is opposite to that of [ESV02].

) =
sl

2.3. Verma modules for Uq(g[g). We denote by M, := M, +ka, the Verma module for Uq(sjlg) with
highest weight pp + kAg and by v, € M, , a canonically chosen highest weight vector; this module is of

level k. We extend it to a U, (;IQ)—module by letting ¢% act by 1 on vy k- Define the restricted dual of M, j

by
MYy = € M, k[-ms

m>0

where the action of Uq(.;\[Q) is given by (u - ¢)(m) := ¢(S(u)m). Let v ; be the dual vector to the highest
weight vector v, ;. For generic (u, k), the Verma module M, ;. is irreducible; we will make this assumption
throughout the paper outside of Section 9.

Remark. In the notation of [Mat94], M, is the Verma module of spin 4 at level k. In the notation of
[ESV02], M,, 1, is equal to Mu ,2?2 K

Define the algebra anti-automorphism w : Uq(g[g) — Uq(sz\[g) by w(e;) = fi, w(fi) = e;, and w(q") = ¢".
Define a symmetric form on M, ; by

F(avy g, v, k) = <w(a)v;7k,bv#7k>,

where a,b € Uy(n-) and w(a)v; , € M, On My, ;[up + kAo — Ap — ad], it is related to the Shapovalov
F(—,—) form of [Jos95, Theorem 4.1.16] by

Fl=, =) = Cag Wrtbhadorad ()
for some constant Cy. Noting that by [Jos95, Lemma 3.4.8] the Kostant partition function satisfies
P(Ap+ ad)(Ap+ad) = ZZP)\eraé—nﬂ)ﬂ

BA>0n>1

we obtain the following scaling of the Kac-Kazhdan determinant formula for F.
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Proposition 2.1 ([Jos95, Theorem 4.1.16]). When restricted to M, r[pp + kAo — Ap — ad], the form F has
determinant

C H H(l — g 2B pptkhotP)+n(B,8)) P(Nptad—np)
B>0n>1

where C'is a non-zero constant depending on choice of basis, 8 ranges over positive roots {a, ta + md, md |
m > 0}, and P denotes the Kostant partition function.

Remark. Proposition 2.1 is the quantum analogue of the Kac-Kazhdan determinant formula of [KK79].

2.4. Evaluation modules for U, (;[2) Let MY ., denote the restricted dual Verma module of lowest weight
—p for Uy(sly); if p is a positive integer, let L, C MY, be the corresponding irreducible finite dimen-
sional module. Let MY (2) and L,(z) denote the corresponding affinizations. We choose an explicit basis

Wy, -+, W—2, for Lo, (z) so that Uq(.;\[Q) acts by

[
CoWam ® 2™ = [+ mwaom o ® 2"
frwam ® 2" = [p+ mlwam—2 @ 2"
fowam @ 2" = [ — mlwamis @ 2" !
M wom ® 2" = M way, @ 2"
O wam ® 2" = ¢ M Wa, @ 2
@ wam @ 2" = " way, @ 2"

Remark. This basis is related to the basis v, in [Mat94] by wam = vy, —m.

2.5. Completed tensor product and intertwiners. Let V(z) be a finite-dimensional evaluation repre-
sentation for U, (sly). Define the completed tensor product by

M, 8V (2) == (M,)/})* ® V(2) ~ Home (M,/ ., V(2)),

where by (M,/;)* we mean the full linear dual, the U, (glg)—action on Home (M, ,, V(2)) is given in Sweedler
notation by (u - p)(m) = u2)p(S(u(1))m), and the isomorphism is given by ¢* @ v — (1/) — qS*(q’Qﬁzb)v).
As a vector space we have an isomorphism

Mup®V () = (M) @V (2) = [ (Musl-ad] @ V(2))
a>0

under which elements of M, j ®V (z) are sums Yoo m; @v; with m;, v; homogeneous and lim;_,, deg(m;) =
co. For v € V([r], if M}/, is irreducible, by [EFK98, Theorem 9.3.1] there is a unique U, (slz)-intertwiner

Z,k(z) : M/L,k — M;L—-r,k@V(Z)
which satisfies
) 1 (2)vpk = vur @ v+ (Lot.),

where (l.o.t.) denotes terms of lower weight in the first tensor factor. If Vi,...,V, are finite-dimensional
representations, v; € V;[r;], define the iterated intertwiner by the composition of intertwiners

@Zf,;""v"(zl, ceZn) My — M“_ka(@Vn(zn) — = M#_Tl_i.,_m,’k(@%(zl)@ e @Vn(zn)

Remark. These intertwiners are known as Type I intertwiners. Due to our coproduct convention, they
correspond to Type II intertwiners in the coproduct of [ESV02].
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2.6. Definition of the trace function. Define the trace function W¥»¥n(zy, ..., 2,5\, w, 1, k) as the
formal power series in ¢~2* given by

WO (g 2 A w, i k) = Ty, (@Zf,’e“"”"(zl, ce zn)qQ’\’”Q‘“d).
In the case n = 1, the trace function ¥?(z; A\, w, u, k) is independent of z, and we use the notation
(2.1) (g A\ w, p, k) =Y (23 A w0 = 1k = 2) = Tr|nrg, 4,0 aa, (@;_Lk_2(z)q2*f’+2wd).

If v = wy € Loy [0], then T%° (g, A\, w, p, k) lies in Lo, [0] ~ C - wp, and we interpret it as a C-valued function
via the identification C - wg ~ C.

Remark. Our notation for UV -n(zy, ... zp; A, w, 4, k) is related to that of [ESV02] by the use of the
opposite coproduct and the variable shifts

WYLt (g 2 A w, k) = ORI (2, 2 A — w/2,w, 0 — k2, k).
We choose our conventions to make the classical and trigonometric limits more transparent.

Remark. As defined, all trace functions we consider are formal power series in ¢~2*. Our main result

Theorem 5.1 shows that for wy € Lo the formal power series for T%° (g, A\, w, u, k) converges in a certain
region of parameters, meaning it is analytic.

2.7. Rationality properties of the trace function. The goal of this subsection is to prove Proposition
2.6, which characterizes the coefficient of the power series expansion of the trace function in ¢=2%. We begin
by giving an explicit expression for the intertwiner in terms of the form F on M, ;. Choose a homogeneous

basis {g;"*} for U,(R_) so that wt(g;"*) = —\p — ad, and define the matrix elements
A, A,
Faalpsk)ij = F(g; O ks 65 Vpuke)
of the form and the elements F; ! (i, k);; of its inverse matrix.

Lemma 2.2. For v € V(z), the vector

Bk = D D Fn ol k)ig (%79 vy ) @ w(g) )

Aa 1,]
in M, ,®V(z) is singular.
Proof. Notice that ¢, 1. is singular if and only if the composition

v MY, T MY @ (MY, @ V(z) > V(2)

induced by ¢, k., and m ® f — f(g~2’m) is a map of U,(n )-modules. This holds since

Wl e) = S0 S Frk s kg (g )05 00 9 s dw(g) Yo

Aa ]
=D Fo (s k)i Fop(pa, Kiico (g o = Z L@ = w(g ). O
i,j
Lemma 2.3. The matrix elements .F/\_(ll(u, k)i; of the inverse of F are rational functions in g~ 2" and ¢ 2k
with at most simple poles whose denominators are products of linear terms of the form
(1 _ q—2(;4+1)—2m(k+2)+2n)’ (1 _ q2(u—&-1)—2(771—‘,—1)(l’€-|—2)—|-2n)7 (1 _ q—2(m+1)(k+2)) for m > 0,n>1.

Proof. This is proven in the same way as [ES95, Lemma 3.2], noting that these linear terms are exactly those
appearing in the Kac-Kazhdan determinant of Proposition 2.1. O

Lemma 2.4. If v € V0], the only linear terms from Lemma 2.3 which appear in coefficients _7-';7(11(;17 k)i; of
@k are those for which Vina] # 0 or V[—na] # 0.

Proof. This is proven in the same way as [ES98, Proposition 2.2]. (]
Lemma 2.5. For wy € L3[0], as functions of ¢~2# and ¢~ 2¥, matrix elements of ®7.(2) in the PBW basis

b : in the f Pij(g~**,q7%%) h
may be written in the form Q. (T 7F) where
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o P (g=2*,q=?%) is a polynomial in ¢~2* and Laurent polynomial in ¢~2¥;
o Qi (g=2#,q%) is a polynomial in ¢~2* and Laurent polynomial in ¢~2* given by a product of linear
terms of the form

(1 o q—2(u+1)—2m(k+2)i2)’ (1 _ q2(u+l)—2(m+l)(k+2)i2)’ (1 _ q—2(m+1)(k+2)) for m > 0;

e in each graded piece M,, x[—ad], the P;; contain a finite number of distinct non-zero monomials and
the @;; contain a finite number of linear factors.

Proof. This follows for ¢, i w, = @ﬁf’k(z)vmk by Lemma 2.4. Each other matrix element of @Z’f’k(z) is
computed by acting on ¢, k., by monomials composed of products of A(f;) for different i. Therefore,
matrix elements in M, 1[—ad] for a < A are finite linear combinations of the coefficients of ¢, i ., in degree
at least (—A) scaled by constants independent of p and k, yielding the desired for all matrix elements. [

We now constrain the structure of poles of the trace function. This result is similar to that of [ES98,
Proposition 3.1]. However, in the quantum affine setting, it is possible for the trace function to have an
infinite number of poles, but as a formal power series in g~2% each coefficient does not.

Proposition 2.6. For wg € Ly[0], the function U0 (z; A\, w, u, k) may be written in the form

U0 (25 X w, k) = @Y gm0 (25, p, k)
n>0

as a formal power series in ¢~2 where W0(z;\, u, k) takes the form M with P, (q~2*, ¢~ 2F)

polynomial in ¢~2* and Laurent polynomial in ¢~2* and Q,(¢~%*,¢ %*) a polynomial given by a finite
product of linear terms of the form

(1- q_g(u+1)_2m(k+2)i2)’ (1- q2(u+1)—2(m+1)(k+2)i2)’ (1- q—2(m+1)(k+2)) for m > 0.

Proof. This follows from Lemma 2.5 in the same way as [ES98, Proposition 3.1] follows from [ES98, Propo-
sition 2.2]. m

3. THE FELDER-VARCHENKO FUNCTION

In this section, we introduce the Felder-Varchenko functions, specialize their definition to the three-
dimensional irreducible representation of Uy (slz), and derive some of their properties which we will use later.
In particular, we give a series expansion and quasi-analytic continuation.

3.1. Definition of the Felder-Varchenko function. For A = (A1,...,A,), let
Ly =Lp, ®---® Ly,

be the tensor product of finite dimensional irreducible representations of U,(sly) with highest weights
Ay, ..., A, and highest weight vectors vp,,...,va, . In [FV01], Felder-Varchenko defined the L, [0] ® LA [0]-
valued functions

(3.1) (21, 2n, @ \yw, ik, q) = g~ M /HQ ( ¢, _Qk)HQ —2( - w7q_2k)
Y i, 1<j J
7%’ ) dty---dt,,

— 7 X ey.
i)ty -ty

—2 v
Zwl ooy tms 20 oo oy Zns Ay @ -2 A Wi (B0, oo sty 215 - oy 20y 1y G

The notations in this definition are as follows. The summation is over I and J so that for e; = e“v/\l ®
ey, and ey = eMluy, @ - - ®@elmvy,, er and ey form bases of L[0]. The phase function {2 is defined
in (A.2) by

(za Y57 p)(z~ta " rps 7, p)

Qa(z;m,p) =
(z37.p) (za;r,p)(z~tarp;r,p)

Y
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where (u; 7, p) is the double g-Pochhammer symbol of Subsection A.1. The weight function wy is defined by

)
w(ihm’in)(tl,...7tm7zl,...,zn,)\,r,A):Ha( Z HHH q

i<j oIn I=14€l; j= 1

11 11 ;#.’ e

Y —Ap
h<li€lp,jel; h=1j€ly G(th T)

g~ An+2in— 23 (A - 2i1), r)

)

where 6(—) is Jacobi’s first theta function as defined in (A.1) and the summation is over disjoint subsets
Ii,.... L, of {1,...,m} so that |I;,| = i,. The mirror weight function wy is defined by

w;/h_”’in(tl, cotmy 21, e 2 D A A = wi (Bt 2y e 20 1D Ay, A,
Finally, the cycle of integration + is defined by analytic continuation from the domain on which

lal, la=2%],1¢72],1¢" | < 1,

where it is the m-fold product of unit circles. We refer to the functions w(z1,..., zn, ¢, A\, w, i, k) as Felder-
Varchenko functions.

Remark. We have adopted different notations from those used in [FV01]; in particular, we use multiplicative
notation. For ¢ = e>™, we have

(3.2) u(g, A w, g, k) = u™V (200, 2pm, —2wn, —2kn, 1),
where ufV (A, i, 7, p,n) denotes the function from [FV01].

Let n = 1 and A = (2), so that Ly = Lo, where Lo is the 3-dimensional irreducible representation of
U,(sl2). Notice then that Ly[0] ® L2[0] is 1-dimensional, so we may consider u(z, A, i, 7, p, 1) as a numerical
function. In this case, we have

0(2g;r) 0(Le*;p)
wi(t,z,\, 1) = —2—~ and w (t, z, p,p) = —2—"~.
! : 0(Zq=2r) i ) 0(Zq % p)
Specializing (3.1) and noting that the result is independent of z yields
- di 3 3 0 (tqz“' q72k) go(tq2/\.q72w)
3.3 7)\ ,k Ap—A—p—2 t; Qw’ 2ky\ Y0 ) ’ ,
(3.3) u(q, \,w, i, k) = e, 2mit 2tq q 00(tq—2;q2%) Oo(tq 2 ¢~ 2)

where for |q|,|q2*],|¢~%%| < 1 the contour C; is the unit circle and we omit the z argument. The remainder
of this section will be devoted to proving some properties of the Felder-Varchenko function.

3.2. Series expansion of the Felder-Varchenko function. In this section, we give formal power series

expansions for the Felder-Varchenko function in formal neighborhoods of 0 and oo in ¢~2#. Recall that the
(u39)

= (ug™;)

terminating g-Pochhammer symbol is (u; q)n, as in Subsection A.1.

2w

Proposition 3.1. As a formal power series in ¢~2, we have in a formal neighborhood of 0 in ¢~2# that

u(g, A\, w, u, k) _ (¢4 ¢ 2) (g4 2, g~ 2%) 1
0o (g +2; g=2F) (a4 q72)(q* q72%,q7 ) (a7 :q72%) (72 ¢~ 2)
Z q—(2u+2)n 90( 2/\+2q—2kn. q—2w) n 90(q4q—2kl;q—2w)
= fo(q*q= " q7>) 13 Oolg™M5q72)
and in a formal neighborhood of co in ¢~2# that
q>\N+M u(q, Avwvﬂa k) _ —A—2 (q7 q 2w,q 2k ’q72w) 1 1
0o (q2—2; ¢ 2F) (¢hq2kq29; g2k q=29) (q—2k; ¢~ 2F)(q—29; ¢~ 2) (qhq2F; ¢ 2F)

anwz)n@o(q A2 g2 £y Oo(g M g 7)

eo(q—4q2kn; q—2w) 90( 2kl7 q—Qw)

n>0 =1
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Proof. Denote the integrand of the Felder-Varchenko function by

Cow—on B0 (t@® g7 ) 0o (tg*N; )
/U t7 7>\7 w7 7k - Q t; 2w7 Qk d ’ b
(tq k) = Qe (tia g Oo(tq=2q=2%) Oo(tq=2 q=2)

and take the formal expansion
v(t, g, A w, p, k) = Zvn(t,q, A 1y k)g ™2,
n>0
We may write v(t, q, A\, w, u, k) = vo(t, g, A, p, £)0(t, q, A\, w, u, k), where v has power series expansion
v(t, g, A\ w, k) =14+ Z U (t, q, Ny, k)g 2"
n>0

with each v,, a Laurent polynomial in ¢ of degree at most n. In particular, all poles of v, in C* are those of
vg. For small enough € > 0, we may choose contours for ¢ with [¢| — 0 satisfying the hypotheses of Corollary
A.2 for e. On such contours, we have the estimate

Oo(tq®*; q—2F)
Oo(tq=2;q=2F)

for a constant C' is independent of ¢.
On a formal neighborhood of 0 in ¢~2#, because ¥, is a Laurent polynomial in ¢ of degree at most n, by

pt1
" < Dig 2 e)|gl ! [P R] E pp < C e

(3.4)

(3.4) we may compute u(q, \, w, i, k) by deforming C; to 0 and summing residues at ¢ = ¢>¢~2*". As a power
. . 72“‘] .
series in ¢~ *“, we obtain
u(Qa A,wa 1, k) _ qi)\ilLiQ Z Res ok ( dt QO z(t' q72w q72k: 90(tqzu; q72k) GO(tQQ)\; q—Zw))
Bo(q*+%q72%) — BolaP 23 q=>F) T T 2wt T Oo(tq=2;q72*) bo(tg=2q7>)
_ q—)\—u—2 (q—2k(n+1); q—2w q—2k)(q q—2wq2k:(n 1)’ q—2w7 q—Qk)
0o (g2 +2; ¢~ 2F) Pt (qhq—2kn; g—2w q—2k) (g~ 2w g2k(n—1); g—2w_¢—2k)
00(q2,u+2q72kn; q72k) 90(q2)\+2q72kn; q72w)
(q=2k; q=2k) (q2k(n=1); g=2k),, 1 (q=2kn;q=2k) (g~ 2w0g?kn; q=2w)
B S S i [C T Y ). 1
i g = T - -
(¢4 q Qk)(q4.q 2w q 2k) (g 2F; g2k (g~ 29, g 22)

2)\+2 —2w n 90( 4 —2kl q—2w)

Z q—(2,u+2)n 90(
Ca 2’“” 00(q Mgme)

n>0 =1

On a formal neighborhood of oo in ¢~2*, we may similarly compute u(q, \,w, i1, k) by deforming C; to co

and summing residues at t = ¢~2¢?*", yielding
M ru(g A w, k) g S Res|o_y oo ( W ot g2, g2 Oo(t®"; 4~ %) 90(tq2*;q’2“’))
90(q2u—2;q—2k) 90(q2u 2. q—2k = t=q— omit q ’ ) eo(tq_Q;q—Zk) eo(tq—Q;q—Qw)
B g2 Z (g24=2g2hm: q=2F) Gy (g2 22k g~ 2)
= ol 2}4 2. ¢ 2k) n>0 an O el D)

(q 4q2kn’q 2k’q72w)(q72knq q Qw;q72kq72w)
(

(q2k”q_2w; q—2k q 2u.:)(q2kn7 q—2k)n(q—2k —Zk) q4q—2knq—2kq—2w; q—2k’ q—2w)

I (a*a>q %, ) 1 Oo(a® % ¢~*")
90(q2u—2; q—Qk) (q4q—2kq—2w —Qk —QW) (q—Qk —Qk)(q—ZW. q—2w) (q4q—2k; q—Qk’)
Z (2M+2)n90(q2>\ 2 2k:n w ﬁ 90 —4 2kl g ) -
q 0o(q—2 21m —2w 2kl )

n>0 =1
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3.3. Quasi-analytic continuation of the Felder-Varchenko function. In what follows, we require the

concept of quasi-analytic continuation of a formal power series in multiple variables. Let f!(z,w1,...,wy,)
and f2(z,w1, ..., w,) be formal power series of the form
fizwr,. .. wy) = Z Fi(wr, ... wp)2™,

n>0
Suppose that for |z| < 1, f1(z, w1, ..., wy) and f2(z,wy, ..., w,) converge on possibly disjoint regions U; and
Us for w = (wy,...,wy) and that each f!(w1,...,wy) admits analytic continuation to a rational function
of w. We say that f' is a quasi-analytic continuation of f? if for each n we have an equality of analytic
continuations fl(ws,...,wm) = f2(w1,...,w,). We denote this by f1(z,wi,...,wn) = f2(z, w1, ..., wn).

As an example, we compute a quasi-analytic continuation we will use later.

Lemma 3.2. As quasi-analytic continuations in the formal variable p from |r| < 1 to |r| > 1, we have

—1 —1

(ps7) = (r_lp;r_l) and (ap;p,7) = (ar_lp;p,r_l)

Proof. For the first claim, notice that

k
(*1)kpk7"(2) prr* -1, .—1\—1
ir) = 1—pr™) = = = ; .

(pi7) H( ) Z L—r)-(1L—1h) Z Q—r 1) (1—rk) = pr)
n>0 k>0 k>0
For the second claim, by the first claim, we have
(ap;p,r) = [[(ap™sr) = [ (ar™"'p"sr )" = (ar 'psp,r= )71 O
n>1 n>1

Remark. The domains U; and U on which f! and f2? converge in w are allowed not only to be disjoint but
also to be separated by a dense set of singularities, as occurs in Lemma 3.2. This is forbidden when analytic
continuation is considered instead of quasi-analytic continuation.

In what follows, we consider quasi-analytic continuation in the formal variable ¢=2¢. We give a quasi-

analytic continuation of a normalization of the Felder-Varchenko function to the region |q| > 1, |¢72F| > 1.
Note that the integrand of u(q, \,w, i1, k) does not admit quasi-analytic continuation in ¢=2* when ¢=2¢ is
considered as a formal variable, but the normalized result of the integration does admit such a continuation.
Recall the terminating ¢-Pochhammer symbol (u; q),, of Subsection A.1.

Lemma 3.3. For |q| < 1, |[¢2¥| < 1, and w > m, we have the integral

I =

% dt (tq_z; q—zk) Qo(tq2“; q—2k> 1— tq2>‘ o
jt=1 2mit (tq?;q=2%) Oo(tq=2;¢72k) 1 — tq=2
. <q2;l,+2; q—Qk)(q—Zu—&-Q—Qk; q—2k-> (q—2u—2—2k; q—Qk)m 1 — g2+2 _ g=2w2-2km | 22—2u—2km
(q~2%; = 2F) (g% ¢~ 2F) (q—2n+2-2k; g=2k) 1 — g2n—2-2km

Proof. By Corollary A.2, we have for

2;4q—2kn‘

(3.5) min ’ log |tq > ¢ and min |log [tg~2¢~?*"|| > ¢
n n

that there is some D;(q,¢) for which

Oo(tq®; q2%)

P ESY 2(p2-1) 2(p+1)
Bo(lq—2: g 2F) < Di(q, 9)lgl" TP 2" = Da(q,e)lgl T TE e T E

Because all other terms converge to 1 as ¢t — 0, for w > m the integral vanishes after deforming the
t-contour to a contour near 0 which satisfies (3.5). Therefore, the value of I,,, is the sum of residues near 0,
which occur at the poles t = ¢2¢~2"F for n > 0.
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To compute the sum of residues, notice that
I - % dt (tq~* ") Oo(tg™;g~*) 1 —tg* ,
" Sl 2mit (tg%97 %) Oo(tgm2 7)1 — tg—2

—qQ% dt fo(tg*"; ¢ *") (1 — tg?)em1
lt|=1 2mit (tqQ' q k) (t=1q% q72F)

g Z Bo (q21+2q— 2k g~ 2k) i
= (¢*q—2Fn; —2k)(q2kn;q—2k)n(q—2k;q—2k)

- q2)\+2q72kn) 2(m71)q72(m71)kn

q

0, ( 2p+2. 72]@) ( 4. 72k‘)
2m olq 5 q q-;q n ( 2242 —2kn\ —(2pu+2)n ,—2kmn
> I )a
) = (

q q
(@ 2*3072F) (g% ¢ 2F) = (2% 97 %),

0o (g2 +2; g=2F) ((q72u+272km; ) orto (q72u+272k(m+1); q72k))

2m

= (q—Zk; q—Qk)(q4; q—Qk) (q—2;t—2—2km; q—Qk) —4q (q—2,u—2—2k(m+1); q—2k)
_ om (q2p,+2; q—Qk)(q—Qu-&-Q—Zk; q—2k) (q—2p—2—2k; q—2k)m 1— q2>\+2 _ q—2u+2—2km + q2>\—2u—2km 0
=4 (q72k; q72k)(q4; q72k) (q*2/»¢+2*2k; q72k)m 1— q72,u7272km :

Lemma 3.4. For |q| < 1, |¢?*| < 1, and % > m, we have the integral
I ?{ dt (tg*q°%) Oo(ta™";*") 1 —tg**
" Je, 2mit (tq72¢%%) Oo(te®;¢?*) 1 —tg?
g (722 2R (PR 2R (PRI 2Ry 2A-2 22k 2km 202 2km
(0% %) (¢2F; ¢2F) (q2n—2+2k; g2k) 1— g2n+2+2km ’

where C; is a contour containing the poles inside |t| = 1 except ¢ = ¢? and excluding the poles outside [t| = 1
except t = ¢ 2.

Proof. By Corollary A.2, we have for

(3.6) min ’ log [tq 2 q**™| 2kn| > ¢
n

> ¢ and min | log |t¢%q
n
that there is some D;(q,¢) for which
Oo(ta—*";¢%%)
Oo(tq?; ¢**)
All other terms in the integrand converge to 1 as t — 0, so for w > m, the integral vanishes after
deforming the ¢-contour to a contour near 0 which satisfies (3.6). Therefore, the value of I}, is the sum of

residues which are picked up when deforming the contour to 0, which occur at the poles t = ¢~2¢**™ for
n > 0. We deform the contour and pick up residues to find

, % dt (tq2. q2k:) 90(&]72/’1" q2k) 1— tqQ)\ m
I, = t
C

2(u+1)

< Di(g,e)lq| ™" Ht2q ™

L 2mit (tq=2;¢%%) Oo(tq?;¢%F) 1 —tq?

_ 7}{ dt ( —2 g?k) g2 (1 — tg?)
¢, 2mit (tg=2;¢%)(t"1q=%; ¢2")

_ Z ( —2um2 g2k, g2k) g2 gRknm1) (1 _ g2A=22kn)

(g qz’”’ 7 )( ‘2’“" 7**)n ( )
__om_bolg” 7**) Z (¢~ (2u+2)n+2kmn(1 _ 2%

(g~ ¢%* =
__—2m bo(q~ q%) (qPn—2t2km, Qk) aa—2 (g

2p=2+2k(m+1) g2k)
(q 7q2lc)(q2k qQk) <(q2,u+2+2km qQk) —q (q2u+2+2k(m+1); q2k))

—2u—2. 2k 2 242k 2 242k, 2 2u—2+42k 22+2 2k
_q—2m(q M) (g et poRbRkm g gPARpzkm

;q2%) (q 1K) 1—¢* 2 —¢q
(¢ % %) (g2F; ¢2F) (q2n—2t2k; g2k - 1 — g2ut2+2km

O
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Remark. In Lemma 3.3, the quantity

—2k —2k) —2pu—2—2k.

(q 7q_2k)(q4;q I = — 2m (q g q

—Zk)m 1— q2k+2 _
(2112 g2k (q—2n+2=2k; g=2k) "™ q (q2n+2=2k; g—2k) 1 — g 2n—2-2km

—2p+2—-2km + q2>\—2u—2km

is a rational function in all variables. This suggests the correct function to quasi-analytically continue is

(a2a7%) (g% q

—Qk)
(q21+2; q=2k) (g2 +2=2k; g=2k) e A, s )

Define the function

(3.7)
f(t ¢ )\ " k) _ (tq 2 2w;q—2w,q—2k)(t 1q—2q qu—2k;q—2w7q—2k) (tq2kq—2w;q—Qw)(t—lq—ZAq—Qw;q—Qw)
e (tq?q= 25 g2, g2k ) (t1q2q 20 g2k 72w, q72k)  (tq=2q= 2 q72%) (t 1 g2~ 25 g~ %)
so that
0 t2;¢ —2k O (t 2M. ,—2w t —-2. —2k 9 t2;¢ —2k 1— t
O (t: g2, g2ty Dolte ) boltg™:q7™) _ (tg"*¢"™") boltq ) 1—tg* Ft g hw, k).

Oo(ta=2q72%) Oo(ta=2,¢7%)  (tg®q=2) Oo(tq=2q72%) 1 — tq 2
Note that f(¢,q, \,w, k) admits a formal expansion

Fg N w k) =33 g 2" frm(a, A k)

n>0m=—n

for some rational functions f, m(q, A\, k) of ¢, ¢**, and ¢=2* with fo0(gq,\,k) = 1. We now find a quasi-
analytic continuation of f(¢,q, \,w, k) and then use it in conjunction with our computations in Lemmas 3.3
and 3.4 to obtain the desired continuation of the Felder-Varchenko function in Proposition 3.7.

Lemma 3.5. The quasi-analytic continuation of f(¢,q, \,w,k) to |¢~2¥| > 1 is

(tq2q—2wq2k; q—2w7 q2k)(t—1q2q—2w; q—2w7 q2k> (tqQ)\q—2w; q—2w>(t—1q—2kq—2w; q—2w)

flt, g, w, k) = :
(tq72q72wq2k; (]720.)7 qQk)(t71q72q72w; q72w’ q2k) (tq72q72w; q72w)(t71q2q72w; q72w)

Proof. This follows by applying the computation of Lemma 3.2 repeatedly. ]

Proposition 3.6. The quasi-analytic continuation of

(a7 %) (" q

—2kr)
(q21+2; q=2k) (q=2m+2=2k; g=2k) wd,hw, 1 k)

to|gl <1, |¢"%| <1, and |g~ 2| > 11s

VR NRE I it (Ui 0 j{ ot 2k>90(tQ‘2“;q2’“) Oo(tq**; q**)
(q21=2q%k) (g =22k ) Jo, 2mit 1 ’ Oo(ta?; %) Oo(tq* q=2) "

where C; contains poles inside |t| = 1 except t = ¢ and excludes poles outside |t| = 1 except t = ¢ 2.

Proof. Define t(q, \,w, u, k) = ¢g*+tAT#+2y(q, A\, w, i, k). By definition, we have

- dt (tq=2;q7%%) Go(tq2”' g k) 1 —tg* 9
Aw, i, k) = J O L (4, A K
u(q, y Wy My ) %”:1 2mit (tq2; q72k) 90(tq 2k 1— tq 2 Z Z 4q f (q )

n>0m=-n
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By Lemmas 3.3 and 3.4, we have on a formal neighborhood of 0 in ¢—2* that

(% a7 (g% a7 (g, \ k)
(q2u+2.q—2k)(q—2u+2—2k. q—Qk)u 4 A5 Wy s

—2p—2—-2k. 72k) 1— q2)\+2 4 2p+2—-2km + q2A72;¢72km

—2nw 5 q m q
= - q q _ —9k. —2k —24—2—92k fn,m(Qa)‘vk)
7;) m;n 2“+22,q2)m 1 — q—2n—2-2km
2/L+2+2k 2u—242km _ 2A+2pu+2km 2A—2
4 ) ) s )m q q 1+g¢
=q Z q " Z m 2/,1, 24-2k. q ) 1— q2,u,+2+2km fn,m(q7 >\’ k>
n>0 m=—n
—4. 2k\(2k. 2k n
_ 4 (g 'q )(@%; ¢%") 2 ,
=4q (q—2u 2 )( 21— 2+2k 2k) Zq o Z f"vm(q’A’k)Im
n>0 m=—n
_g - Qk)( 3 4%2 (@A )7{ di (tg*q*") Goltg*";q*") 1 - tg**
(q=21=2; g2F) (q2n— 2+2k q2F) n>0 e mAE 75 ¢, 2mit (tq=2;q%%) Oo(tq?;q%%) 1 — tq>
O 2'“)( ¢**) ]{ dt (tg*¢°") Oo(ta ;¢*") 1 —tq”f(t A ),
T ), B ) G ) T |

Thus, the coefficients of each formal expansion in ¢~2“ have the same analytic continuations as formal series
in ¢~2* and ¢~ 2* for the first and formal series in ¢** and ¢2* for the second, so the above equality holds at
the level of formal series in ¢~2* with coefficients which are rational functions in ¢* and ¢2*. Substituting
the quasi-analytic continuation of f(t¢, ¢, A\,w, k) from Lemma 3.5, we conclude that

(%47 ) (¢* ¢ AN k)
(q2+2; g2k (q—2u+2-2k, g—2F) 4, AW, s

4 (q74; qQk:)(QQk; q2k) % dt (tqQ, q2k) 00(15(]72”; q2k) 1— tqQ)\

=49

(q72u72-q2k)(q2u72+2k;q2k) omit (tqg=2;¢%%) Bo(tq?; q2F) 1 —tq?
(tq2q72wq2k q ,q2k)(t 1q2q72w7q 2w 7(]2]’6) (tq2)\q72w q72w)(t 1q72)\q72w7q72w)
(tq=2q=29q%k; =2, ?F) (t71q2q7 295 q7 20, ¢%F) (tq~2q~2;q7 %) (t7 1 q?q~ 27 2%)
k

0o(tg*";¢**) Oo(tg**;q—>)
Oo(ta q*) Oo(tq*q=*)’
which implies the desired. O

_ 4 (%) (5 ¢*) dt 0, (4%, %)
- (q=21=2; g2F) (q2n—2+2k; g2k) ¢, 2mit g2\ 4 4

Proposition 3.7. The quasi-analytic continuation of

(q—2k7q Qk)(q4;q—2k) u( o k.)
(q2h+2; g2 (q—2u+2—2k, ¢—2F) 9 AW, Hs

to|g > 1, |[¢7%| < 1, and |¢72F| > 1 is

VS C T ) [ e ) 7{ g fo(ta—>"; *") 0o (tg*; ¢*)
(g2 q%k) (g =22k g2 Jyy 2mit 1 Oo(ta* q**) Oo(ta* q )
Proof. If we view ¢, ¢~2¢, ¢=%*, ¢**, and ¢** as algebraically independent variables, the integrand of Propo-
sition 3.6 depends meromorphically on ¢ and ¢ and verifies the conditions of [Rail0, Theorem 10.2], hence
our modification of the integration cycle yields the desired meromorphic extension of the quasi-analytic
continuation of Proposition 3.6 to |¢| > 1. O

q 2ty g, ¢*)

4. FREE FIELD REALIZATION AND ¢g-WAKIMOTO MODULES FOR Uy (slz)

Our approach to computing the traces of intertwiners is to realize Verma modules for Uq(g[g) as ¢-
Wakimoto modules. In the free-field realization of [Mat94], we apply the method of coherent states to the
expression for intertwiners given by [Kon94b] to obtain contour integral formulas for the traces. In this
section we formulate the necessary vertex operators for this free field realization.
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4.1. Fock modules for Uq(sAlg). Fix a level k. For x € {«, &, 8}, define the Heisenberg algebras H, to be
generated by {*, | n € Z} with xo central and relations

[2m][km)] _ [2m][km)]

[ama an] = 6n+m,OT, [Ckm,O_ln] = *6n+m,OTa [ﬁmaﬂn} = n+m,0w~

m

Each Heisenberg algebra is the direct sum of the subalgebras H, , generated by x_,, and x,, for n > 0. Define
the bosonic Fock space F, , to be the highest weight H,-module generated by a vector v, , so that

*0Us,q = 200y, for x € {a, B} and QoVa,q = —2aV5q-

We define also the action of ¢° so that

¢° *m q % = ¢ %, for x € {a, &, B}

and ¢%v, 4 = vy, for all a. Each bosonic Fock space admits the tensor decomposition
F, a — ®~F*,a,na
n>0

where Fy 40 = Cv, o and Fy o,n for n > 0 is the Fock space for H, ,. Define tensor products of these Fock
spaces by

Fabrbe = Fpa® Fap, @ Fab, and Fap = Fabp-

4.2. ¢-Wakimoto modules for U, (;[2) and the free field construction. The ¢-Wakimoto module W, ;,

of level k is defined by
Wk = ker (770 : @}'ﬂ,s — @}'ﬂ,s“),

where 7 is the zero mode of the operator n(wg) = Y,z Mmwy ™' of Subsection B.1. In [Mat94], a free
field representation of U, (f/s\lg) on W, was given in terms of the vertex operators listed in Subsection B.1,
and W, i, was identified with a Verma module for U, (sl2) at generic p and k.

Proposition 4.1 ([Mat94, Proposition 3.1]). There is a U, (sly)-action ™,
m,(e1) = m(f) =5, (") =q"
T

) ;
(e0) =z7q™™,  m,(fo) =q¢™zty, 7w =d"¢> 7)) =7¢

on W, 1 given by

Jr
Lo

Proposition 4.2 ([Mat94, Corollary 4.4]). For generic p and k, we have an isomorphism of U, (;[2) modules
Wik = Mopptrng = Moy k.-

The following g-Sugawara construction for Lo gives the action of ¢° on Fock space in terms of the free
field construction.

Proposition 4.3 ([Mat94, Equation 3.13]). For the operator Ly defined by
2

m _ B 1 1
Ly = Z W(a,mam — Qe Q) + — 4k —a2)+ Z k+2 ]6 mBm + m(ﬂg + 20o),

m>0
_ plptl)
we have 0 + Lo = =75~ on Fpumy m,-

Finally, to compute traces in the free field realization over W, i, we require the following reduction to a
trace over the big Fock space.

Proposition 4.4 ([Kon94a, Section 6]). For an operator ¢ : @, F, s — @, F,,s which preserves W, i, we
have Tr|w, , () = Tr|g_ 7, .(P o)), where P is the projection onto W, ) defined by

P § § o wielo),

where the contours are loops enclosing w = 0 and z = 0.
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4.3. Vertex operators and Jackson integrals for intertwiners. We use the vertex operator expression
for intertwiners of [Mat94], which we summarize here. For the map ¢;(2) : From,ms — Frijimatimats
defined by (B.1), define maps ¢, ., (2) by ¢,;(z) = ¢,;(z) and

1 _
bjm—1(2) == m[d’jm(z)axo Jq2m

Let also A, = £ (wtl)  The Jackson integral of a function f(#) for a period p on the cycle s is the formal sum
' g

k2
500 d t
[0 =3 ).
0 ne”Z
Recall that a quasi-meromorphic function is a function of the form f(t) = t*g(t) for some a € C; if g(t) is
defined on an open domain and g(¢) is a meromorphic continuation of g(t), outside that domain, we say that
f(t) = t%G(t) is the meromorphic continuation® of f(t). We will sometimes consider the Jackson integral of
a quasi-meromorphic function f(¢) which is defined only on a subset of the range of the Jackson cycle. In
these cases, we interpret this notation with f(¢) replaced by its meromorphic continuation to a branch of ¢*
along the Jackson cycle.

Proposition 4.5 ([Mat94, Theorem 5.4]). For p = ¢***4 any 7 < v, and Jackson cycles s1, ..., s, for which
matrix elements on My, ,[—ad] of the Jackson integral expression

_ 51-00 Sy-00
(I)Zj;yiT(Z) = ZAMJFAV?A‘H—V_T / T / Z S(tl) to S(tT)(bV,u—m(z) & Wom—2v dptl to dptT
0 0

m>0
converge for a < A, they coincide with matrix elements of an intertwining operator M, , — M2#+21,72¢,k<§>L21,(z).

Remark. In [Mat94, Theorem 5.4], the content of Proposition 4.5 is stated with MY, (2) in place of La,(2)
and with 2v not an integer. To obtain Proposition 4.5, note first that the proof of [Mat94] via [Mat94,
Proposition 5.3] applies for MY, (z) for all values of 2v, meaning that matrix elements of zfﬁj;”_T(z) coincide
with matrix elements of My, j, — W2H+2V727—’]€®MX2V (z) when they converge. The degree zero part therefore
consists of matrix elements of an intertwiner

¢ : M2;1, — M2u+2u—2T®Ml/2,/
of U, (sly)-modules. Now, we may find another intertwiner
1/)/ : M2u — M2u+2V72T®L2u — M2;1,+21/72T®Ml/2,/

with the same highest weight matrix element as 1. As intertwiners My, — MQ#HV,QT@MXQW we then

have 1/ = 1), hence matrix elements of 5?;”*7(2') coincide with those of the intertwiner associated to 1)’
by [EFK98, Theorem 9.3.1]. In particular, it factors through the submodule Lo, (z) of MY, (z), yielding
Proposition 4.5 as stated here.

Remark. In [Mat94, Theorem 5.4], it is shown that the operator S(t1)---S(t:)¢u,—m(z) converges and
commutes with the operators implementing the U, (g[g)—action of Proposition 4.1 up to total ¢?*T*-difference
in an open region for t1,...,¢,. This implies that the same is true of its meromorphic continuation along
the full Jackson cycle, allow us to interpret Proposition 4.1 with this meromorphic continuation.

4.4. Convergence and normalization of vertex operator expression for intertwiners. We now show
that the Jackson integral in the vertex operator expression for the intertwiner of Proposition 4.5 converges
in a certain region of parameters when v = 7 = 1 and the Jackson cycle is chosen to be s; = zg~2. Consider
the parameter region

(4.1) 0< g2 < g | < |al,|q| ™"

14

For the rest of the paper, we use ® /L,1(Z) to denote the intertwiner of Proposition 4.5 with this Jackson cycle.
We first show in Proposition 4.6 that the matrix element of the highest weight vector converges and compute
its value. For convenience, we use the notation « := k + 2.

3We use the term meromorphic continuation instead of quasi-meromorphic continuation to avoid confusion with quasi-
analytic continuation.
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Proposition 4.6. In the region of parameters (4.1), if v = 7 = 1 and s; = 2¢~ 2, the diagonal matrix

element of the Jackson integral for &)51(2) on the highest weight vector of My, j converges and equals

—2K. ,—2K —4 —2K
Cop_g ants (g7 q) (g g )
Cpuai=—(1+¢%)g 3¢ =

" (g==4¢72%) (g% ¢=2%)

Proof. For |t| > |z¢**|, we may choose contours C,, . around w = 0 so that for w € Cy, ., we have [t| > |wg"|
for all ¢, |w| < |2q*|,|2¢***| for ¢ = 1, and |w| > |2q¢"|,|2¢*T*| for ¢ = —1. Define also a cycle C,, =
Cw,—1 — Cy,1 around 2q* and z¢*** but not 0. Applying Proposition 4.1 and substituting (B.2), we find for
p — q2k+4 that

— [ BHH
Clhl - <Uu,u,u’ ¢;L I(Z)UM Hes N>

2B 2 b—c bwq_QC —2¢"? _
N (g—q7h) e / d tj{ 2mw w — zgh+2+2b (Vg S @) 61(2) Xy (W) £ V)
b cE{:I:l}
281 1 [T dw o wg? — 2"t . _
Ve be%;l}(_l) 2 /0 d,,t( ?iw Imiw? w— 2qhteth < Vo S(E) 2 01(2) Xy (W) Vo)

dw w(qg? — ¢ N _
sf g s (U 50 1, (@) ) )

| 2miw

Denote the first term by C), 1,1 and the second by C,, 1 2. Noting that |t| > |2¢?|, |z¢~2|, [wg"®| for all w € C,,
we have by the OPE’s in Subsection B.2 that

72( t+— 1q72’q72n) at_wq(k+1)b7a wq _Zq

b | 2k, 21
<U###’ () ¢1() ( ) v#v#»#>:t " (Zt_lq ’q_2,€) q t—wq“b q _an_;'_gbq B2t

Applying meromorphic continuation to all £ on the Jackson cycle, we may substitute and take the poles at
w = 2¢"1t?? to find that

2pt2 2q~ 200
0#71’1 = _Zin—l)z Z (_1)2—;—b/ % 2d’L.U — 2H+2qa+2b+2bll/
(¢—q abe 1} 0 C,, 2Tw
(2t71q72,q7 %) t — wq b= g? — zq*
(2t=1g%q72%) t—wg"  w— zgt?
_ LR Z (_1)% /zq2.oo %t_% (2t=1q72q72%)  tg2b+2e - )
¢-a! be{x1} 0 ¢ (2t71q%;q72%) t — zqnt(t2)0
_a o
= —(g+q g2 /Zq Tt mar (2t g7
0 t (2t~ 1g?rt2q72%)
2kn. ,—2K
= - Lutd —4p—4)n (q 4 )
= —(g+q g g Y gt
2}-1 2%
_ 9 — 4u+4 7q )
:_(q+q 1)(] 24 2q = 2’1 Z (—4p— 4)n 2K 2n

n>0 q ’i)n

(14 ¢2)g- 23t (q*r"“;q”“) (q*‘”‘;q*“)
(= %q7%0) (g% q7%")
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where convergence holds because we are in the region (4.1). For C), 1 2, the contour C, ; contains only poles
at w = 0, which vanish by the manipulations

2u+2 -2,
C e o™ (1) T dpt T e
PR (g =g 1) t ori 1
a,be{£1} 0 Cuw,1
(zt_lq_Q; q—ZH) t— wq(k+1)b—a (q—2 o q2)
(Zt—qu; q—2n) t— qu,b w — qu~c+2b
=(q+q )Y (—1)12b/z“'0o dpt [ dw (st7lg g ) b g
be{+1} 0 t Je,, 2mi (st71q%q7%%) t—wg"t w — 2q~t0
=0.
The result follows because Cp1 = Cp11 4+ Cui2 = Cuii- 0O

We would like now to relate éﬁl(z) to a multiple of ®,¢, (). Because the space of intertwiners has

dimension 1, the constant of proportionality is constrained to be C} ;. Unfortunately, it is not true that

all matrix elements of 651(2) converge simultaneously in any open neighborhood of 0 in ¢=2/. Instead, we

show in Proposition 4.7 that in each degree, matrix elements of the the Jackson integral converge on a open
neighborhood of 0 in ¢~2* dependent on degree and coincide with matrix elements of the intertwiner. This
will suffice for our later computations.

Proposition 4.7. If v = 7 = 1 and s; = z¢ 2, for each A > 0, there exists an open neighborhood of 0 in
g~ 2" so that in the region of parameters (4.1), matrix elements of the operator (I)'ZJ(Z) on the space

@ Mu,k[—aé]
a<A

of vectors of degree at least —A converge and equal matrix elements of C, 1P, ; (2).

Proof. By Propositions 4.1 and 4.2, every matrix element is a finite linear combination of expressions of the
form

zqu'ood + . m . B l 0
(42) JREE U | CEEOICIORT R | ST
i=1 j=1
for some choice of m, [, and a;, b;, ¢;, d;. Notice that
S)[¢1(2), 25]g2 = St)dr1(2)ag — a*S(H)ag ¢1(2)
= S)dr1(2)zg — a*xg S(t)¢1(2) — ¢*[zg, S()]en ().
By the OPE’s of Subsection B.2, we have

2 (2t7'q7% 47 %)

_ 42 : . 2 —2
and by Lemma B.1, we have
— 1 _2 (Eq_2q2ﬁ;q_2n) 2 — — _k_9\_1 _k\_
Cxg, S()]o1(2) == — t =L ¢ UR)Y  (tqg " )Wy(tq 2 Wy(tg2) Lo1(2) :
[ 0 ( )] 1( ) (q_ q_l)t< (znggm;q_gﬁ) ( ) ( ) +( ) +( ) 1( )
Z,—2. ,—2K
—et G e gy ()W (1) W (1) () ).
(2¢%q72%)
These computations imply that [T, x5 S(t)[p1(2), zg |42 Hé‘:l xij is a linear combination of expressions of

the form

_2
t  ®

(z —2_ 2Ks. —2}’») m
i

!

2q72¢% g . 1T 4

(2q2¢2r5; ¢ 2F) Hxa PUOF()¢1(2) - bej
t =1 7=1
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for s > 0 and F(t) a g-vertex operator whose degree 0 term does not contain #%, ¢t or t%. Observe now
that
—2 2Ks. ,— —2 2Ks.

l _
2 (207 0) 1T e d _aue2 (2¢77¢7%5q

i TRt ||$c07::UtFt¢1z:||m7v =t s L
<u,u~,# (fqzqzm;qun) P a; () () ( ) e b; /"“’“> (%q2q2ns;q72n)

for some Laurent polynomial ¢g(t). The Jackson integral of this expression converges on a neighborhood of 0
in ¢~2* depending on the maximum degree of g(t). By Proposition 4.1, matrix elements in degree at least

2/{)

g9(t)

—A are computed with ngl x‘;j Uy, of degree at most A 4 1 in F,,, meaning that in degree A, we have
degg < A+ 1. This implies that deg g(t) is bounded for matrix elements of degree bounded below, hence
the neighborhood of 0 for ¢=2* may be chosen uniformly in degree.

Because the space of intertwiners is one-dimensional, the matrix elements of @;"ﬁk(z) are determined
as the unique solutions to a system of linear equations expressing the intertwining relations. Therefore, if
matrix elements of C i@ﬁl(z) of at least a fixed degree converge in some region, they coincide with the

corresponding matrix elements of @;‘;ﬂ,k(z), giving the claim. O

5. CONTOUR INTEGRAL FORMULA FOR THE TRACE IN THE THREE-DIMENSIONAL REPRESENTATION

In this section, we combine the tools we have assembled to give a contour integral formula for the trace
function in Theorem 5.1. First, we use the free field realization of Section 4 to represent the trace function
as a Jackson integral of an iterated contour integral via the method of coherent states. We then simplify the
integral and identify the formal expansion of the Jackson integral with the expansion of a renormalization of
the Felder-Varchenko function computed in Section 3. The contour integral formula for the Felder-Varchenko
function then yields convergence of the trace function and our desired integral formula.

5.1. Statement of the result. We will compute the trace T%°(q, A\,w, i, k) of (2.1) when V' = Lo(2) is the
irreducible three-dimensional evaluation representation of Uq(,;\[g). Recall it is defined by

T (0, koK) = Trlat v (Ph2 2 (2)729).
Define the good region of parameters to be the region with
(5.1) 0< g | < g < g < g ] < lal, [a] "

Notice that this region includes the region (4.1) on which we have shown convergence of the vertex operator
expression for the intertwiner. Our main result is the following computation of the trace function.

Theorem 5.1. For ¢~2# and then ¢~2* sufficiently close to 0 in the good region of parameters (5.1), the
trace function converges and has value
_ Mg g (@0 (¢"a Mg
00(q?*; q729)(q**~2q72%; g 22) (q72A 721 q72) (g2 g 2F) (g2 2 g2k, g =2F)
(g% q7%,q7*%)? [ dt b g2 g—2i B0(ta™5 477F) Bo(tg™; g72)
(g 207272, q72F)2 fi: it L Oo(ta=2;q7%*) Ooltq=23472%)

where the integration cycle C; is the unit circle.

—Qw) 4 —2k; —Qk)

T (q, A\, w, i, k)

5.2. Structure of the proof of Theorem 5.1. We now outline the proof of Theorem 5.1, which occupies
the remainder of Section 5. We will compute formally the trace of the free field intertwiner ®/, ;(2) in two

steps. First, we compute it as a formal series in ¢~2* and then ¢~2* in Proposition 5.3, for which we work
in the doubly formal good region of parameters
(5.2) 0< g < lg~ ¥ < lal, g "

This computation proceeds through the method of coherent states applied to the free field construction
summarized in Section 4 and some intricate contour integral manipulations which hold for parameter values
in (5.2). We then show in Proposition 5.11 that the result of Proposition 5.3 converges as a formal series
in ¢~ and then ¢~2*. The proof of Theorem 5.1 follows by matching this expansion with that of the
Felder-Varchenko function in Proposition 3.1 and then applying Proposition 2.6 and the integral expression
for the Felder-Varchenko function to show that the resulting equality holds for small numerical values of
g~ " and ¢~% in the good region (5.1).
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Define the trace of the Jackson integral by
(5.3) 200 A 1) = T aty o, (Bl (2162724,

where the quantity on the right does not depend on z. It is related to the trace function in the doubly formal
good region as follows.

Lemma 5.2. In the doubly formal region, as formal power series in ¢ =2 and then ¢~ 2*, we have the equality

2

-1
Two(qa)‘7w7,u7k) = O:—ll 1E(Q7>\awa ILLTvk - 2)7

where C), 1 is the normalizing constant of Proposition 4.6.

Proof. This follows from the identification My,,41a, = Wyr between the g-Wakimoto module and the

Verma module and the fact that Proposition 4.7 shows @, ;(2) = C,,,1 @5y ,(2) as formal series in ¢~ and

then ¢—2# in the doubly formal good region. (]

We now state and give integration cycles for Proposition 5.3, which gives a formal computation of the
trace function. Its proof occupies Subsections 5.3 to 5.9. Recall the notation k = k + 2.

Proposition 5.3. In the doubly formal good region of parameters (5.2), as a formal series in ¢~2¢, the trace
function Z(q, A, w, i, k) has formal Jackson integral expansion

200 d,t 2+ 90(tq2'q‘2“)90(tq”'q—2ﬂ
E(q, \w, i, k) = C(\ / TR T Qe (g, ’ ’
e 0 t ! Oo(tq=2;q472%)00(tq=% =)
for p = ¢?* and
C(\p) = 1 42’\“72“72(q’4;q*2‘”) (q72w+2;q72w7q72/{)2

q—q " 00(g* g 2) (P 2725 q7 ) (722 g2 (72022, g 2)

Remark. Although the Jackson integral involves summation of the integrand at values of ¢ where the one
loop correlation functions from the method of coherent states may not converge, we may replace them by
their meromorphic continuations in these regions.

5.3. Definition of integration cycles. We now define integration cycles for parameters in the doubly

formal good region of parameters (5.2). First, for numerical ¢=2¢, define the good spectral region S. by
(5.4) [wol > |20] > [tq"|, [ta™"| > |24"[, |2¢"**], [w] > |2| > |wog™2*|
and

(5.5) {|w| < |2, 12" =1

lw| > |2q"|, |2¢"T4] c=—-1"

X q%%, or ¢© which appears

By a > b, we mean that § > |g19%7|, |09, so that for each instance of q
in our formulas, we have § > lg“*, 1¢€*], |¢€|. Notice that if (¢, 2, wo,w) lies in the good spectral region,
then all requirements for convergence of one loop correlation functions in Table 1 are satisfied. Now, define

the formal good spectral region gc to be the region of spectral parameters satisfying (5.5) and
(5.6) lwol > [20] > |td"|, [ta™%| > |2¢"], |2¢" 4|, |w| > |2,

where we use > in the same way as in (5.4). If (¢, 2, wo, w) lies in the formal good spectral region S, then
for ¢—2¢ sufficiently close to 0 it lies in the good spectral region S,. Therefore, on a formal neighborhood
of 0 in ¢~2%, if the spectral parameters lie in the formal good spectral region, then the requirements for
convergence of one loop correlation functions in Table 1 are satisfied.

Lemma 5.4. In the formal good spectral region and the doubly formal good region of parameters, we have
|ZO| > |wqb(k+1)\7 ‘tq—a| and |w0q—2)\—b+a| > |wqb(k+1)|.

Proof. This follows from (5.6) and the definition of >. O
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Lemma 5.5. There is some R > 0, so that for ¢ lying in the open region C; = {|t| > R|z|} and any
¢,q~%*,¢72* in the doubly formal region of parameters (5.2), we may choose circular contours Cy,, Cs,, and
Cuw,c enclosing 0 so that for zg € C,,, wo € Cyy, and w € Cy ¢, the spectral parameters (¢, zo, wo, w) lie in the

formal good spectral region.

Proof. We take the contours to be nested circles around the origin with radii obeying (5.6). The only obstacle
is that the relations |tg"|, [t¢g~*| > |w| and |w| > |2¢*|, |2¢***| must simultaneously hold on C,, _1, which is
possible for |t/z| sufficiently large, as needed. O

Remark. For the rest of the proof of Proposition 5.3, we will compute the integrand of the Jackson integral
by meromorphic continuation from the region C;.

5.4. Reducing to a trace over Fock space. Assume now that all parameters lie in the doubly formal
good region of parameters. For ¢ in the region C; of Lemma 5.5, fix spectral variables on the cycles Cy,,, C,,,
and C,, . of Lemma 5.5 so that they lie in the formal good spectral region. By Propositions 4.2 and 4.4, we
have

= dw dz ~ "
S€M+Z

]{ % dwodzo Tr|7,. (n(wo)g(zo)&)il(Z)qZAp+2wd>

sEP+7Z

since cycles Cy,, and C,, enclose wg = 0 and 2y = 0.

Remark. The interchange of sum and integral is valid when

T, (1(wo)(20) Bl (2)g27 24

is convergent, which holds for our choice of contours.

Recall that we identified C - wg ~ C. Using S4; and X, to denote S and X, we obtain by the free
field realization of Proposition 4.1 that for p = ¢2*, we have

A1 2—a—b
o5, (1(0)e(20) 1 () ) = = 3T ()
a,be{£1}
a0 g d
/0 4 i T (00)€(0)Sa (01612, X (w)og1247).

where C,,,1 applies for ¢1(2)X, (w) and C,, 1 apphes for X, (w)¢1(z). Putting these observations together
and noting that (B.2) applies for parameters on the chosen contours we obtain

Z5 3 azbc dpt dwodzodw wq~2¢ — zgkt?
E(qa )‘7("}7 My k) = 7 _1\9 (_ f % f qu
Tilz,, (n(wo>5<zO>sa<t> L01(2)X; (w) q”P”wd),

where the OPE for ¢ (z) and X, (w) is valid on a formal neighborhood of 0 in ¢~2* because the parameters
lie in the formal good spectral region.

5.5. Applying the method of coherent states. We now use the method of coherent states as applied in
[KT99] to compute

Ty = Trl, . ((w0)€(20)Sa(t)  61()X; (w) : 272
Note that each Fock space takes the form
‘F.}I.,S = Fﬁ,p & Fa,s & f&,s = ® Fﬁ,p,m & fa,s,m oy f&,s,m
m>0
and that each mode involved in our vertex operators acts only in a single tensor component. Define

./_';213 = FB,;L,O & fa,s,O & f&,s,o and fig = ® ]:,B,H,m & fa,s,m & fd,s,m

m>0
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so that F, , = ]-'2’5 ® fig and T, is the product of traces over .7-'3 . and fig. We compute the trace
Tr\}-g _ over ]-'2’5 in Subsection B.3. By Corollary B.4, the trace over f;g is a product of one loop correlation
functions

Tpq = (07147 [ Tlrsmerumara, . (P)Qw)e*)
m>1

for each pair of vertex operators P(z) and Q(w) appearing in the free field realization and a global factor
T, = (¢*;¢=2)73 coming from collecting the prefactors in Corollary B.4 over m > 1 for each of «, &,
and S. In Subsection B.4, we compute these one loop correlation functions and their regions of convergence,
with results recorded in Table 1. From these computations, we conclude that T, ; is convergent with value

Tap = Trlrg TyTonTeeTs, 5. TooTx - x - TneTnsa Ty x - Tesa Teo Tex - Tsuo T, x - Tigx .

for wy, 29, w lying on the specified cycles and ¢t € C;. Substituting the values of the degree 0 trace and the
one loop correlation functions from Subsections B.3 and B.4 to compute Tj, ;, we obtain

E(Q7 A’ w? /’(" k;)

Aq

z Z (-1 3 asboc Z / > d, t% j{ % dwodzodw o, wq™2¢ — zqk+2T
= —-———— — q a,b
— g~ 1)2 — k2420 T
(@—q1) abee 1} semiz (2m1)3 202w w— 2q
2 (R ) (¢5q7>) I
(q _ q71)2 (q72w72; (172“17 q72n)2 (q72w72; q72w)(q 2w+27 q- e )
2q "0 d t d’UJodZOdw (2XA+b—a)s+(a+b)u+a+2b 2p _ 2(ptl) —pts  pu—s—1
—a F 2 A Wy
septz”0 Cu,e J Cusg (2mi)3 292w

t.2 Z,—2

—2w —2&)90(;(] ;q72ﬁ)90(tq 5 q Zw)

t —a.,—2w w  b(k+1). ,—2w
eo(zfo'q_zw)il 00<zoq . ) 90<w° - )Q 2(2347 74
’ ) ) t —2.,,— - —

wo go(wioq_a;q—zoJ) 90(%qb(k+1);q—2w) Oo(Lq2;q-2)00(2¢% ¢ 2)

0o (2 g2k, —2w ("qukq*2w7q72w) _ 3
{M a="b | (Zqrrigeig ) b=1 wg? —z¢"*"?

(g * g g2y W — zgkt2+2b
1 a 7é b (ZqFq29;-79) b=-1 q

Changing the index of summation to r = pu — s, we can simplify this expression to

E(q7 A7C'L)7 u’ k)
L (@) (a*547%) WYY ()t
(=g D)2 (2 2q2,q 2%)2 (¢ 20 2,q %) (g 22 g2 7 =)

Z/ g, tj'{ 7{ j{ dwodzodw DWOGZ0IY. obpurtartaby— 2D (~2A~bta)r STl 190<Zo q—2w)_1
(27i)3 202w wo

b0 (iq‘“; q‘2“) 0o (w%qb(’““) q‘Q‘”) "

t —2 —92
2(7.(1—20.) q—QH)HO(Z n)@o(t 7q w)
tg—a,g—2w wbkt1). g-2w) o2 Oo(Lq2;,472%)00(24% ¢=2)
Oo( wod %1 Oo( 22q iq =
0o (% q**0%) P N C- it I _ _ .
{W R f AR b=1 wg™ —zg"+*
I T _ 1w — zgkt2+20
1 atb | tEorpmmy b=-1 q

We now simplify the expression by performing the integrals over zg, wg, and w in that order.

5.6. Computing the zy contour integral. We apply the following complex analysis lemma.
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TABLE 1. Values and regions of convergence of one loop correlation functions

Corr. fn.  Value Region of convergence
—1
Te  0o(2ia7>) [wog™2| < |zo] < o]
-1
Tos.  Oo(ia a7 lwog 2| < [tq~*| < |uw|
T”7¢' 1 all
T, x:- 0o (2 q"*+1); g~ ‘“) |wog ™| < [wg* T < Jw
Tes,  fo(Laa7) J20072] < [tg ™) < |2o]
Teo 1 all
-1
Tex 90(“; ¢"* D g~ ‘“) [20g 2] < Jwg* TV < [z
o _ 0 (ﬁ 2; —2~)0 (5 —2; 72w) _ _ _ _ _

Ts,¢ Qp(tq7,q 2H)92(&372{(172';)030?%(12;372“;) tg=2q~>q 27|, [tg®q > q7*"| < |2| < [t¢®], [ta™?|

O (Lgkiq2 o o B o
Tsxr gy [t~ g2, |tq ™2 72] < | < [tg~"], |tg™2]

O (2 gk qg—2% _ _
o, x-, Bqeriedy lta a2, ltg"2q72%] < |w| < [tq"], |tg"+?]
T - 1 all
Sa,X

‘ (£4"97>;¢7%) k,—2w k+d, —2w

Tyxr:  (Eorrigcm = 247 7], [2¢" g7 < |uwl

w, —k—4 —2w. —2w
Tox-,, ‘Foerrmamy w| < l2q"q*, [2q"*¢*|

Lemma 5.6. Let f(z) be a meromorphic function of z with annulus of convergence r < |z| < R near 0 for
some 0 < r < R. For r < rp, |w| < R we have that

dz
Z % [z|=r0 Zm+1 )% N f(w)

mEZ

Proof. Because r < ro < R, the Laurent series expansion of f(z) at 0 converges uniformly on the compact
contour |z| = rg. Therefore, we may take the term-by-term residue expansion of the integral to obtain a
Laurent series expansion which converges to f(w) because r < |w| < R. O

In the formal good spectral region, we have |wg| > |z0] > |wg®* Y|, which implies that the ¢—2«-

coeflicients of the formal series expansion of

o(La " 47)

Oo(5E5q72)00 (22" q72)

admit convergent Laurent series expansion in zg. In the formal good spectral region and in the doubly
formal good region of parameters, we have |wo| > |woq=2*~0T%| > |wg®* V| by Lemma 5.4, so we may
apply Lemma 5.6 to each coefficient to obtain

Z% —r— w(?)“ 1q( 22— b+a)r9 (Zoq a;q72w) dZ() B 1 00(1‘foq2)\+b 2a. q72w)

=~ 0(22:q™ 2w)90( QD =29) 21w 90(7q2>\+1m @ q—29)fy (g2 bt g—2w)
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as formal series in ¢~2¢. Substitution into the original expression yields
1 72w+2’ 72w’ —2Kk\2 720.1’ —2w .
2(g, A wops k) = —1\2 (q—2w 2. q—2w q—zn)z 2w—2. (q—zw q—zw)+2 2w ¢ a
(¢—q¢")?(q g )% (a a72)(q sqm2)
Z ( 1)3—a—b7<~, /zq 100 d t% % dwodw q2bﬂ+a+2bt_2(%}1)
— 2
2 —2A—=b+a. ,—2w
o boclt1) (273)2wozw (g sq2w)
90(150‘12)‘% 2a. q72w) 90(50 b(k+1). quw) 2(£-q—2w q—zn)QO(t 2 _2“)90(751] .q 2w)
90(7(1_ q2) go(woquHm ay g2y TNy ) Ho(tq_2 q=2%)00(2¢2; 4 2)
0 (2 ak7 —2w (iqkquu,q—zlu) _ _
W a=0b ) Egrgoegrsy  0=1 wg? — zgH?
w —k—4 —2w, —2w I W
1 ot b | Gl ) =1 w2t

5.7. Computing the wy contour integral. We compute the integral of the convergent formal series in
¢~ % by computing it for sufficiently small ¢~2*. In this subsection, take ¢~2* sufficiently small so that the
spectral parameters lie in the good spectral region S.. We first compute the integral of an elliptic function.

Lemma 5.7. For constants ci,cg,c3 so that |ci1], |cal, [e2|/|csl, [e1]/]es| # |q| 2™ for any n and a contour
lwo| = r satisfying r|q=2*| < |cal, |c1|/|es] < 7, we have

/ 90(;g,q—%)90(0;;0,q %) dwy
|wo|=r 90(10020 ) q—2w)90( Cswo ) q_%) 2miwy
GO(Q; C]_2 )90(&7 q_2‘*’)
- Oo(it-iq2) (g2 9729)? (2771(61 —C2 = C3) = ((C1 — Co) + C(C?,)),

where C; = ﬁ log(c;), ¢ and o are the Weierstrass zeta and sigma functions with periods 1 and 5 log( 2wy,
nome ¢~*, and n; = ((3).
Proof. Fix a branch of log(—) and change variables to the additive coordinate W, = ﬁ log #2. Define

R= ﬁ log r. By matching zeroes, poles, and residues of functions elliptic in Wy, the integrand is given by

00(5;) ) q_QW)HO(C?’CZ}O ’ q—2w)

9 ( P 0’ q—2w)90(630;0 ) q_Qw)

3 90(617(] Qw)90(537q Qw)
90(5223 : q—2(,u)(q—2w7 q—2w)2

Because 7|q2°| < |cal, |c1]/|cs] < 7, we have

(5.7)

(C(Wo —Cy+R)—((Wo—C1+C3+ R) —¢(Cy —02)+C(C3)>-

(5.8) - Im(% logq_zw) <Im(R—-C3),Im(R—C, +C3) <0

which means that
0(1—02+R) 0(1—01+03+R)
— log
O'(*OQ#’R) O’(*Cl +03)
= <771 + 2771(—02 + R)) — (’171 + 2771(—01 + C5 + R))
=2 (C1 — Cy — C3),

1
/ (C(Wo —Cy+R) = ((Wo —C1+C3 +R))dW0 = log
0

where we may take the same branch of log(c(—)) in both terms of the first equality by (5.8) and we apply
Efl('g)a) —em+2me for the second. Noting that fw = f(wo 21%’)0 = fo re2™Wo)dWy, integrating each
term in (5.7) separately, and substituting, we obtain the desired integral Value of

90(('17(] Qw)eo(CS’q 2w)
90(6523 ; q—2w)(q—2w’ q—2w)2

(27]1(01 — 02 — 03) - C(Ol - 02) + 4(03)) |:|
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On our choice of contours, the integral over wy satisfies the hypotheses of Lemma 5.7 with ¢; = wg?*+1),
co =tq %, and c3 = ¢~ 22t for ¢=2 sufficiently close to 0 by Lemma 5.4, yielding

% dwg go(wioq2>\+bf2a. q72w)g0(wloqb(k+1). quw)
Cug QWin Qo(wioq_a q—QW)QO( q2)\+bn a. q—Qw)
_ 0o(%q b(k+1)+a.q72w)go(q2k+b7a )277 W PA+bR ¢(log(2q b(k+1)+a)) 4 ¢ (log(g—22~b+a))
0o (F g2 T0%; g2 (g5 g—>)? 27 '

2. _2w
Substituting in the result and noting that (¢=2“72;¢=2%)(¢~2**2;¢~2%) = 9"(‘11_’7‘22), we find that

1 —2w+2. ,—2w ,,—2K)\2 1 )
B w, . k) = = -1 (q—z _2,(]_2 ’q—z )2 2. ;-2 “2w. ;-2 q2>‘(“+1)+122'7+2
q—q ' (727, q720)? Oo(q? ¢ 2) (> ¢7)
s
> (71)3*“%““/@ T dpt d#q2bu+3bt7w
ab,ee{£1} 0 t Je,. 2mizw

0o (%2 q"; q=2+) W oxibi H+D+a —2)—bta
T (2m 5+ = Clog(* )) + C(log(g D)

. Bo(Lq%; g2 00(2q~2%; ¢ 2) (Fa"a**q%) b=1 g-2¢— zgk+2
(g7, g ) L O a2 T ) i
A\ ’ eo(tq—27q—2n)90( q q—Qw) (?gqikqgmj.q;g%))) h— _1 w— qu+2+2b
Summing over a € {£1}, we obtain
Sl K) = — 1 (g 2w+2 g~ ¢=2n)2 1 qu(p+1)+122“T+2
B q—q ' (g7, q72%)2 Oo(q? ¢7>) (g5 47)
Sy /zqzmdpt _dw P e b4 q7*)
0 t Je,. 2mizw Oo (g2 Tom; q=2w)

b,ce{%1}
(C(log( g1y — <(10g( b(k—H)—H))+<(10g(q_2/\_b+1))—Q(log(q_Q’\_b_l))>

- - (£d"a ;g _ B
Qo(Lsq2e g oy EE T Ga a7 | rhyrmmgmegmmy - D=1 w2t
e ’ Go(éq— 1q=2)00(2¢% =) (29770 ""5q ™) w — zght2H2

By matching zeroes, poles, and residues of elliptic functions in logt¢, we see that

1

g (00105 a7 — G (log (- ”“f*”“))+<<log<q-”+1-b>>—caog(q-”—l-b)))

B go(w lm+2>\ )9 (w bk—2\. q ) 90(q2;q—2w)(q—2w7q—2w)2
- 90( b(k+1) 1 —Qw)g ( b(k+1) q Qw) go(qu+172>\;q72w)90(qb+1+2)\;q72w)'

Substituting in yields

-2
_ 1 (q—2w+27q 2w 7q—2rc)2 = _2 At 1)1 2tz o b zq 00 dpt
:‘(‘L)‘awvﬂ'a k) = _q_q,1 (q,gw 2. q 2w q*2”)2 (q w;q w)q " zo" Z (_1) 2 / T
’ ’ bee{+1} 0
_2(ut1) _9  _
7{ dw A 2(£,q72w q—zm)eo( 4*;q 25)90(%] q7™)
e 2mizw Bo(q—bt1=2%; g=29)fy (gb+ 1422, g=20) T J 90(5 ~2.q- 2n)00(%q2;q72w)
2z k_—2w, —2w
Bo(2q ’q—2w) o(LgPh=2A, g 2) ((il;gﬁq—zbq;q—zl) b=1 g2 — zqk+2
o (BT 0T g By (P DT 20 | G a2y ) Sy = g

where we may again interpret the expression as a formal series in ¢—2.
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5.8. Computing the w contour integrals. We now evaluate the contour integrals over w. We again will
compute the integral for numerical ¢g~2¢ sufficiently close to 0 that the parameters lie in the good spectral
region. Define

Lu1.e(t) '_j{ dw SolGd 50 ) GO d ) (e ymighey
¢, 2miw Oo(Lqht2,q=2w)  (ZghH g2w)
and O (L g—k—2A. —2w) (W —k—4,—2w. ;2w
Lo 1o(t) .:7{ dw 00(%q _ 1) (%q 7‘1 7,q )(qg_wz_1q—k—2C)_
’ Cue 2miw Oo(FqF"2¢72)  (Lq7Fq7™)
Lemma 5.8. As formal series in g2, the differences of integrals Ipi(t) = Lp11(t) — Ly1,—1(t) and

Iy —1(t) =TIy —1,1(t) — Iy,—1,—1(¢) are given by
Lya(t) =L, () + 15, () and Ly 1(t) =1, 4 (t),

where
NG (q_2_q_gx)9o(q_2‘”q‘2w;q‘2“)(fq%“,q’“)
(g725q72)2  (5¢%F16;q72)
2¢1(£q—2k—2q—2w7q—2w; éq—2k—6q—2w; q—2w’ q2)\—2)
+q_2>\90( —2— 2>\q—2w7q—2w) (zq2k+27q 2w)
B ) G )
and z 2k+4—2X. —2w —4. —2w 2242 —2w. ,—2w
12 (t)_(2)\_ 2) (t g )(q 3 q )(q q 3 q )
w1t = q O0(2¢2+6,¢=2) (25 ¢ %) (¢P2q 29)
and

4_2)\)90(q2 2>\q—2w7q—2w)( q 2q72w q Qw)

(q72w.q 2w)2 (;q q Qw’q Qw)

2¢1( 2 —2w —2w,t -2 2w, —2w 2)\—2)

I&),—l(t) =(¢*—q

»q y”q9 4 5 q » q
z

PPN 00( 2— 2>\q—2w’q—2w)( q 2q72w’q72w)

(q72w;q 2w)2 (;q q 2w7q 2w)

+q

and 2¢1 (a1, as;b1;q, z) denotes the g-hypergeometric function

(a1;q)n(a2; q)n
a¢1(a1,az;01;q,2) = E "
=5 (00)n(g:a)n

Proof. We compute the integrals by deforming contours to 0. By Corollary A.2, we have the estimates

bo(Lq 2% q72)

(5475 472)

90(75 k= ZA’q—2w)
60(%q—k—2, q—2w)

For ¢~ 2% sufficiently small, we see that E < 7, meaning that we may compute I, 1,c(t) and I, —1..(t) by

deforming C, . to 0. We now perform the deformations one by one.
Computing I, 11(t): For L,11(t), we have |w| < |2¢"|,|2¢"T|, |tq
—he2gm2w k+4g—2w(n+1)  The first set has residues

w = tq ¢ 290+ and w = zq
90(q7272)\q72w(n+1); q72w) (:q2k+2q2wn, q—2w)

2
_ 22—2 W _ﬂ
< Di(g™,9)lgl ™7 | T

2
_ 22—2 W _ -1
< Di(q™,9)lgl ™7 | T 2%

2w

~%=2| so we wish to sum residues at

-2
q (q—Zw(n+1); q—Qw)(q—Qw; q—Qw)(Qan; q—Qw)n (£q2k+6 an —2w

q2k+2 —2w) (

72q(2)\72)n bo(q q
(q—2w q—2w)2

)
—2-2) 72w) (% iq
z
(% 2k+6, —2w) (£q72k76q72w;q72w)n
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The second set has residues

L 90(% 2k+4—2)\q—2w(n+1); q—Qw) (q74q2wn, q72w)

90(%q2k+6q—2w(n+1); q—Qw) <q2wn7 q—Qw)n<q—2w. q—2w)

A (20— 2)n90(z FPF ) (¢fq ) (g )

=q°4q .
0o tq2k+6’ 2) (720 2), (" )

Summing over these residues yields

o00(q 2P %) (56773 ¢ & ( —2k—2 2w —2w.l _ok—6 —2w. —2w (22-2))
(q_zw;q_%)2 (tq2k+6 —2w)2 1 q ,q ’Zq q yq ,q
o 90(2q2k+4 2. q—Qw) (q74.q72w) (q2/\+2q72w.q72w)
b b
0o(5q%76;q72) (¢72%;972)  (¢**2%¢72%)

Ipi11(t) =g

+4q

Computing I,1 1(t): We have [tg~*2| > |w| > |2¢"|,|2¢""*|, so we wish to sum residues at w =
tq *=2¢=20(+1) and w = 2¢FT4¢~2". The first set has residues

2 Oo(q 2~ g2t g=2) (2qPkT2g2entl); g=2w)
(q—2w; q—2w)(q2wn; q—2w)n(q—2w(n+1); q—Qw) (%q2k+6q2w(n+l); q—Qw)

~2,(2A-2)n 00(q72 g 25 q72) (2¢% 12472 (
(-2 q—2)2 (2q2F 76, g 29) (

—2k—2 -2 —2
) B

q
q k02 g2y

t
z
13
z

The second set has residues

% 2k+4—2\ —2wn7q—2w) ( —4 2wn 720.))

Bo( q*¢*"q
9 ( 2k:+6q—2wn q—2w> (q2wn7q—2w)n(q—2w.q—2w)

2 (o b0 (G2 (J’%) (' *)n(g 5 07)

90( 2k+6. 1q- ) (q Qw’q Qw)n(q72w;q72w) '

Summing over these residues yields

o 90( —2— 2Aq—2w’ q—2w) (%q2k+2; q72w)
(q72w; q- 2w)2 (%q2k+6; q72w)

(2¢1(§q—2k—2q—2w7q—2w, t —2k—6 —2w, —2w 2)\—2) _ 1)

Ipi,-1(t) =¢q

-4 q 5 q > q
z

290(%(1219-&-4—2)\; q—2w) (q74; q72w) (q2/\+2q72w7 q72w)

+4q — — - Gy
00(5q°++0;:q72%)  (q72%;q7%) (g2 247 %)

Computing I, 1(t): Combining these terms, we find that

g - k+2. —
Ton(t) = (g2 — g0 22507 (G a ™)
; (q—29; q—2)2 (2¢2R6; g 29)
po )
201(Z0 TP ST T )

o 90(q 2— 2)\q72w, q72w) (%q2k+2; q—2w)

(q72w. q- 2w)2 (£q2k+6; q72w)

t4q

2k+4— 2)‘,(] Qw) (q—47q—2w) (q2A+2q—2w7q

ol )
9 ( 2k+6. iq- ) (q72w7q 2w) (q2)\72;q 2w)

+ (¢ = ¢
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Computing I, 11(t): In this case, we have |w| < |2¢*], |2¢**4|, [tg"*2| on Cy 1, so it suffices to consider the
poles at w = tg"t2¢=2«("+1) for n > 0. They have residues
0 (qz 2)\q72w(n+1) 72w) (fq_2q_zw(”+1);q_2“’)
(q—2w —Qw)(qun —2w)n(q—2w(n+1);q—2w) (Zq q 2w(n+1);q72w)
_ q2q(2)\—2)n 90(q2—2)\q—2w; q—2w) (tq72q72w’ q72w) (tq2q72w q72w)n
(@25q72)2 (16227 %) (Lq72q72%547%),

q2

Summing over these yields

90 2— 2)\q—2w7q—2w)(tq72q72w q72w) t B B ¢ L ~ B
200(d ’ 201 (—q2q 2, g —q 2 g ).

Ly—11(t) =
w-1,1(t) = ¢ (=25 q—2)2 (zq g2 q—2) z z

Computing I, —1,—1(t): In this case, we have |w| > |2¢*|,|2¢""*| and w < [t¢"*2| on Cy 1, so it suffices to
consider the poles at w = tg"+2¢=2«("+1) for n > 0. They have residues
) 0 (q2 2)\q72w(n+1) 72w) (éq—Qq—Qw(n-‘rQ);q—Qw)
(q—Qw —2w)(q2wn —Qw)n(q—2w(n+1). q—Qw) (£q2q—2w(n+2); q—2w)
e 2y Oo(® 72 7%) (14 261’2“761*2“) (L?q 2572 )i
(@25¢7%)*  (Lg2q72%5072%) (Lg72¢ %7 %)

Summing over these residues yields

q

00(q> P q~2;q7%) (Lq Qq’%,q ) t 242 ow. bt —o 9 2w 2XA—2
Ly 1 1(t) =g ’ (201(Z07a™ a7 —a " 5,07 7) — 1),
h ( (72;5q7%)2  (LgPq2w;q~2) z

Computing I, —1(t): Combining these terms, we find that

Oo(q?> g2 q7 %) (Lq 2 27%) |t t
I (8) = (o2 — 222\ 20 ; ; LRq 2 g2 Lyt 2 222
w-1(t)=("—¢") @07 (Lgq g ) 201(2¢°0 ™, ¢ 2aTN T
4oxO0(q> g2 7 2) (Lg2q 25 g7 2)

. O
(725q72)2  (Lg?q ;¢ %)

+4q

5.9. Completing the proof of Proposition 5.3. We now rearrange the results of our integrals to obtain
the desired result. All expressions are now formal series in ¢~2“ and then ¢~2* and meromorphically
continued in ¢ to the full Jackson cycle from C;. For i € {1,2}, define Kj(t) := L(t).J}, ,(t) with

7
Iw,b

7 (t) _ q2bu+3b
Oo(q=0H1722 7 2) 0 (" 1+ ¢2)

w,b

and
Oo(t/2q%; q 2" )00 (2/tq % q—2*)
O0(t/2q=2;q=2=4)00(2/tq% q=2*)"

_2(p+1)

L(t) =t~ 7552 Qg (t/2q7>, ¢ 1)

In this notation, we have

1 (q72w+2;q72w’q72k74)2

q— q—l (q—2w—2; q—2w7 q—2k—4)2

—2w. 72w)q2,\(u+1)+1z Zut?

(59) E(qa)‘7w7uak) = - (q )

-2,

[ o s ko - x4

Lemma 5.9. We have K (pt) = K*,(t).

Proof. By Lemma A.3, we have

t o _25) B eo(tq%@ 27q—2w)

= Q
90(Zq2”+2, q_QW) I
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t 2k+2, —2w

and we also have that
—1 —2 —Qw) 90(p£q2.q—2m)90( q q 7q—2w)

fo(pLa®; )00 (50 'q B
0o(pLg=2;42%)00(2p~1q 7q‘2“)  Oo(Lpg2;q72%)0p(Lg2r2q— 2 g 2)
B 90( q q—2m)90(£ 25+2.q—2w)
 00(Lq2q72)00 (Lg% 7))
Together, these imply that
Lty = g - T 1
Oo(3q=2%¢7%)

and therefore by Lemma 5.8 and the definition of .J;, , (t) we have
JL (pt) = — P — g (B q_2w)2¢1(£q2q72w g quzqu, g% g2
w,1 00(q2*; = 2) (=237 2)2 (2¢2472) ’ Ty ’ ’
B q2u+3 (zq—2q2w q—2w)
00(q®*;q= %) (q=%;q72%)2 (3¢2q>;q~ %)

and
g2t~ 1(q 2 q—z,\) (§q72q72“’;q

Ty 1 (t) =—
10 00(q?*;q=2)(q72%;q72%)2 (Lg2q=2w;q~ )

72“)) 3 -2 —2w,q—2w q2)\—2)

t oy o
201(-q %q 2“,q2“;;q >

q72M71 (tq—2q—2w’q—2w)

 00(qP g 2) (725 q )2 (Lgq2w;qm2w)

We conclude that
O

5q7%%) 1 _
Ki(pt) = L(t)q Bo(Cq %q ) Ty (pt) = L(t)Jy, 1 (t) = K1 (t).

We are now ready to deduce Proposition 5.3. By (5.9), invariance of the formal Jackson integral under

p-shifts, and Lemma 5.9, we obtain
22 7QW)q2,\(ﬂ+1)+1Z%

1 (%47 q
E(q7Aaw7,u7k) - - (q 4
q—q ' (g2 g7, qm2r)?
Zqu.oo@ 1 2 !
P (K1 (pt) + Ki(pt) — K_4(t))
0
1 (q’2“+2;q’2“’7q’2“)2( 2, ) NG+ 22 24" g tK( 0.
gl (g2 g2 g 2n)2 59 ) s
q q q 7 q »q 0
Now, by Lemma 5.8, we find that
T2 (of) = — PP (P — ¢?) (% q %) 00(%(1 2 qm2)
w0 G I P ) (P ) () B g )
and therefore that
2(pt1) t 90(£q2;q—25) (gq—2/\ —2w)
Ki(t) = —Ci(A )t~ % Qp(=5q7 2,7 %) —F L
HO ==l P (i) oGt )
for the constant
—op—1 )

q
Ci(\p) =
1(A 1) 00(q2: ¢~ 29) (P 2q~2%; ¢~ 29) (¢~ P25 ¢ 2%) (¢~2; ¢~ )

Substituting back into our computation yields

_ 1 (q72w+2. q72o.)7 q721€)2 B B 2ut2
g hw k) = —— (q_zw_ggq_gw’q_%P(Q 20 g2 AL T 0 (A )
-2 tg?: g2 —2X. -2
0 t z 90(2q77 —28) 00(%¢%5q _2“)
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which upon noting that
1 (q72w+2; q72u.)7 q72n)2

OO = = i (a0 G )
simplifies to
<00 3 2 —2K z —2)\ —2w
sty t o eo(t 2.4 2;@)60<tq2k’q—2w>
- e G G e (g 7 )

2w)

4t 2041) _ _ 0o(tq?;q2%)00(tg*; 4~
— O\, / ST Qg : : :
Ap) 0 t (g Oo(tq=2;q=2%)00(tq=2; %)

where in the last step we change variables to eliminate z. This completes the proof of Proposition 5.3.

5.10. Jackson integral expression for the trace function. We now apply Lemma 5.2 to obtain a
Jackson integral expression for T%°(q, A\, w, u, k).

Proposition 5.10. In the doubly formal good region of parameters (5.2), as a formal Jackson integral and
a formal series in ¢~2* we have
-y B B
T dgat (g2 g2y~ o Oo(tq®;a~>") Oo(ta™;q7*) 7
t Oo(tq=2;q72F) Oo(tq—2: %)

T (g, A, w, i, k) = D(A,u)/
0
where the constant D(\, ) is defined by

(q4q—2k; q—2k‘)<q—4; q—2UJ) (q—2w+2; q—2w7q—2k:)2
(g=2k;q=2F) (q=29=2;q72w ¢ 2F)2
—2p—2.

q (q 1q
Oo(q**;q72)(q*2q 7225 q729) (722 725q72) (g7 2425 q7%F)

Remark. In the statement of Proposition 5.10, the functions

DA, p) =

242
App—A+H2— == —Qk)

—2k> Ho(tq_Q“; q—2k>

__wr Bo(tg*iq
Jy =t Oo(tq—2; q—2k)

Oo(tq=2;q=2F) and 9(0) =

have the same transformation properties under ¢~2-shifts, meaning that £ (qf(z)kt) = 9(‘;7(:;” = ¢22,
Proof of Proposition 5.10. By Lemma 5.2, we have
(5.10) T (g, Ao, k) = Oy Z(g A w, Bt k2

. q, A, W, [y ;Lll‘—‘Q777 9 .

By Proposition 5.3, we find that

-2
_ -1 4 0 d okt % — _
‘:(Q7)‘awvﬂT7k_2) :Dl()‘nu’)/ q: Qq2(t5q 2 4 2k)t
0

where the constant D1 (A, p) is defined by

1 q)\u—)\—u—l(q—él; q—2w) (q—2w+2; q—2w7 q—2k)2
q—q " 0o(q*q72)(qP 2q7 272 (72 ) (722 g T, g7 7k)?

Further, by Proposition 4.6, we have that

JEs] 0o(tq q=2) 0o(tg®; =)
Oo(tq=2;q=2F) Op(tq=2;q=2w)’

Dy = OO ) =

(2 q2) (¢ 22 q72F)
(q72r=2;q72%%) (g% q72F)

Substituting these into (5.10) yields the desired. O

2u+
Cugay=—(1+4")g "
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5.11. Relating the Jackson integral to the Felder-Varchenko function. In this section, we convert
the Jackson integral expression of Proposition 5.10 to a contour integral expression to give a proof of Theorem
5.1. For this, we show in Proposition 5.11 that when formally expanded in ¢~2¢, the coefficients of both the
Jackson and contour integrals converge in a formal neighborhood of 0 as functions of g=2#.

Proposition 5.11. In the doubly formal good region of parameters (5.2), as a formal power series in ¢=2,

the Jackson integral for T"°(q, \,w, 1, k) converges in a formal neighborhood of 0 in the variable ¢=2# and
equals

(q—4; q—Qw) (q—2w+27 q—QW)q—Qk)Q (q— q 2w’ q—2w,q—2k)

T (q, A w, p, k) =
( ) (q72w; q72w) (q72w 2’ q- 2w’q72k)2 (q4q72wq 2k7 q- 2k,q72w)

q)\;tf)\+2 (q72p‘72; q72k)
90( 2)\. 72w)(q2)\72q72w. q72w)(q72/\72. q72w) (q72u+2; q72k)
0 2)\ 2 2kn 72w 74 2kl 72w)
Zq —2p+2)n 0 H 5 q
go(q q2k:n 2w 90 2lcl )

n>0
Proof. Define the integral expression
I /qz'” dqf%thQ (b g2, g2 Oo(ta®; ¢ %) Oo(tg™;q~>)
0 t Oo(tq=2;q7%*) Bo(tq=2:q7%)
so that T%°(q, \,w, u, k) = D(A, )l by Proposition 5.10. Denote the integrand by
w1 Oo(ta? q=%) Oo(tg**q~*)
Oo(tq=2;q72%) Oo(tq=2;472)

and let its formal power series expansion in ¢~ be J(t) = > <, Jn(t)g~2™. We have that

Jo(t) = (g™ ¢™") —wor Oo(tg* q™™") (1—1g™) _ _wo ((71q7 ¢~ 5q7) (1 - 1g™)
(tq%; q=2*) Oo(tg=2q=2%) (1 —tq~2) (t'q?q=2F;q72F) (1 —tq~?)

2.5 dqukt

J(t) = Qe (t; g2, ¢ )t~

We conclude that [
of parameters (5.2) on a formal neighborhood of 0 in ¢~ 2. Defining the formal power series J(t) so that
J(t) = Jo(t)J(t), we see that J(t) has expansion of the form

) =1+ Ju(t)g 2"

n>0

Jo(t)t"™ converges for ”T'H > n, which holds in the doubly formal good region

2.5 dq—th
t

where jn(t) is a Laurent series in t of degree at most n. This implies that foq Jn(t) converges for

. . . . 200 d, okt
each n. We conclude that each coeflicient in the formal power series expansion of I = foq 2 :k J(t)
converges in a formal neighborhood of 0, so as a formal power series in ¢~2% it equals

I_ZJ -2 2kn

n>0
= (g2 (¢ ¢ g7, ¢ %) (¢ g g 7%, q7%F)
e (qZFng—2w; =2 _q=2k)(qhq—2hng—2wg—2k, g—2w_g—2k)
(qf%an%. 0 2%) O (¢ 22k =2
Oo(q=*q**";q7%) Oo(q~*q* "5 q72)
:quT“ (g% g2, ¢ %) U] Z (—2u+2)n
(a2 q72)(q* g2 g *F¢7%%,q72) Oo(q "5 ¢72F) &
Bo (g —22; n 42k, q 2)
Oo(q~ q%” H 2"” )
which yields the desired upon substitution of D(\, p). O

We now prove Theorem 5.1 and thus connect the trace function and the Felder-Varchenko function.
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Proof of Theorem 5.1. Comparing Proposition 3.1 in the formal neighborhood of co for ¢~2* and Proposition
5.11 in the formal neighborhood of 0 for ¢—2#, we find as formal power series in ¢~2* and then ¢~2*, in the
doubly formal good region of parameters (5.2) we have

g P (g )
QO(QQA;Q_zw)(q2A_2q_2w;q_QW)(q_QA_Q;q_Qw)

(22¢72,¢72)? (a7 )¢5 a77) ) .
(q—29-2, g2 _g—2k)2 (q72u+2;q72k)(q2#+2q72k;q72k)u(q’ sw, =, k).

(5.11) T™°(g,\,w,p, k) =

—2w
)

Recalling the definition (3.3) of the Felder-Varchenko function, we obtain

) (q2F2; g2 q=2k)2 q

(q72725q72,q7%)2 00 (g**; = 2) (P 27295 q72) (722 ¢7 %)
(25 4729) (¢*q2*; 7 2F) ]{ dt (g2 72k)9o(tq’2“;q’2’“) Oo(tq*; q=2+)
(q=21H2, q=2k) (g1 t2q=2k; g 2k) Jo, 2mit™ T ’ Oo(tqg=2;q72%) Oo(tq=2;942)"

—2w

Ap—A+2
T (g, A\, w, p, k) = (g~ ¢~

By Proposition 2.6, each coefficient of ¢~ T (g, \,w, u, k) as a formal power series in g is a rational
function in ¢=2# and ¢~2*.* Therefore, the coefficients of the formal power series in ¢~ in (5.11) are equal
as rational functions because they are equal on a formal neighborhood of 0 in ¢=2# by (5.11). Define now
the formal good region of parameters

(5.12) 0< g < g < g < gl Jal ™"

We conclude that (5.11) holds in the formal good region of parameters at the level of formal power series in
g~ % for numerical ¢—2* sufficiently close to 0.

It remains only to check that this formal series in ¢ converges. Because the poles of the integrand in
the integral expression are bounded uniformly away from C; as ¢~2% — 0, the formal power series expansion
of the integrand converges uniformly on the compact cycle C; to the integrand. We conclude that the
integral may be integrated term-wise and therefore that its formal expansion in ¢=2* converges. Because
T%° (g, \,w, i, k) shares a formal expansion with the integral, it also converges for numerical ¢~2* sufficiently
close to 0. We conclude that the desired equality holds for numerical parameters in the good region (5.1)

with ¢~2# and then g2 sufficiently close to 0, completing the proof. ]

—2w

Corollary 5.12. For ¢~2* and then ¢—2“ sufficiently close to 0 in the good region of parameters (5.1), the
trace T%°(q, \,w, i, k) is related to the Felder-Varchenko function by

g " g ™)
 00(g* g7 ) (¢ 22 g7 2) (P2 )
(%% q7, %) (a7 ) (" *"a77)
(¢, A\, w, —p, k)
(q—29-2; g2 q—2k)2 (q—2u+2;q—2k)(q2u+2q—2k;q—Qk)uq’ Wy )

Two (q) A’ w? /”L’ k)

Proof. This follows by combining Theorem 5.1 and the formal equality (5.11). (]

6. THE CLASSICAL LIMIT

In this section, we take the classical limit of our expression for the trace of a U, (SAIQ)—intertWiner and
recover the expression for the trace of a U(sl)-intertwiner given in [EK94].

6.1. Verma modules, evaluation modules, and intertwiners. Let M, ; denote the Verma module for

U(5A[2) with highest weight pup + kAo, and let L, (%) denote the finite-dimensional evaluation module with
highest weight p. The module L, (2) has a basis w,, w,—2, ..., w—_, which coincides with the basis for L, (z)

as a Ugy(slz)-module. In particular, it satisfies

w—m
e1Wy, ® 2" = Tme ® 2",

4Note that this does not follow from the Jackson integral expression for T%0(q, A, w, u, k), since as a formal series in ¢—2%,

that expression holds only on a formal neighborhood of 0 in ¢—2#. To obtain simultaneous rationality of coefficients of the
formal series in ¢~2¢ on an open neighborhood of 0 in g~2#, we require the representation-theoretic input of Proposition 2.6.
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For v € L,(2)[0], denote by

OE(2) t My — My ® Ly(2)

the corresponding U (f?[g)—intertwiner, normalized so that

@Z%(z) Uk = U @v+ (Lo.t.).

6.2. Wakimoto realization of intertwiners. In [EK94, Section 5], a different normalization of this inter-
twiner is considered via the Wakimoto realization. Let A be the algebra generated by «y,, B, v, for n € Z
subject to the relations
[Oén, am] = 2n6n+m,O and [Bna ’Ym] = 6n+m,0
with all other commutators zero. Define also the bosonic fields
Oé(Z) = Zanz_n_1> 6(2) = Zﬁnz_n_lv 7(2) = Z’Ynz_n-
nez ne nez

Define the Fock module H) ; to be generated by the vacuum vector vy ; with properties

A
QQUNE = U k-
0UN,k N W

A free field realization of the Verma module was given in terms of these Fock modules by Wakimoto in
[Wak86]. In our notation, this realization is given as follows.

opUa g =0forn >0 BnVak = Ynt1Urk =0 for n >0

Proposition 6.1 ([EK94, Equation 5.7]). The assignments
Je(2) = B(2)
Jn(z) = =2 B(2)(2) : +Vmal2)
Jp(2) = = 9(2)?B(2) : +Vra(2)(2) + (5 — 2)7'(2)

define an action of U (;\[2) on Hy . For generic A and k, the resulting module is isomorphic to the Verma
module M) j with vy ; the highest weight vector.

Define now the classical vertex operator
X(ca, z) = exp CZ Gn —n exp CZ On y=n | geazemo
7 n<0 -n -

and the screening operator

U(t) = Bt)X (—a/VE,t).
These two operators define the intertwining operator which appears in [EK94, Section 5].
Proposition 6.2 ([EK94, Equation 5.8]). For any cycle A on which log(¢;), log(t; — t;), and log(t; — z) are
well-defined, the operator ®,,(2) : M, x — M,, @ Loy, () given by

2m+1 n

~ m(m+1) m n €
D, (2)v =z ¥z Z% (/A X(\/moz7 2) (=) U(t1) -+ - Ultm)dty - - dtm) v® n—l!w_gm,

is an intertwining operator of U (sﬁg)—representations.

Remark. Proposition 6.2 has a different normalization from [EK94, Section 5] because we take d to act by
0 on M,\Jg.
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6.3. The Etingof-Kirillov Jr. expression for the classical trace function. We now apply the com-
putation of [EK94, Theorem 5.1] to compute in Corollary 6.8 the classical trace function

wo,cl 2d _mwi\h
TrlM/,L—l,k—2 (q)#fl,kaq € )

We begin by defining the normalized traces which appear in [EK94, Theorem 5.1]. For ¢ = €™, define the
function

h

T|u, (:I;quQde efm')\h>

—9d—h _ .
Tr|]\4'h . (q 2d—5 e TrZAh)
5

FA 7,1, k) =

and its normalized version given by

FS 2d ,wi\h
Tr|Mu71,k72 (‘:I)#*lq e )

ﬁ()\,T,‘LL,k)I:F(*)\+T/2,7T,[L717k72): i
Trlv, s (quem)\h)
=2,

An integral expression was given in [EK94] for F(A, T, 1, k) using the additive notation

(61) 91(( | 7_) — 267rir/4 SiH(C) H(l _ 627rin7'62ig“)(1 _ 627rin'ref2i()(1 _ 627rin'r) _ 0(821'(; 627rz"r)
n>1

for the first Jacobi theta function.

Theorem 6.3 ([EK94, Theorem 5.1]). For p € C and k = k + 2 with & # 0, Im(7) > 0, Im(X\) > 0, and

m > 0, we have
T (0 (m(Go—G) | 7)) P
11 < 01(0 | 7) )

i=1

PO\ 71, k) = e—miM(u—}) 2 / IR
A=l

01(7‘(‘(@—@‘,)|7) 2/k m
g( 9'1(0\7{) > m!il;[lG(Z7ti | T, A+ 7/2)dty - - - dty,

where A is a cycle chosen so that logt;, log(t; — t;), and log(t; — z) have single-valued branches on A, the
function G is defined by

i oA =) | 7)01(0 ]| 7)
G(1,e*™ [, A) = g™ 91(77/\|7’)01(ﬂ'é|r)

and we take the coordinates z = e?™%¢0 t; = €27 and ¢ = ™.
Remark. In [EK94, Theorem 5.1], d is normalized to act on v, ; by 72(1’;‘7_7_2). In this work we normalize

d to act on v, by 0, hence the statement of Theorem 6.3 differs in normalization from the statement in
[EK94, Theorem 5.1].

We now specialize to m = 1 and set z = 1 (since F'(\, T, u, k) is independent of z). After computing all
relevant normalizations, we obtain in Corollary 6.8, the classical limit of 7%° (¢, A, w, i, k) from Theorem 5.1.

Corollary 6.4. For pu,k € C, k #0, |¢| > 1, Im(\) < 0, and m = 1, we have

- o -2, —2) 2kt N 27iN. ,—2
F(\ 7 k) = 2k e B midn) )T /t—“Tl—l—eo(te 4 ) gy
A

Oo(e?™*; q2) Oo(t;qg=2) %

where A is a Pochhammer loop around 0 and 1.
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Proof. Direct substitution and setting z = 1 in Theorem 6.3 allows us to choose A to be a Pochhammer loop

around 0 and 1 and yields
Nk _uxr (01(—=7C1 | T))
FOu T k) = ™00 [ :(1 i
7 ) A GOl ) 2 GOt NG )
K+2

)i/t_%_lel(w(ﬁm—@)|T)9’1(0|T) iy
A

)5 i 20T +7/2-G) D6 0] 7)

— e—ﬂzge—ﬂ'zk(u v
k42
2 Or(m(A+7/2) | 7) 01(mCy | 7) =
YU ST () Ko [ a2 g) ),
201 (r(A+7/2) | 7) Ja 01 (mCy | 7))
. ktd
B miau-5 L 01(0 | ) / P | 10i(mAN+7/2 () | T)dt
201 (r(A+171/2) | 7) 0, (nCy | 7)iH2

We now compute the derivative
010 | 7) = —2¢"74(¢% ¢*)05(1;6°) = 2¢™ /(¢ 4°)”.
Substituting and applying (6.1) and (A.1), we conclude
E+2
7rz)\(p l—u) i 91(0 | T) k / t—%—lol( (_>\ - Cl) | T) dt
A

ﬁ(A,T,M,k) = 2Ny
20, (=7 | 7) O (nCy | )%
. 2miN. ,—2
= 672;:1@ i (N7%)32%€ Wlki (q 2 — ) / t*%fl eo(te 7qk+2)dt
2 90(6 A q?) Oo(t;q72) %
. -2, —2y2kts 2miN. ,—2
_ 9 gt min(u—k (¢ 4 ) F / i1 1 0o(te ’({cﬁ)dt 0
Oo(e2™*1q72) Ja Oo(t; g=2) "+

Lemma 6.5. For |¢g| > 1 and Im(\) < 0, we have that
wilk _ _ ; —
TI*|M§JC (q2d6m)\h> = 2 (g2 ?) (e 2N g2) L

Proof. Since negative roots take the form —a, +a + md, mé for m < 0, we obtain

Tr|y, ) (quemAh) — mi(Ah+27d, E pt+kAo) H(l _ em’(/\h—&-Z'rd,ﬁ))—l _ Tk (q—Q;q—2)—190<€—27ri)\;q—2)—1. 0
k,
B<0

Corollary 6.6. For |g| > 1 and Im(\) < 0, we have that

2d mAh) — 9} o~ mid(ut1) (qu;qu)
Oo(e2mA; 2 Oo(t; q—2) "%

k44 .
- a1 90 teZﬂ'z)\.q72
Tlas, oo (Bum1q%e )2/t o leTh g,
A

where A is a Pochhammer loop around 0 and 1.
Proof. By Corollary 6.4 and Lemma 6.5, we may compute

'I‘1‘|MM_17,C_2 ((I)#, q2dem/\h) =F(\71,u, /f)TI“Mﬁ - (q2dem>\h)
=2,

_ k+4 ) _
_ 2%6—%67”’)\(”—1) . (q 54 2) / t_HT*l_l 90@627”)\;(] Q)dt
0o (e2™A; q=2)0p (e=27A; q=2) Ja Oo(t; q~2) "%
o o\ k+d _
_ ot gy @A) [ ey wd
= Tene € orin o —22 | U 5] i.
90(6 3 q ) A 90( 1 q )

Lemma 6.7 (Beta integral). If A is a Pochhammer loop around 0 and 1, then
- - / 5\ L(@)T'(B)
to 1 1—t¢ B 1dt —(1— 6277104 1— 6271'15 il Ut

A
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Corollary 6.8. For |g| > 1 and Im(\) < 0, we have that

wo,C 2d  mi\h
Tr|JVIM—1‘k—2<<I) 1k 24 € )

eﬂz)\(p+1)eﬂz’

n—1
k

FEEOLCHE) (7%a7) / L, ez Oo(te*™ )
| — r(-2) 90(627”’\ ¢ J 2mit Oolt:q=2) %
where A is a Pochhammer loop around 0 and 1.

Proof. Because both iu_l(z) and 5;”21(2') are intertwiners M, y—o — MM_Lk_Q@LQm(Z), @L_l(z) is a
scalar multiple of 52’21(@ Applying Lemma 6.7, the constant of proportionality is

* 3 —miA(p—1 2d mwi\h
(Vi1 k-2 Pu—1(2)0pu—1k-2) = lggo Ailniwe ( )Tr|M;L_1,k—z (q)uf qe )

=2k T [ T -t dt
A

. v E—ptlyp_2
— ot (1 — e Y (1 — e 42")—“ kkf)f( )

_3mi __sp—1 . __A4Ami F(
ke TR 2mi(l—e Tk

2
=2%e

Normalizing the result of Corollary 6.6 we conclude

S 2d ,mi\h
Tr‘Nfu717k72 ((by,flq € )

- . _ 4w (-2
= omi(l - e ) pn ey

ewiA(;H—l)em‘“Tfl F(HT_l)F(k_ﬁ_l) (q_2; q—2)% / 1 — at 90(t62”1>‘,q 2)d

1 67% F(f%) 90(62m’)\; q72)2 A 2mit 90(t e )k;fc—2
6.4. The classical limit of the trace function. We now obtain the result of Corollary 6.8 as a consequence
of Theorem 5.1. For this, we take the classical limit of 7"(q, \,w, u, k), given by u and k fixed and

q=ce" w=e10Q A=¢ec1A
as € — 0. Define the resulting limit of T%° (g, \, w, i, k) by
t(A,Q, p, k) i= lim T (e, e A, e 1, u, k).
e—0

wo,C 2d _miAh\ __
Tr|Mu,—1,k—2 ((b 1k 2q € >_ 9  3mi

2 )
ke keﬁl

t. O

Theorem 6.9. If A, Q, u, k are real with —1 < p < 1, the classical limit of T%°(q, A\, w, i, k) is given by

MR Tt (=20, o=20) 2 p(ulyp(hopsl) dt Go(te* ;e ) _u
t(A, Q. k) = Ini A Q 2 : hr2 Py
1—e 5 Oo(e?h;q=2?)2 I'(-%) A 2mit Gy (t; e=22)

where A is a Pochhammer loop around 0 and 1.

Remark. Theorem 6.9 computes the classical trace function
1 20d 2A
TT|MH,1,;M (‘I’Zofk 2(2)6 € p)
and agrees with Corollary 6.8 under the variable substitutions ¢ = e and A = % as expected.

We require some elementary asymptotic lemmas for the proof of Theorem 6.9.

Lemma 6.10 (JAAR99, Corollary 10.3.4]). For x € C — {0, —1,...}, we have
: 1-2 (P;P)
m =Py gy <T@
Lemma 6.11. We have
(»*;p) (1= p)rt = I'(b)
p—=1- (p%p) I'(a)
Proof. This follows by applying Lemma 6.10 twice. ]
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Lemma 6.12. If v and v are complex with |ul, |v] < 1, we have
lim (p%u;v) = (u;v)
p—1—

uniformly on compact subsets of |u| < 1.

Proof. We evaluate the limit as

am , m,,m

hm(puv)—hmexp( Zzp wv ):exp( Zzumvnm)— (u;v). O

1_
p= m>0n>0 m>0n>0

Lemma 6.13 (JAAR99, Theorem 10.2.4]). For complex u with |u| <1, if b > a and a +b > 1, we have

Ao
im (pbu,p) = (1 —u)b“
p—1- (pbu;p)
uniformly on compact subsets of |u| < 1. If a4+ b > 1 does not hold, the convergence is uniform on compact
subsets of {|u| < 1} avoiding 1.

Lemma 6.14. For complex u, if b > a and b ¢ {0,—1,...}, uniformly in p < 1 near 1 and |u| = 1 near 1,
we have

for some constant C' uniform in v and p.
Proof. Choose m > 0 so that a + b+ 2m > 1. For this m, we have

(P u;p) _ (P uwip)m (P usp)
(Pbuip)  (PPusp)m (PPHMusp)’

so by Lemma 6.13 it suffices to show that }:f)i{;:z is uniformly bounded for 0 <[ <m — 1. Let p = € and

u = 2™ and notice that for some constant C; and p,u sufficiently close to 1 that
1—pthy up' (p* = p*) Ip* =1’ |b—ale b—al
_— =l ——|<1+————— <1+ C
‘1pb+lu + 1—pbtiy | — + |1 —pbtiu| — * |(b+l)€+27m§\ I+ TENTE
which is uniformly bounded, as needed. O
Proof of Theorem 6.9. Recall from Theorem 5.1 that
Ap—A+2( 4. —2w —2k. —2k\(, 4, —2k. —2k
q q ;4 q 4 q-q q
T (g, A w, i, k) = 2N 2w (2h_2 —(2 — )—2 3. 2 —(2 2,2 )(2 =y —)2
00(q?; g~ %) (¢ 72q=2; =2 )(q72* 2, ¢72%) (¢~ 21 +2 ¢ 2F) (g2 +2q =2k g = 2F)
(7272472, ¢72")? % gy (1 g2 g2k DUT57) O0(tg™; 7)
(a2 22 )2 Jo omit 0 TG0t % ) Bt % g %)

where C; is the unit circle. Applying Lemmas 6.11, 6.12, and 6.13, we obtain that

(g -2) A2 (q2%: =) (q4q2F; g 2)
Junlg g B0 (q2; q—2) (P —2q—2; =2 (q—2A—2; q—2) (q—21+2; g—2k) (2h+2q—2k; q—2k)
“A(— - —1 k—p—1
- A om0 o~20) (et
90(62/\; 6_29)(62‘/\_29; 6—29)(6—2/\; e—QQ) F(l)r(_%)
and
- (q—2w+2;q—2w’q—2k)2 . (q—Qw(n+1)+2;q—2k)2 _ H(l 6_29(n+1))% _ (6_29;6_29)%.
e 50 (q—29=2; g—2w g—2k)2 0 (q—20(nF1)=2; g—2k)2 s

Uniformly on compact subsets of C;, we have by Lemma 6.12 that

i (tq2’\q’2‘“ q72w)(t71q72>\q72w; (]72“}) (t62A672Q; 6729)(t71672A672Q; 6729)
1im =

e—0 (tq—Zq—Qw’ q—2w)(t—1q2q—2w; q—2w) - (t8_2Q; e—2§2)(t—1e—29; 6—29)
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and for sufficiently small ¢~ by Lemma 6.13 that

. (tq—2q~ 2 +D); =2k (4= 12— 2w(n+1) =2k, o=2k)

_ 29+ \—2 1 4—1_-2Q(n+1)\—2
5_}0720 (tqu—Qw(n+l);q—2k)(t Lg2q—2w(nt1) g=2k, —2k) (1—te ) F1—t"e ) F

n>0

Finally, by Lemma 6.13, uniformly on compact subsets of C; avoiding 1 we have

Lt (b g ) (g ) N I €
lim ) 5 oy =2~k ek = (L —ta™) ’
=01 —tg=2 (tg%q %) (t " q?q?*;q7%F) 1—t
where we note that for —1 < pu < 1 both "—H and % are positive because k < 0 for our choice of

parameters. Combining the previous three hmlts and applying Lemma 6.14, on a small enough compact
neighborhood of 1 in C;, the integrand has asymptotics bounded uniformly in € by a constant multiple
of (1— t)’%’l. Therefore, the limit of the integral may be computed by omitting a shrinking compact
neighborhood of 1 in C;, so we conclude by uniformity of the limits on compact subsets of C; avoiding 1 that

HAQ k) — e“A_A(e_2Q;e_2Q) F(MT—l)F(k—;]i—l) s 20 %
(A, Q. k) = _00(62/\;@*29)(62/\*29-3*29)(e*21\;e*29) T()0(-2) ( e )R
ot 1 90(t62A' 729)

—(1—=t)"
2mt

(1=t 5
eo(t e—2Q)(t6—2Q 6—29) (t 16_2Q €—2Q)F

| emhrAgmit (6_29;6_29)k+4 INC=SINEE= 1)?{ dt fo(te*;e>?)
1 —eF Oo(e2Mem2)2 F(_%) A 2mit G (t; 6*29)% 7

where in the second equality we recall that A is a Pochhammer loop around 0 and 1, note that

1—0)~ (-t T T —t)f

uniformly in ¢ on the complement of the positive real axis, and note that the integral over A is related to
the integral over C; by the monodromy around the branch point at ¢ = 1. O

7. THE TRIGONOMETRIC LIMIT

We show that the trigonometric limit of our computation recovers the trace function for U, (slz).

7.1. Conventions for U,(slz). Recall that U,(sly) is the Hopf algebra generated by e, f, ¢" with relations
h_ —h
_ _ — q —q
d"eg" =,  d"fo"=q2f e fl=—F
qa—4q
and coproduct and antipode
Al)=exl+d"®e, A(f)=foc"+1af, A@Q")=d"od,
Se)=—q"e,  S(N=—fd", S =a"

As defined, U, (sly) is a Hopf subalgebra of Uq(f/)\lg). Let M,, denote the Verma module for U,(slz) with
highest weight 4, and let v, be its highest weight vector. It has a basis {f7v,};>0, on which U,(sl2) acts by

e fjvu [;U' Jj+ ][j]fj_lvuv f- fjvu = fj+1vua qh : fj'U;L = qu—ijj,U#

If v is a non-negative integer, let L, denote the finite-dimensional irreducible module with highest weight
p. We pick a basis {wq;} for Lo, so that U, (slz) acts by

e wyy = [ — jlwajye,  frwyy=[nA4jlwa—a,  q" - way = g7 wyy.

Note that this basis is compatible with the basis for the evaluation module Ly, (z) for U, (;;[2)
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7.2. Computing the trace function for U,(slz). For wg € Loy, let @ﬁo’“ig be the unique intertwiner
Wi M, — M,® Loy,

for which %™ (v, ) = v, @ wo + (L.o.t.). We compute the trace function associated to ¥**"1& in a manner
similar to that used in the opposite coproduct in [EV00, Section 7].
Lemma 7.1. For wg € Lo,,, the intertwiner <I>}f°’“ig acts on the highest weight vector v, € M, by

m

(I)Zjo,trig(%) _ Z(_quuj—j(j—l)m[]??[];]jfjvﬂ ® waj.

§=0
Proof. For some constants c¢;(u, m) with co(u, m) = 1, we have

m

‘I’Z}O’trig(vu) = Z ¢ (K, m)fj% @ wajy.
5=0
Because ®%°""'8(v,,) is killed by A(e), we find that

m
Z cjlp,m)eflv, @ waj + Z cj(p,m)q" fiv, @ ews;
— =

0

<
Il

m
¢ ()i — G + U v @way + Y (i m)g" > [m — j1 v, ® wajya.
=0

I
NE

<.
Il
o

Taking the coefficient of fjv“ ® waj42 yields

i m)@* = m — g + cjpa (p,m) [ — jlli +1] =0

and therefore by induction we find that

¢j(pom) = (—1)Ygri—iG=1) [ml; 3} _

Proposition 7.2. If |¢~2*| < 1, the trace function for @Z’U’“ig converges and has value

; . ot —1—1)/2 [mli[m 41 (g—q ")
Tr|IV[,L ((I)wo,trlgq2/\p) — q)\u (_1)lq 2)\lq I(l1-1)/2 - . —.
“ 2 0 [ ) [l -5

Proof. Applying Lemma 7.1 and the expansion

k 17k —2i
| R ) k-1 —(k—1
A fk _ ‘ f ® ( )hfl7
= T !

we obtain

(I):izo,trig(qQApfk,U“) — q)\ll72)\kA(fk)¢;f°’trig(vﬂ)

k 11k
_ Au—2Xk [[ie
=4q E

1=0

k—l+1(1_q72i) k—1 —(k=Dh ¢l = 1y Mj,j(jfl)ﬂ y _
e AR P N T

k k —2iy m
— PH2Ak Z Ilice (=) Z(_l)jq“j_j(j_l) [m]; PRty @ g DR Ly,
= Ilo0-¢%) = [1d; 1315

The diagonal terms correspond to the j = [ term of the above summation. Notice that

g~ FOR flapgy = [m + Lywo.
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We conclude that

—21
wo,tri —q ) —_I(l— [m]l[m+l]l
TI|M ((b 0,t g 2)\p E Ap— 2)\k§ ’L k— l+1_ _2Z) (71)lqp,l (1-1) [M]l[l]l
k>0 [[i.1(1—¢

k —24
— Z z g~ P gh- 1(1—1) [m]l[m+ Ul quz)\(kfz) Hi:k—l+1(1 —q ")

1>0 iy =1 Hézl(l — ¢2%)
_unZ 1)lg~ 2 ght= 11— 1)[ m|i[m +1; 1
1>0 [1]a (]2 Hi’:o(l — g—2r-2i)
— Al l —2Az 71(1 1)/2 _iglmlim 4+ 1) 1
=q (¢=q7) = : —~
Z [ TTL2h (1 — g=2mt2) [T, (1 — g=22-20)
We make our previous computation explicit in the special case m = 1 corresponding to the three-

dimensional representation. For wg € Lo, define
T“’Ovtrig(q, A, ,U) = Tr|MM71 ((I)Zzo,img q2>\ﬁ)

Lemma 7.3. We have

TVONIE(g, ), ) =

PRV (1 e 2 q*2ﬁ‘*2’\)
1— g2 (1 — g 2+2)(1 — g—22-2)

Proof. This follows specializing Proposition 7.2 to the case m = 1. |

7.3. The trigonometric limit of the trace function. We check that the trigonometric limit ¢=2% — 0
of T™° (g, \,w, u, k) corresponds with the trace function for U, (slz).

Theorem 7.4. We have that
lim T (g, \,w, u, k) = T8 (g, \, ).

q—2¥—0
Proof. The limiting expression is the constant coefficient in ¢=2 of T%°(q, \,w, i, k), which by Proposition
5.11 and Lemma 7.3 has value
unfA+2(1 _ q74) (q72u72; q72k) q(72u+2)n(1 _ q2/\72q2kn) (q74q2kn q72k)n

lim T%(q, A\, w, u, k) =

q—29—0 - (1 _ q2)\)(1 _ q—2)\—2) (q—2u+2. q—2k) = (1 _ q—4q2kn) (qan7 q—Qk)n
n
_ T (%) (1 —q7%) Z (-2n=2-20n(y _ 2a-2g2kmy (2507
(1 _ q2k>(1 _ q—2k—2) (q—Q;L—',-27 q—2k 1 _ q = (q—Qk;q—Qk)n
_ q)\,uf)\+2 (q72p,72; q72k) ((q72p,+272k; q- k) B q2)\72 (q72,u+2; q72k)>
(1= g*)(1 = q=2A=2) (q= 2125 q=2F) \ (¢~ 2=272k; g=2F) (q2=2;q72F)
=T (g, A, ). O

8. SYMMETRY OF THE TRACE FUNCTION

In this section, we show that a certain normalization of the trace function is symmetric under interchanging
(A, w) and (p, k). To state the symmetry which we will show, define the Weyl denominator d,(\, w) by

Sg(A,w) i= Tr|ar_, (¢?P 2!
and the normalized trace
fwo (Q7 A, w, k) = 6!1()‘7 w)TwO (q_17 =, —w, i, k)7

where on the right we consider the quasi-analytic continuation of T%° (g, A, w, i1, k) to the region of parameters
lg| > 1, |¢7%| < 1, and |¢~2¥| > 1.

Theorem 8.1. The function 7%0(g, A, w, 1, k) is symmetric under interchange of (A, w) and (1, k).

For Theorem 8.1, we first compute the quasi-analytic continuation and the normalization factor §,(\,w).
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Lemma 8.2. The quasi-analytic continuation of T%°(q, \,w, 1, k) to |q| > 1, |¢72’| < 1, and |¢~ 2| > 1 is

T (g, Ay, o, ) = P (g ™) 1 (% ¢°") (@ ;%)
L 00((]2/\; q72w)(q2)\72q72w; q72w)(q72)\72; q72w) 1— q4 (q2u72; q2k)(q72u72+2k; q2k)
(q 2722 g2 )2 }{ W) (1 g2, g2 PULY ) Ot g )
(q=2wH2t2k, g=20 ¢2k)2 Jiy 2y 2mit ¢ T 0o(tg% 6%F) Oo(tg? )
Proof. This follows from Corollary 5.12 and Proposition 3.7. |

Proposition 8.3. We have
6q()\,w) _ qA(q—Zw;q—ZW)GO(q—w\;q—Qw).
Proof. Notice that

Sa(\w) = TY\M,,J,QAO (q2)\p+2wd>71 — (P+200 22+ 2wd) H(l _ q—(ﬁ,2A+2wd))mu1t(ﬁ)
B>0

(81) — q)\(l _ q72)\) H (1 _ q72wm)(1 _ q2>\72wm)(1 _ q72)\72wm) _ q)\(quu;q72w)90(q72)\;q72w)’
m>0

where we recall that the positive roots for U, (5A[2) have multiplicity 1 and are given by
{a, £a +md,méd | m > 0}. O

Proof of Theorem 8.1. By Lemma 8.2 and Proposition 8.3, after some cancellation it suffices to check that

q_m}{ dt o (h g2, 2 Oo(tq=2";q~ %) Oo(tq®*; q—2+)
=1 2mit ’ O0o(tq=2;q=2%) Bo(tq=2;q=2w)

:q—mf Wt =2, g2 Oo(tg™;4>") bo(ta*;47>)
=1 2mit ? ’ 00(tq=2;q72F) Oo(tq=254=2) "

By Lemma A.3, we have that

Qu(t;q72,q7%) = Qe (t™ 47,7 %)

Oo(t ¢ q )0 (tq—2; ¢ 2«)
90 (t 1 —2’ q—2k:)90( q—2w)
1 aw o B0(taT2 a7 )00 (tg % g7 )

— 4Q e 1; 20.)’ 2k\ 70 )
(5 0o (tq?; q=2F)0o (tq?; ¢—2)

Upon substitution, this implies that
,2)\% dt 2(t q72w quk Go(tq72,u; q72k) ao(tq2)‘; q72w)
=1 2mit T Oo(tg=2;q72%) Oo(tq=%q=2)
= qu,\+4?{ dt 2t 721@)90(75‘172”;‘17%) Oo(tg**1q—>)
=1 2t * Oo(tq?;q=2%)  Oo(tq? q=2)
dt 0 t*l 2. ,—2k 0 t*l —2X. ,—2w
:quuf QY g2, g o i ) o 1q L )
t)=1 2mit Oo(t—1q=2;q=2k) Bo(t— ;g2
dt O ( 2u. ,—2k O (t —2A. ,—2w
_ q72,uf i qu (t;q72w7q72k 0( q_27q_2k) 0( q — 7Q_2w )’
|t|=1 2mit Oo(tqa=2;q72F) Oo(tq=21¢72)

where in the last step we make the change of variables ¢ — ¢t~ 1. O

9. APPLICATION TO AFFINE MACDONALD POLYNOMIALS

In this section we explain how our trace functions relate to the affine Macdonald polynomials for 5A[2
defined by Etingof-Kirillov Jr. in [EK95]. We use them to prove Felder-Varchenko’s conjecture that their
definition of affine Macdonald polynomials via hypergeometric theta functions in [FV04] coincides with that
of [EK95]. The classical degeneration of this section is related to the study of conformal blocks in [FSV03].
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9.1. Affine Macdonald polynomials as traces of intertwiners. Fix an integer k > 0. For integers
k> p>0,let L, denote the irreducible integrable module for U, (sly) with highest weight pup + kA¢ and
highest weight vector v, ;. For v € Sym?*~YL,[0], we have an intertwiner

b aok(2)  Lypiknos 105 = Luptraot (-1)p08ym* VL (2)

such that YT}, (2)Vuptkro+(k—1)F = Vpptkro+(k—1)5 @ U + (Lo.t.). Define the trace function

X/A,k,k(% A W) = TrlL;Lp+k:A0+(k—1)ﬁ (Tﬁ,%,k(z)q2kq2wd) )

where the trace is independent of z. In [EK95], the affine Macdonald polynomial for s, was defined to be

X,u,k,k(qa Avw)
J I\ w) = Xkl A W)
u7k,k(q ) X0,0J((q) )‘a w)

It is a symmetric Laurent polynomial with highest term e(##+kAo,2Ap+2wd),

Remark. To avoid conflict with the use of &k for level, we use k to denote the parameter of the Macdonald
polynomial. This corresponds to the variable k in [EK95] and m in [FV04].

9.2. Elliptic Macdonald polynomials as hypergeometric theta functions. In [FV04], the elliptic
Macdonald polynomial was defined by Felder-Varchenko in terms of hypergeometric theta functions. Fix
parameters satisfying |q| > 1, |¢72¥| < 1, and |¢~2¥| < 1. Define

2Z'q2u—2 q—2k; q—2k 29 q4; q—2k
Q(Qaﬂ»k) = b} _(2, —2k ) 204(-2. —2k )
0o (q?+=2;q=2F)00(q*2; q—2F)

In terms of Q, define the I*® non-symmetric hypergeometric theta function of level x + 2 by the convergent
series

~ 2u2 . w22
Apr(g A w)i=q % Qg k) Y ulg,\w,j,Kk)g 27
JE2RTLAp

and the p*™ hypergeometric theta function of level x + 2 by

Au,m(‘]v >\a W) = A;A,fs(q, /\a w) - Eu,ﬁ(Qa _/\7 w)-
Then the elliptic Macdonald polynomial is given by

2
o~ PR e (442)? 43X

q AM+2,N(qa)\7w)

(25072 Bo(¢**25472)00(q**; a7 2)00 (4?2 ¢2)

T (@, Ay w) =

In [FV04], Felder-Varchenko conjectured that j“’,{(q, A, w) is related to the affine Macdonald polynomial of
[EK95]. Define the quantity

~0 2q2#+3)\+2(q72ﬁ. q72n)290(q4. q72n)
J) (g, \w) = : : )
Nﬁ( ) 9()(q2p+2; q72n)90(q2u+6; q72m)(q72w; q72w)390 (q2)\72; q72w)00(q2)\; q72w)90 (q2)\+2; q72w)

Lemma 9.1. For ¢~2# and then ¢~%¥ sufficiently close to 0 in the good region of parameters (5.1), the
elliptic Macdonald polynomial may be expressed in the form

Jur(@g, N, w) = jB,n(‘L A, W) Z q 2 (Rita+2)(w+2) (u(q7 Nw, i+ 2+ 267, k) — ulg, =\, w, i+ 2 + 2K7, m))
jez
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Proof. Applying the definitions, we find that

L _w2)? (nt2)?

iq~ ‘J,:Q +ﬁ(#+2)2+3>\ q2 th Q(q’ uw+ 2’ /1)
(250729 Bo(¢**25472)00(q**; =) 00 (4?2 ¢ 2)

S (e A w, g w) — ulg,—Aw,gow))g” 5
JE2RZAp+2

ju,fi(Qv Aa W) =

2q2u+2q%+i(u+2)2+3>\(q—2n; 425200 (¢ ¢2")
- 90(q2u+2; q72m)90 (q2ﬂ+6; q72n)(q72w; q72w)300(q2)\72; q72w)90(q2)\; q72w)90(q2>\+2; q72w)

ST (ula A w,ow) — ule, —Aw, gy w)g T
JE2KZLAp+2
= ‘73,&(% /\,w) Z(U(CL A w, b+ 24 2K7, ,Lg) — u(q, =\ w, i+ 2+ 2k7, H))q—Qj(nj+;L+2)(w+2). 0
JEZ

9.3. BGG resolution for U, (g[g)-modules with integral highest weight. We introduce now the BGG
resolution of L, ;, which will allow us to compute the affine Macdonald polynomial in terms of our trace

functions. Denote the affine Weyl group of 5A[2 by
W = (s9,51 | 52 = s =1).
It acts on E via
s1(a) = —« si(e)=c¢ s1(d) =d so(a) =2¢— so(c) =¢ so(d)=d+a—c
and on H* via
(9.1) s1(a) = —« s1(Ao) = Ay s1(0) =4 so(a) = —a+26 so(Ao) = Ao+a—0 $0(6) = 0.

Define the dotted action of W* on E* by w-p=w-(z+p)— p. For I > 0, denote the length [ elements of
W by w(l) := 5051 --- and w} := 5150 - -, where wé and w! contain I reflections. We compute the actions of
wh and w} on pp + kAg.

Lemma 9.2. The dotted action of w! on up + kA is given by
wi' - (up + kAo) = (u+ 2U(k +2))p + kAo + (=1(p + 1) = I*(k +2))6
wi' - (up + ko) = (= 20(k +2))p + kAo + (l(n+ 1) = 1*(k + 2))5
wa T (up + kAg) = (—p =2+ 20+ D)k +2)p+ kAo + ([ + 1) (+1) — (1L +1)%(k +2))8
Wit (up + kAo) = (—p— 2 =21k +2))p+ kAo + (—l(n+ 1) — 2 (k +2))0.
Proof. This follows from an induction using (9.1). O

For w € W and a reduced decomposition w = s;, - s;,, define o! = a;, and o’ = (s, -+ s;,,,)(e,). For

2(pptkAotp,al)
(ad )

a fixed weight pp + kAo, define n, 1 ; =
nptkAo by

. Recalling that v,4ra, is the highest weight vector

in M, p+ka,, define the vector v

w-(pp+kAo)
Ny, k,1 My k1
UMP+/€A0 - fZ i . fZ ! v KA
w-(upt+kAo) [Mygen]! (]! wpt+kAo-

By [EV02, Section 2.7], the vectors v/* (J; ];[J\r(}c Ap) are independent of the choice of reduced decomposition and
span the space of singular vectors in M,,,4+xa,. They yield a BGG-type resolution for L, j given by Verma
modules indexed by W?.

Proposition 9.3 ([HK07, Theorem 3.2]). For k > p > 0, there is an exact complex of Uy (sly)-modules
o= Oy = C1 = Mypyrn, — Luptrn, — 0
with each term in the resolution given by Cy = M,,,1xa, and

Co = Mewt)-uprine) © Mut)-(upskng) for 1> 0-
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9.4. Intertwiners for U, (sﬁg)-modules with integral highest weight. We now give a criterion for the
existence of intertwiners involving Verma modules with dominant integral highest weight.

Proposition 9.4. For integers k > u > 0, let n; = (up + kAo, ;) + 1. If V[n,o;] = 0 for ¢ = 0,1, then for
any v € V[0], there exists a unique intertwiner
Z’k(z) My — Mu,k®v(2)
which satisfies
) 1 (2)vpk = vup @v+ (Lot.),

where (l.o.t.) denotes terms of lower weight in the first tensor factor.

Proof. The space of intertwiners M,  — Mu,k@)V(z) is given by
~ U, (st *
My, My i@V (2)) = Homy, g (Indp? 0 €., (M 1)* @ V/(2)
~ Hoqu(E+)(CH,k, Vi(z) @ (M) ,))
~ Homy; & (Cpur @k M),V (2))

~{v e V[0]| I,rv =0},

Hoqu (512) (

where I, 1 == {u € Uq(glg) | w- vy, = 0} is the annihilator ideal of the lowest weight vector of M ,. By

the identification of singular vectors in Proposition 9.3, the Uq(EJr)—submodule of M ;Yk: generated by vy, ,
has relations e?iv;k = 0 so that I, is generated by e;, meaning that I, ;v = 0 for any v € V[0] and
completing the proof. O

Remark. By Lemma 2.5, for (u,k) satisfying the conditions of Proposition 9.4, the matrix elements of
Pk (2) are given by analytic continuation from the generic case. Therefore, trace functions for such integrable
modules are analytic continuations of trace functions for generic highest weight and continue to be given by
the expression of Theorem 5.1.

9.5. The affine dynamical Weyl group action. Let (u, k) be chosen to satisfy the conditions of Propo-
sition 9.4 with respect to Lo. In [EV02], for w in the affine Weyl group W% and wgy € L3[0], it was shown
that there exist dynamical Weyl group operators A, 1, (pp + kAg) so that

w kA kA
(b#?k(z)vgl')a;ﬂ*F[;on) = UZ)/-)(-;er(;cAo) ® Aw,L, (1p + kAg)wo + (Lo.t.).

In particular, @9 (z) restricts to a multiple of an intertwiner

Mw'(#ﬂ+k/\o) - Mw'(NPJrkAo)@L?(Z)'

For any reduced decomposition w = s;, - - s;,, we have

(92)  Auwr,(pp+ ko) = Ag, ((siz cesq) - (pp + kAo)) A (Sil (up + kAo)>Asil (up + kAo).

Because Lo[0] is spanned by wy, the dynamical Weyl group acts by a scalar on it, so we will treat it as a
number. We now compute the action explicitly in Proposition 9.6 by reducing to the trigonometric limit.

Lemma 9.5. Let pu be a positive integer. For wg € Lo, the diagonal matrix element of the singular vector

nt+1 : wo,trig ;o _ [#+2]
Sy, € My, in @0 s =

Proof. By Lemma 7.1 and the expansion

pt1 e+l —2i
Hi: 4+2(1 —q %)
A(frH) = r :
; [Tiei (1= g7%)

we find that the f#*'v, coefficient in ®wo-ri8(frt1ly, ) is given by

fﬂ+1—l ® q—(p,—l+1)hfl7

O (a1 R T 0

(1] (1]
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Proposition 9.6. The dynamical Weyl group action on wq € L2[0] is given by

2u+4 g 21(2k+4) , o —2k—4)

_u-2(q 54 2041
(@21 g2kt g=2k—1),, )

_u_g (q7qBHDERRD g =2kdy)

-4 <q—2u—4q(2l+1)(2k+4); )

—2p421(2k+4). g2

Awa'l,Lg (,up + kAO)'LUO =—q

Az, g, (p + kAoJuwo = 2041

—u (g 21
Ao o (pp + kAo)wo = q 4
wi’, Lo ) (q—zu—4q21(2k+4);q—2k—4)2l

2u+4(21-1) (2k+4), q—2k—4)

—41 (¢ 21
(q21q=1)(2k+4); g=2k—4)y

b

Azt L, (1p + kAo)wo = ¢

Proof. The first value for [ = 0 follows from Lemma 9.5 and the fact that v ﬁ tﬁf\fk o) is a singular vector
for the Ugy(sly)-submodule M,, C M, 4 ka,, SO we may compute using the dynamical Weyl group Uy (sl2).
The second for [ = 0 follows by applying the symmetry between sy and s; and noting that up + kAg =

1Ay 4 (k — p)Ag. The other values follow by applying Lemma 9.2 and (9.2). O

9.6. Proof of Felder-Varchenko’s conjecture. We specialize to k = 2, where [FV04] conjectured that
elliptic and affine Macdonald polynomials are related. We have then that Sym>*~Y L, (z) = Ly(z) and

Niuk2 (0 A @) = Tl (B9 (2006
In this case, we relate the trace function to the affine Macdonald polynomial via the BGG resolution and
apply Theorem 5.1 to express it as a hypergeometric theta function in the sense of [FV04]. The proof of
Felder-Varchenko’s conjecture in Theorem 9.9 then follows. Define the quantity
I U
Xk (€A w) = IN. 2w (2A—2 2w —2w) (g—2A—2. ;2w
Oo(q**;q72)(¢**2q*;472¥)(q jq?)

(q—2w+2; q—2w7 q—2k)2 (q—Qk; q—Qk)(q4q—2k; q—2k)

(=22, q~2, q—Q%)2 <q2u+6q—2E; q—z%)(q—Qu—z; q—z%) )

Theorem 9.7. For ¢~2* and then ¢~2* sufficiently close to 0 in the good region of parameters (5.1), the
trace function x, x,2(¢, A\, w) is given by

Xp,,k72(qa )\,W)
= X;OL,k(qa )‘a UJ) Z q—2j(w+2)(u+2+j%) (u(q7 )‘7 W, = — 2 - 2JE, F];) - u(qv )‘7 W, +2+ 2.7%7 E)) )
JEZ
where k = k + 4.
Proof. Define the function
T(g, A\, w, pp + kAo + AJ) := Tr‘M/Lp+kA0+A5 ((I)Z’f)k (z)q2/\q2Wd>
so that
T(g, N\, w, pp 4 kAo + AS) = ¢®*2TY (g, N, w, o+ 1,k +2).
Applying the BGG resolution of Proposition 9.3, we find that

(93) Xu,k,2(qa A,LU)

co 1
= T(Qv Aawnu’p + kAo + ﬁ) + Z Z(_l)aAwf,Lz (,U,p + kAo + ﬁ)T(% Aawvw;'l : (:U’p + kAo + m)

a=1 =0
We compute the sum in (9.3) by dividing it into four pieces depending on the choice of i and the parity of
a. In each case, by Lemma 9.2 and Proposition 9.6, the summand is given by a multiple of a trace function
for integral values of p and k. By Lemma 2.5 and uniqueness of the intertwiner

D0y o(2) t My—1 k2 — M, _1 ;2@ La(2),
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when such an intertwiner exists, its matrix elements are given by continuations of the matrix elements given
in Lemma 2.5. Therefore, its trace function is given by continuation of the expression of Proposition 2.6
even for non-generic (u, k). In particular, for all intertwiners involving the Verma modules which appear
in the affine BGG resolution, the corresponding trace function T%° (g, A\, w, i, k) is given by the formula of

Corollary 5.12. We now analyze each piece of (9.3) in turn. Setting k = k + 4, we have

Az 1, (1o + kAo + ﬁ)T(q, A w,wit - (pp + kAo + ﬁ))

_ 2l(ut2—lk)w—dl (q72“72q4lk;q72k)2lT( w2k ’];)
! (q-2udqitk, g2y, 0 ’

— O (g, A w) P B2 IRy (g X o~ — 2 4 20k, F)

and
Az 1, (1o + kAo + ﬁ)T(q, A w,wi - (pp + kAo + ﬁ))
= g 2Up2HRe— 1 Ezzizﬁzz ngz T(g, A\ w, i+ 2 + 21k, k)
= Xg,k(% A, w)qul(‘”z*l";)(“’Jrz)u(q7 A w,—p—2— QZ%, E)
and
—Azren g (o + kAo + ﬁ)T(q, A w, wi ™ (up + kAo + ﬁ))
— q2(l+1)(u+2f(l+1)ﬁ)w74l—2 (q72”72q(4l+2)f; q72§)2l+1T(q’ A, = —242(1+ 1)’]5’ E)
(q21r=6qIH2)k; g=2k) 5y
= X0 (g 2, w)gP D2 DR @Dy (g N w142 — (2 + 2)k, F)
and

—Awfl+17L2 (Mp + kAo + ﬁ)T(q, AW, w%l+1 < (pup + kAo + ﬁ))
2u+6 4k, 72'15)

_ q72l(u+2+lﬁ)w74l—2 (g qaiq

20+1 ~ o~
(g2 2k, g —2F) T(g, A\ w, —pu — 2 — 2k, k)

2041
= —X(g A w)g 2N (g N w, ot 2 + 21k, B).
Combining our previous computations, we find that

Xﬂ,kﬂ(% Avw) T
7:7‘1’(]7)\50‘}?7#725’1{
NRCEYO I )

+ Z (q”(““*l%)(w“)u(q, Aw,—p— 24 2[15, E) n qul(u+2+z%)(w+2)u(q’ AW, —2— 212’ E)

=1
o

_ Z (qz(lJrl)(M+2—(l+1)'15)(w+2)u(q7 Aw i +2— (20 + 2)'];7 %) + q72l(#+2+l'15)(w+2)u(q7 Aw, 2+ 21'];7 %))
=0

= Z g~ 2@ t2)(ut2+7k) (u(q, Nw,—p—2— 2]'7%7 %) —u(g, \,w,pu+2+ Qj%, E)) O
JEL

Remark. For Verma modules with dominant integral highest weight, the analogue of Proposition 4.2 may
not hold, and the Verma module differs in general from the Wakimoto module. In the classical limit, this
difficulty is addressed in [BF90] by realizing the irreducible integrable module via a BRST-type two-sided
resolution via a complex of Fock modules. Our proof of Theorem 9.7 avoids the use of this resolution, which
to our knowledge is available in the literature for the quantum affine setting only in the bosonization of
[Kon94a]. Instead, we apply the affine BGG resolution to relate trace functions for irreducible integrable
modules to trace functions for Verma modules with non-generic highest weight, which we then compute by
analytic continuation from the case of generic highest weight. Our approach should apply equally well in
setting of the undeformed classical affine algebra.
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Combining Theorem 9.7 with Proposition 9.8 on X0,0,2(¢, A,w) from [EK95], we obtain Theorem 9.9
relating the elliptic and affine Macdonald polynomials.

Proposition 9.8 ([EK95, Theorem 11.1]). There is a function f(q,q 2*) with unit constant term whose
formal power series expansion in ¢~2* has rational function coefficients in ¢ such that

X0,0,2(¢: A\, w) = f(q,¢72)qM (g2 ¢72) (Mg 25 ¢ 2).

Theorem 9.9. Let k = k+4. For g~ 2* and then ¢—2¢ sufficiently close to 0 in the good region of parameters
(5.1), the elliptic and affine Macdonald polynomials are related by

Ju,k,Q(qa )‘7 w)

_ J,u,%(% )‘7 w) (q74; q72w)(q72w; q72w)3 (q72w+2; q72w’ q72k)2 n+4 (q72u76, q72E)(q2u+2q72E. qu‘IE)
— 7. 7. 7. 7 I )
Fla,672%) (q4q72) (g 2F;q72F) (727 25q7 2, g 2)?
72w)

Y

where f(q,q is the normalizing function of Proposition 9.8.

Proof. By definition, we have that

XA W) P g ) (0 ) (e )

J0 (@A w) (@507 (g %q72) (27272, ¢ %)

(=22, g 29) (P22, g 29) (200, g 2F) (g2 22K g2,
By Lemma 9.1 and Theorem 9.7 and the fact that u(q, \,w, p, k) = u(q, =\, w, —u, k) from [FV04, Lemma

2.2], we see that

Jp %(q’ )\’ w) _ X/L,k,Q (q7 )‘7 w)
0

Jm%(q7)‘aw) B X?Avk(q>)\aw) )
We conclude by Proposition 9.8 that
Xu,k,Q(Q7 )‘7"‘})
J, A w) =S o
k2(g: A w) Y002(@ A )
X?L,k(qa )\,LU)

—— (g, \,w)=
pok Jgg(q, A, w)X0,0,2(4, A, w)

_ (g g2 (g2 g 2)3 q72w+2;q72w,q72‘k~: 2 -
=7 ~(q’)\7 ) ( ) )( ) ( ) (q 2u 6;(] Qk)(q2u+2q Zk;q 2k)|:|

w — — — —
1,k _ _ _ _ _ —ow— _ _
! F(@,a729) (g 2F;q720) (g% q72F) (720229, q=2F)?

APPENDIX A. ELLIPTIC FUNCTIONS

In this appendix, we give our conventions on theta functions, elliptic gamma functions, and phase functions
and provide some estimates for these functions. For a more detailed discussion of the elliptic gamma function,
we refer the reader to [FV00]. We use multiplicative notation throughout the text.

A.1. Theta functions. We often use the single and double ¢g-Pochhammer symbols
()= [[(1-ug")  and  (wiqr)= J[ (1-ug™r™),
n>0 n,m>0
which are convergent for |g|, |r| < 1. We also use the terminating ¢g-Pochhammer symbol
(u; 9)

U Q) =

(:0m = Tugns g
Define now the theta function

0o(u; q) = (u;9)(qu™ "5 q).

The theta function satisfies the transformation properties

Oo(qu; q) = —u~'0o(u; q) and Oo(q~ " u; q) = —ug "0 (u; q) and bo(u™";q) = —u "0 (u; q).
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We also use Jacobi’s first theta function 6(u;q), given by

(A1) 0(us; q) = ie™ /1) (u; ) (qu 9) (g5 q) = €™/ (g5 q)00 (u; q)

2miT 2miz

forg=ce and u = e
in [FV02, Appendix CJ.

. We have the following asymptotic estimates for |0y(u; q)| which parallel those

Lemma A.1. If |¢| < 1, we have the following estimates on |6y (u;q)]|.
(a) There is a constant C(g) > 0 so that for any u # 0 we have

log |u])?
e 12 g (— 108 14D
|00 (u; q)| < Ci(q)|ul exp( 2log |q]

(b) For any £ > 0, there is a constant Ca(g,&) > 0 so that for any v # 0 with min,,

log |ug™|| > e, we

have )
log |ul)
0o(u; q)| > C 2 (L .
| O(U,q)‘ = Q(Q7€)|u| € 210g|q|
Proof. For (a), define the constant Cf(q) by

Ci(q) == max |0y(u;q)|.

lg|<[ul<1
For any u # 0 € C, choose
n = —|logy ul]
so that |¢| < |ug™| < 1. We then have

_nn-1)

Oo(ug";q) = (=1)"u""q" 2 0Oo(u;q).

We then see that

n(n—1) n n(n—1
o )] = "ol (w5 0)| < (o) exp (ol + " g

Notice that

_ (logu|)? +loglu| |u|>1

nlog|u\ S{ llog\lﬂ2
— Qelull lul <1

and that
nin—1 log |u])? —Lloglul+1 |u|>1
(1) g < OBl [ —Floglul 41 ful =1
2 2log |q| sloglul+1  |u| <1
Combining these, for C1(q) := eC(q) we find that

log [ul)?
| < 1/2 _ (log|ul)® ,
[00(u; ¢)| < Cr(g)|ul ™/~ exp ( 2log |q|

For (b), define the constant C%(q,¢) by

Chig,e) = min Oo(u: q).
Q(Q7 ) lq|<Jul<1 | 0( 7Q)|
|log |u||>¢,|log |uq™"||>e

If min,, |log |ug™|| > €, then we have that

n(n—1)

' nin—1
160(us @)] = [ulla) "5 100(ug™s )| = Ch(a,€) exp ( mlogul + "D 1og g])
2

Notice now that

_ (logu))? lu| > 1
nloglul 2 3 2 _
—W-i-log\m |u| <1

and that
n(n—1 log |u|)? Llog|ul —1 ul >1
2 21log |q| —sloglul =1 Jul <1
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This implies that for Cy(q,¢) := e 1C%(q,¢), we have the desired bound

log [ul])?
s oot e (B .
00 (u; ¢)] = Ca(q,€)lul E( 2log |q|

Corollary A.2. If |¢| < 1, for any € > 0 there are constants D1(q, &), D2(g,&) > 0 so that for a,b and z # 0
satisfying

min ’10g |quq”|{ > ¢ and min |log |2¢%¢"|| > €,
n n

we have
ab _azn _|0o(2q%;q) azb o ayb|— ozt
Da(q,e)q 2 |22 0|7 7 < | 221 < Di(g.e)q 2 |2%¢° 7.
(0.0 20 < (RO < 02 2
Proof. Apply Lemma A.1 and the factorization (log|2¢?%|)? — (log |2¢%|)? = log|22¢***|log |¢*~*|. U

A.2. Elliptic gamma function and phase function. For |r|,|p| < 1, define the elliptic gamma function
T(z;7,p) by
(2" "rp;r,p)

Derp) =

Define the phase function Q,(¢/z;7,p) by

(A.2) Qu(z:7,p) = (za=Y;r,p) (2 ta"trp; 7, p) _ I'(za;r,p)

(za;r,p)(z~tarp;r,p) [(za=Y;r,p)

It has the following transformation properties.

Lemma A.3. The phase function satisfies

fo(z""a; p)fo(za” ;1)

Qa(z; =, -1
(Z,T,p) (Z arap)eo(z—la—l;p)eo(za;r)
Oo(za;r)
Qu(pz;1,p) = —/———=Q(2; 7,
(pz;7,p) Bo(za- ;1) (2;7,p)

_ Oo(za=tp~Lir
Qu(p~'z7m,p) = (;(o(zap—l'r))Qa(Z;r’p)'

Proof. Observe that

(1 —za)(za"trsr)(2a” p,p) (1 —2"'a) (2" tapip) (2~ arsT)

Qa(z;7,p) = Lz 7,p)

(1 —za)(zar;r)(zap;p) (1 —z"ta"t)(z"ta " p;p) (2~ ta~ rir)
Oo(2ta; p)0o(za=1;7)
Oo(2z~ta=1;p)bo(za;r)’

- Qa(z_l;r7p)

In addition, we have that

(za;7)(z7Ya"tryr) 0o (za;7)
QoL 3T = Qa 3Ty = 79(1 3T
(pz;7.p) (za= Y r)(z"tar;r) (z7,p) Oo(za=1t;r) (27.p)
and that
-1, 1. 1, -1, 1.
Qulp~lzrp) = L2 aBin) g oy BB D0 g ), O

(zap=L;7r)(z~ta=tpr;r) Oo(zap=1;r)

APPENDIX B. COMPUTATIONS OF VERTEX OPERATORS, OPE’S, AND ONE LOOP CORRELATION
FUNCTIONS

We give some explicit computations of OPE’s and one loop correlation functions in the method of coherent
states. For each OPE, we write = to denote equality of analytic continuations outside of the specified domain.
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B.1. Table of vertex operators. We give the vertex operators used in the free field construction of [Mat94].
Define first Y*(2), Z1(2), Wa(z), and U(z) by

Y*(z) =exp | £ Z q Tm (A + ) | X200t E R (a0ta0) oy [ 3 Z T L(am + @)
m>0 m m>0 [km]
Zi(z) = €xXp < Flg—q¢ Z :Fmaim> quao
m>0
Wi(2)=exp< Tla—q ),z m ﬂ ) Fhho
m>0
k+2 _¥
-m 4
U(z) = exp z By~ wrabo exp 27T =08 ].
= ) (2 ram
In terms of these operators, we define
1 1
Xt(2) = ——(XT(2) - X (= and X (z2)=—— (X (2) - X_(z
(2) (q—q—l)z( 1 (2) (2)) (2) (q—q—l)z( +(2) (2))
for
Xi(2)=: Y+(z)Z+(q_¥z)W+(q_gz) : and XT(z) =Yt (z)W_ (qu)Z,(q#z) :
X7(2) =Y (2)Z4(q % 2)Wy(q22)"": and X (2):=: Y ()W_(q %2 Z_(¢"" % 2)
Define also the screening operator
1
S(Z) - (q — qil)Z(SJr(Z) - S*(Z))
for
Si(z) :=: U(Z)Z_s_(q*%z)*lW_F(q*gz)*l : and S_(z) :=: U(z)VV_(qu)le_(q¥z)71 i

Finally, define the operators

wy" m 2m a N a wy " Em k2,
n(wp) = exp ( Z Wy } (q2 Bem +q 2 B ))e(k+2)5+k wog(,@O‘f‘ O)GXp (72 [207m](qz Bm +q 2 am))

2m
m>0 [ m>0

Zm 7m k+2 B o k& _1 & 20 Em kt2,,
g(ZO) = €exXp <_Z ;]n ( Bom +q 2 a—'rn))e (k+2)8-k 20 2 (Pt ato) exp ( Z [;m} (qg Bm +q 2 O‘m))'

m>0 [2 ] m>0

and the intertwining vertex operator

k+2zm kTm2m ) B Lao . k)+22 —m kTQO ~
65(2) _exp(%:o(q [k)m](me][ j ](aierO_lim))ezg(wa)ZkH( +30) xp (_mgo (q [im]ém][ J ](am+am)>
(¢"+22)m g T ™ (25m] J8 s Bo (¢"+22)~mg" M 2m]

We define the modes {a,} of each vertex operator A(z) listed by

= E anz "t

nez
with the exception of £(z), whose modes are defined by £(2) = >_, .z &nz™
Remark. Our definition of ¢;(z) corrects a typographical error in [Mat94, Equation 5.1].

B.2. Operator product expansions. We give some OPE’s which will be used in our computations. In
each case, we mention the domain on which the relevant OPE converges. If no domain is specified, then the
OPE converges for all values of the variables.
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B.2.1. OPE’s between S(t) and X~ (w). We record the OPE’s between S(¢) and X~ (w). We have that

_ waktl
SHOXT () = T s S OXT () g™ <o
X7 (w)S (t):%:&(t)xz(w): w2 > |
Sy (HX=(w) = g 84 ()X (w) -
X=(w)S4(8) = g+ S5 ()X (w) -
S (X5 (w) =g S_ ()X} (w)
X5 (w)S_(t) = 7L §_ ()X} (w)
k41 _
S_ ()X~ (w) = ttqqmi_wq LS (X (w) : |w| < [tg" 2]
tg"*! —wq
XZ()S- (1) = G ¢ S-(OX=(w) : hul > l1g*+?].

We will require the following computation for analysis of convergence of the Jackson integral.

Lemma B.1. We have that

1 k k
20, 8t) = —————(UBY (tg " HOWe(tq 2 )" Wo(tg 2)" "
e, SO =~ gy (U OY ™ W15 )7 W (a5
— UMY (L)W (¢ +2) " W (tg%) " - )
Proof. This follows from the OPE’s between X (w) and Sy (¢) computed above. O

B.2.2. OPE’s between S(t) and X (w). We record the OPE’s between S(t) and X ™ (w). We have that

S (0XHw) = L0 s ()X (w) -l <t
ER RO I .

XF)S4 (1) = 0+ S OX ) ¢ ful > I

S ()X (w)=q¢ 'S ()X (w) :

X ()S4(0) = g+ S, ()X (w)

S (X (w) = q: S (11X (w)

XEw)S_ (1) = q: S_()XE(w) :

T(w) = ¢t—w T(w): |w
S0X ) = L s X w5 ful < o
XHw)S_ () = T 5 (X F(w) - ] > I

N - q(t —w) -

B.2.3. OPE’s between S(t) and ¢1(z). We compute OPE’s between S(t) and ¢1(z). We obtain

s Zt71q72;q72k74
S+(t)¢1(2’) =1 2 ((zt_1q2'q_2k_4)) : S+(t)¢1(2’) : ‘t| > |Zq2|7 |Zq

7( “lgT2k=6, g2k 2%k42 2k+6

¢ ( )S+( ) = k2 (tZ _Qk PR q_Qk_4) :S+(t)¢1('z) : ‘t| < |Zq |7 |Zq |
(2t~ 1q~2; g2 4) ) )
S_on(z) = 7 L S (00n) s 1 > e e

t271 72k 6. q72k74)

o1(2)5-(t) = 2~ Etz Tg—2k=2, g—2k—4) S_(0)o1(2) |t < 2¢O |2¢74 2,
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which we summarize as

2 (st g% g7

Sat)or(2) =772 "o ey ¢ Saaz) s > 247, |24
e tzfl 72k76; —2k—4
B1()8a(t) =+ 7 L T ) S 0d(e) ] < 2?0 g ).

(tz—1q—2k—2; g—2k—1)

B.2.4. OPE’s between ¢;(z) and X, (w). Computing OPE’s, we obtain

$1(2) X T (w) = ¢1(2) X1 (w) :

20,k

X w)on(e) = T 00X @)l > o e
k+4 _

()X~ (w) = LY ()X "(w): |w| < |2g"FH], 2|

XZ(w)g1(2) = 72 XZ(w)én(2) : -

We conclude that

k+4
2b—2 *4 —w

$1(2) X, (w) = ¢ PRETE . $1(2) X, (w) = |w] < |2¢"], |2¢"|

k
_ w — 2q _
Xy (@) (2) = ¢ = 1 (X () ¢l > [2g* ], |

and therefore that

i —2c __ k+2
(B.2) (120, X; ()l = 32 ()T @ 61X (w)
cex{1}
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where in (B.2) the analytic continuation holds in the region |w| < |z2¢"|,|2¢"T*| for ¢ = 1 and |w| >

|26"|, |zq***| for ¢ = —1.

B.2.5. OPE’s between XF(z) and XbjE (w). Computing OPE’s, we obtain

w

XI(2)X T (w) = 47— qfﬂ P XT()X(w) [z > |w], Jwe?]

+ + 1-q2% . + 2 —2
X{ ()X (w) = (JW X7 (2) X (w) 2| > Jwg”|, |lwg™|

n _ =gty _ k k2
X{(2) X (w)=q" 1_7quz P XT(2) X (w) 2| > wg"|, [wg" 2|

XT(2)X-(w)=q¢ " : XT(2)XZ(w):

and

1 w
XE()XE(w)=q"" = q;E P X ()X (w) : 2| > Jwl, [wg®|
XH ()X () = g XH() X7 (w)
1 qk:+2w . o
X (2)XZ(w) =¢q o XT()XZ(w) s [z] > Jwg®], Jwg
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and
1—g 22 k k-2
X7 ()X (w) qﬁ c X5 (2) X (w) |z] > |wg™"|, Jwg™" 7|
X7 ()X (w) = q: X7 ()X (w)
X ()X (w) = q_llfqiiﬂ X ()X (w) : 2| > |w|, [wg™?
z
X - _ L 1-4*Y Y- - ) 2 —2
+ ()X (w) =¢ T_g2u’ X7 (z)XZ(w): 2| > |wg”|, lwg™|
and

_ 1 1- qk+2£ — k+2 k
XZ(2)XE(w) = ¢ 1_7&; P XZ(2)XE (w) : 2| > [wg" 2|, lwg"|
X ()X (w) =q: X_(2) X[ (w) :

X" ()X~ (w) = q% X7 ()X (w) 12| > |w], [wg™?.

B.2.6. OPE’s between U(t), Wx(t), and ¢1(z). We record OPE’s between the constituents U(t) and Wy (¢)
of S(t) and ¢1(z). We have that

zZ,.,—2. ,—2k—4
_ 2 (597%¢ ) _
U(t)pr(z) =t ’““W tUt)p1(z) | > |2¢%|, |2q~?|
4
1 2gake 3p42 Epw)
Wi(t)1(z) =q T zgih2 Wi (t)ga(2) : [t] > [2¢2"77], |2q2" 77
t

W (0)1() = q: W-()61(2) : -

B.3. Trace of the degree 0 part. In this section we compute the action of the intertwiner in the degree
0 part of Fock space.

Proposition B.2. The trace in the degree 0 part of Fock space is

- w —a)s a a 2— 7M — TS L—S—
Trlzg  (n(w0)§(20)Sa () : 61(2)X; (w) : g2 ) = gAHme ot 3= S oo,

Proof. Because the degree 0 part of Fock space has dimension 1, the trace is given by the action of the degree
zero part of the intertwiner on the highest weight vector, which is given by

2)Xs

2\s 2u t_ 2(p+1)

qbsqb,uZT qa(,u+1)q—avu’s

2\ bs by 2L
Ups > @ 0 = @5 ¢ 2 v s g

2)Xs

bs b 2—“72(”7,+1)a +1) —as_—pu+s
—q q qﬂzﬁt 3 q(ﬂ )

q 20 Uu—g,s,s—%

2)Xs

bs bp 2, 20t G001) _as_—pts. p—s—1
—q q qﬂzﬁt P q(# )

q % ) Vp,s>

yielding the result after simplification. O

B.4. One loop correlation functions. In this section we compute the one loop correlation functions

Trq = (07147 *)* [ Tilrs s merumara, . (P)Qw)e*)
m>1

for each pair of the vertex operators which appear in

(n(WO)f(Zo)Sa(t) 1 1(2) X, (w) : q2)\/)+2wd>.

We use a general computation of traces in Heisenberg algebras. Consider the algebra

TI‘|]_->0

Hys

A={a_,a; | [a,a_] =1).
Let F be the Fock space for A with highest weight vector vg.
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Lemma B.3. If ¢ < 1, the operator z/J : F — F defined by

Y= Hexp (z;a-) exp(y;aq) - exp(za_ay)

has trace

Tr|7(¢) =

TiYj ey,
1—ezeXp(Zl—ez+Zl—ez)'
i<j

i>j
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Proof. Let X =% . x; and Y = >, y;. Recalling that for operators A and B with [A, B] central we have

eAeB = eBeAeldBl we obtain

¥ =exp(Yay)exp(Xa_)exp(za_ay)exp ( ley])
i<j

Applying [KT99, Equation B.9] to compute Tr| = (1)), we obtain

1 NG,
Tr|#(v) = ;/(Cd%\e S ol
n,m>0 ’

i<j

s
1 XY
1 —e? eXP(l—eZ _;miyj)
1 T3Y; ey,
n 1—ezeXp(Zl—ez +Z 1—62)
1>] i<j

2
using the fact that fe_a"2+bxdx = %e%a for a > 0.

Corollary B.4. If e < 1, if [84, -] = ¢, then

eZC

Tr|}‘<HeXP($i6—)eXp(yiﬁ+) -eXp(zﬁ_ﬂ+)) - _16’2C exp (Z ﬁi

i>7

Proof. The conclusion follows by taking ay = % in Lemma B.3.

<()\+X)no‘7}r”jfvexl)< leyg) Z)\+Y) 5 ——alvr

1
= e i<y Ti¥i XY / exp ((ez —1Da*+ (Y + Xez)a>da . / exp ((ez —1)b? 4i(Xe” — Y)b)db
R R

O

We may now compute each Tpg by applying Corollary B.4 on the Fock spaces for the Heisenberg algebra
generated by *x_,, and x,,, for m > 0 and * € {«, @, 5} and multiplying the results. We state the results and
the domains on which the relevant one loop correlation functions converge. These are also recorded in Table

1. We first record Tpp for each choice of P. We have

Ty =Tee = (g *;47)

(2 2q2F g2, 7 2%) (¢ 25 ¢ 2)
(q—Qw—Zq—Qn. q—Qw’ q—QK)(q—2w—2; q—2w)

(q72w+2 q —2K q72w)

Ty = (g 202, q—2r g—20)

Ts,s, =

<q—2w q—2w)
TX;X; = (g 292,20

We now record 1),g for @ different from 7. We have

_ 20 . —2w -1 —2w
T’r]§ - 90 —4q ‘IU()q | < |ZO| < |U}0|
Wo

t ., _ -1 _ _
Tys. = 00(ra™a ™) lwoa™| < g™ < fuyl

T, =1

n

w _ —
Ty =00 (™ 507) g™ < wg ™) < .
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For any P # 1), we have that T¢p(20) = T{ Pl (20), where we mean that wy is replaced by zp and the region

of convergence has the same constraints. The other one loop correlation functions are given by

Oo(Lq?; q 2" )00(2q7 247 %)
Bo(£q=2472%)00(5 4% ¢~ %)
Bo(%q"q7%)

=y IR b 2 < w| <t [tg M a=1

a2 tg g% < 2] < It g

TSaqb = qu 7q )

T _ 00( qk+2
SaXa = w o=k, 2w _ _
G te= P e TS It JtgF g < ] < [tgF]. [t a=-1
Tg.x- 1
2k, —2w. —2w
- s Jedh ) gt g < fw| b=1
9Ny T ) (LTt %) k2w k42w — _
ey Wl <l|2q"e*[z¢ ¢ b=
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