PRINCIPAL COMPONENTS IN LINEAR MIXED MODELS WITH GENERAL BULK
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ABSTRACT. We study the outlier eigenvalues and eigenvectors in variance components estimates for high-
dimensional mixed effects linear models using a free probability approach. We quantify the almost-sure
limits of these eigenvalues and their eigenvector alignments, under a general bulk-plus-spikes assumption
for the population covariances of the random effects, extending previous results in the identity-plus-spikes
setting. Our analysis develops two tools in free probability and random matrix theory which are of inde-
pendent interest—strong asymptotic freeness of GOE and deterministic matrices, and a method of proving
deterministic anisotropic approximations to resolvents using free deterministic equivalents. Statistically,
our results quantify bias and aliasing effects for the leading principal components of variance components
estimates in modern high-dimensional applications.

1. INTRODUCTION

Principal components analysis (PCA) is a commonly used technique for identifying linear low-rank struc-
ture in high-dimensional data [Joll1]. For n independent samples in a comparable dimension p, when
the entrywise noise variance in RP is comparable in magnitude to the principal eigenvalues, it is now
well-established that the principal components of the sample covariance matrix may be inaccurate for
their population counterparts [JL09]. A body of work has quantified the behavior of PCA in this setting
[Joh01, BBP05, BS06, Pau07, BGN12, BY12], connecting to the Marcenko-Pastur and Tracy-Widom laws
of asymptotic random matrix theory [MP67, TW96]. We refer readers to the review articles [PA14, JP18]
for more discussion and references to this and related lines of work.

Similar phenomena are to be expected in statistical models where samples are not independent, but
instead exhibit a potentially complicated dependence structure [BJWO05, Zha06, LAP15, WAP17]. However,
the behavior of PCA in many such applications is less well-understood. The primary purpose of this work
is to study one specific setting—that of mixed effects linear models [SCM09]—where dependence across
observed samples arises via linear combinations of unobserved latent variables. We precisely characterize the
almost sure limits of principal eigenvalues and eigenvectors of variance component estimates in these models,
quantifying the high-dimensional bias and aliasing effects which arise in PCA in this context. This extends
aspects of previous work [FJS18], which obtained such results under a restrictive assumption of isotropic
noise, discussed below. This extension is important in practice, as such an assumption is conceptually
illustrative but may be unrealistic as a model for real data.

Our techniques for studying this model are different from the direct analytic approach of [FJS18]. Instead,
they generalize those of [FJ16] and are based on tools in free probability theory and its connection to
random matrices [Voi91, MS17]. A second purpose of this work is to establish two general results in this
area—strong asymptotic freeness of independent GOE and deterministic matrices, and a method of deriving
anisotropic resolvent approximations using free deterministic equivalents [SV12]. Free probability techniques
have recently been applied to study outliers in other random matrix models [BBCF17, BBC17] as well as
more general questions about spectral behavior in other statistical problems, for example the analysis of
autocovariance estimates for high-dimensional time series [BB16a, BB16b, BB17] and sketching methods for
linear regression [DL18]. We believe that the tools we develop may be of broader interest to the analysis of
structured random matrices arising in other statistics and engineering applications.

1.1. PCA in high-dimensional linear mixed models. We study random and mixed effects linear models
in a high-dimensional asymptotic framework. Extending the representation of [Rao72] to a multivariate
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setting, such models take the form
Y =XB+Uiaq + ...+ Upay, € R™*P

where Y contains n dependent samples in dimension p, each a combination of random effects constituting
the rows of (unobserved) matrices ai,...,a;. We study the behavior of PCA for classical MANOVA-
type estimates of the variance components in these models, which are the population covariance matrices
¥q,..., 3 for the random effects s, ..., ar. The form of any one such estimate is the matrix
S =YTBY,

where B € R™ "™ is a symmetric deterministic matrix satisfying BX = 0. Assuming that each ¥, has a
general spiked structure, our main results in this context, Theorems 2.6 and 2.7 below, characterize the
first-order behavior of the principal eigenvalues and eigenvectors for the estimate s

Mixed effects linear models are notably used within statistical genetics to model the variation of quan-
titative phenotypes across related samples of a population [LW98]. In this context, Uy, ..., U, may encode
known pedigree of the samples as in twin/sibling studies or experimental breeding designs. Alternatively,
they may capture relatedness via genotype values measured at a set of single-nucleotide polymorphisms
(SNPs) [YLGV11, ZS12]. It has been recognized since the work of Fisher and Wright [Fis18, Wri35] that
variance components in these models can provide a decomposition of the total variation in phenotypic traits
into constituent genetic and non-genetic effects, thus yielding estimates of heritability. In high dimensions,
the principal directions of variation in the genetic components may indicate phenotypic subspaces near which
either responses to selection or random mutational drift are likely to be constrained [HB06, BM15, CMA*18].
Principal directions of variation in the environmental components may indicate effects of hidden experimental
confounders, to be removed before performing downstream analyses [LS07, SPPT12].

High-dimensional asymptotic analysis for the spectral behavior of S was initiated in [FJ16], which char-
acterized the empirical eigenvalue distribution in the n,p — oo limit. Individual outlier eigenvalues and
eigenvectors were studied in greater detail in [FJS18], building on results of [FJ17], for a model with isotropic
noise, meaning each population covariance ¥,. is a low-rank perturbation of o2 Id. New qualitative phenom-
ena were observed in [FJS18] which do not manifest in the setting of usual sample covariances for independent
samples: Principal eigenvectors of an estimate of 3, may be biased towards those of a different component
Y, and the biases of principal eigenvalues and associated BBP-type phase transitions [BBP05, BS06, Pau07]
depend collectively on the interaction between X1,..., Y. Based on quantitative characterizations of these
phenomena, a novel algorithm was developed in [FJS18] for removing these biases in PCA.

The isotropic noise assumption is restrictive in the modeling of real data. In this work, we generalize
the first-order probabilistic results of [FJS18] beyond this assumption, by considering a general bulk-plus-
spikes structure for each ¥, described in Assumption 2.1 below. We show that the almost sure limits
of principal eigenvalues and eigenvector alignments in [FJS18] extend naturally to this setting, involving
quantities appearing in the fixed-point equations for the bulk law.

1.2. Free probability results. Our proofs use the connection between free probability and random matri-
ces. Introducing appropriate representations of U,., «,., and B, detailed in Section 2.1, our matrix model %
may be written as

Ek
S=w+P,  W=> Y HGF.G.H, (1.1)
r=1s=1
for deterministic matrices {Hi,..., Hx} and {Fi1, Fia,..., Fxr}, independent random Gaussian matrices

{G1,...,Gy}, and a fixed-rank perturbation P (dependent on G4, ..., Gy). The bulk eigenvalue distribution
of W may be studied by introducing an asymptotic approximation
E k
w = Z Z h:g:frsgshsa
r=1s=1

where h,., g, frs belong to a von Neumann algebra .4 and are conditionally free (i.e. free with amalgamation)
with respect to a trace 7 : A — C over a diagonal subalgebra D [BG09]. The spectral distribution of W may
then be deduced via a computation of the 7-distribution of w € A. This approach was applied in [FJ16]
to derive fixed-point equations, (2.5-2.7) below, that characterize the Stieltjes transform of a deterministic
equivalent spectral law pg.
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Such ideas connecting free probability to random matrices were introduced in the seminal work [Voi91]
for polynomials of deterministic and GUE matrices, and subsequently extended to other matrix models in
[Dyk93, Vo0i98, HP00, Col03, CC04, CSOG]. Notably, we rely on results in [BG09] which establish conditional
freeness of rectangular matrices embedded in a larger square space, and [SV12] which introduced the notion
of a free deterministic equivalent where A may also be n-dependent. This latter construction is more natural
for approximating matrix models with deterministic matrix components, removing the requirement of their
(joint) convergence in spectral law and directly yielding a deterministic equivalent measure [HLNO7].

Our study of outlier eigenvalues of S in the presence of a fixed-rank perturbation P relies on the following
two general results.

Strong asymptotic freeness of GOE and deterministic matrices. To characterize outlier eigenvalues of )
arising from P in (1.1), we first show that when P = 0, no eigenvalues of W separate from supp(ug), where
1o is the deterministic equivalent measure for the bulk matrix W. We do this also using a free probability
approach, showing for any fixed § > 0 the spectral inclusion

spec(W) C spec(w)s

for all large n, where spec(w) = supp(pg) is the spectrum of w as a bounded operator in A, and spec(w); is
its §-neighborhood.

We derive this as a consequence of a strong asymptotic freeness result for deterministic and GOE matri-
ces, which parallels the GUE results in [Mall2]: Fix integers p,q > 0. Consider independent GOE matrices
X1,...,X, € RNV deterministic matrices Y7, ...,Y, € CV*¥ with bounded operator norm, and a deter-
ministic equivalent model (A, 7) containing free semicircular elements z1, ..., 2, and the matrices Y,..., Y.
Theorem 3.1 below establishes

spec(Q(X, ..., X, Y1,...,Y,)) Cspec(Q(z1,...,2p, Y1,...,Yy))s (1.2)

for any fixed self-adjoint *-polynomial @) and § > 0, almost surely for all large V. If Y7,..., Y, also converge
both in joint tracial law and in operator norm to fixed limits y1, ..., y4 of a fixed von Neumann algebra A,
then one may derive the more usual statement

J\}E}noo||Q(X1a7Xp7Yia71/:1>|| = ||Q(x1a"'7xpay17"'7yq)||7

which we state as Theorem 3.2. In our application, we will apply the result directly in the form (1.2).

This is a strong freeness result extending the free approximation from the level of the normalized trace to
that of the operator norm. The first such result was established in [HT05] for independent GUE matrices.
This was extended to GOE matrices in [Sch05], complex Wigner matrices in [CDMO07], GUE and deterministic
matrices in [Mall2], and complex Wigner and deterministic matrices in [BC17]. The above result is an
analogue of the results of [Mal12, BC17] in the real Gaussian setting. The proof follows closely the ideas of
[HT05, Sch05, Mal12, BC17], and we discuss this further in Section 3.

Anisotropic resolvent laws from deterministic equivalents. To study outlier eigenvalues and eigenvectors
produced by P, we follow the perturbative approach of [BGN11]. In particular, the outlier eigenvalues are

the roots of an analytic equation 0 = det 7(z) for a fixed-dimensional matrix 7(z). We show T'(z) —T(z) — 0
entrywise for a deterministic approximation 7'(z), uniformly over the spectral domain

Us = {z € C: dist(z, supp(uo)) > 6}
As is common to this method of analysis, the matrix f(z) depends on terms of the form
u*R(2)v, R(z) = (W — z1d)™*

where u, v € CP are deterministic vectors related to the perturbation P, and R(z) is the resolvent of the bulk
matrix W in (1.1). In models where the rank-one matrix vu* is “infinitesimally free” of W (for example, if
W is rotationally invariant with respect to w,v) [Shll5, CHS18], such a term may be approximated as

w*R(2)v = (u,v) - p~ P Tr R(2) = (u,v) - mo(2),

where my is the Stieltjes transform of pg. This assumption does not hold in our setting because perturbative
directions in one covariance X, may be partially aligned with another covariance ¥5;. We show instead that



4 PRINCIPAL COMPONENTS IN LINEAR MIXED MODELS WITH GENERAL BULK

for a deterministic approximation Ry(z) € CP*P to the resolvent, we have

sup [u*R(z)v — u"Ro(z)v] = 0
zeUs
for any deterministic unit vectors u,v € RP.

Our analysis is general, and we consider the resolvent R(z) of a matrix W € CV*¥ which is an arbitrary
self-adjoint *-polynomial of deterministic matrices {Hj,..., H,} and random matrices {B1,...,B,}. We
assume that the latter are jointly orthogonally invariant in law, and hence free of the former. In this setting,
Theorem 4.2 below establishes a deterministic approximation

R(z) = Ro(2)

in the above sense, where Ry(z) is computable in the free deterministic equivalent framework of [SV12].
More concretely, let (A,7) be the von Neumann free product of (Ay,71) = (CV*N N~ Tr) containing
{H1,...,H,} and (Ag,72) containing {b,...,b,} which approximate {Bi,..., B} in joint law. Defining
w € A as the operator modeling W, the resolvent approximation is given by

Ro(z) = 7 ((w - 2)71)

where 77 is the 7-compatible conditional expectation onto the subalgebra generated by Hy, ..., H,. Impor-
tantly, in the free deterministic equivalent (as opposed to purely asymptotic) framework, this subalgebra is
contained in A; = CV*¥ 5o that 77(a) is an N x N matrix for any a € A.

For z allowed to converge to supp(ig), this type of result is an anisotropic local law [KY17]. This setting
commonly arises in matrix models involving deterministic components. Our result is weaker in form than
that of [KY17], as we consider only z € Us with constant separation ¢ > 0 from supp(uo). However, our
model for & is more complicated than those studied in [KY17], and for which (to our knowledge) no such
local result is currently available. We derive the anisotropic resolvent approximation using a simple free
probability proof, which also applies directly to other matrix models. We mention that we expect such a
result to hold in other settings where freeness arises, outside of orthogonal rotational invariance which we
study in this work, although we do not pursue this direction here.

Acknowledgments. We thank Camille Male and Roland Speicher for helpful pointers to the strong as-
ymptotic freeness literature. Y. S. was supported by a Junior Fellow award from the Simons Foundation
and NSF Grant DMS-1701654.

2. EIGENVALUES AND EIGENVECTORS IN THE MIXED EFFECTS MODEL

2.1. Definition of the model. We study a multivariate mixed effects linear model
Y =X+ Uiay +...+ Ugay, € R™*P

with a p-dimensional response. Here, X3 denotes fixed effects and Uy, ..., Uxay random effects, where

e X € R™™ is a known design matrix with unknown regression coefficients g € R™*?.

e For each r = 1,...,k, the matrix «, € R"*P is unobserved, and its rows constitute n, independent

realizations of a p-dimensional random effect.

e Each U, € R"*™ is a known, deterministic incidence matrix specified by the model design.
A possible residual effect € € R™*P | independent across samples, may be included by allowing the last random
effect to be ay, = € and Uy = Id. This model encompasses many instances of common classification designs,
discussed in greater detail in [FJ16, FJS18].

Our focus is on principal components analysis for the variance components of this model, which are the
covariance matrices of the random effects. We assume that the random effects arise in the following way.

Assumption 2.1. The matrices ag,...,«a, are independent. The rows of each «,. are independent, with
the i*" row given by

er
3 e+
j=1

Here %r)’ R éf) € R? are {, deterministic directions of variation, 52(;) € R are independent and satisfy

El] =0, E[EN=1  E[F <
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for all £ > 1 and some constants C} > 0, and
e~ N(0, %))
for a noise covariance Eolr € RP*P,

As a compromise between generality of the model and simplicity of the analysis, we impose a normality

assumption on the noise sz(-r) but not on the coefficients {g)—a similar approach was used in [Nad08]. As 55;)
(r) (r)

are not normal, we correspondingly will not assume that 7y 7, ... v, * are orthogonal for each r. Introducing
_ ’YY) _ X - €§T)
FT = S RZTXP’ Er - (55;))17] S RnTXZT, Er = c R"TXP’
(r) Vi (r)
- Y. — En -

the model for a,. is written concisely as
oy = /n.2.T + E,. (2.1)
The rows of each «,. are then independent with mean 0 and covariance of the spiked form
¥, =0T, +3,, (2.2)

where I' T, may induce up to ¢, “signal” eigenvalues separated from the eigenvalue distribution of EO]T. Our
results should be interpreted in the setting where 3, itself asymptotically does not have additional outlier
eigenvalues which separate from the bulk of its eigenvalue distribution.

As aq,...,qp are unobserved in this model, one cannot construct a direct sample covariance estimator
for ¥q,...,X,. Instead, each X, is classically estimated by a MANOVA estimator of the form
S =YTBYy, (2.3)

where the symmetric matrix B is chosen to satisfy the properties
BX =0, E[Y'BY]=%,.

Such an estimator is unbiased and equivariant to rotations of coordinates in RP. Here, B and 5 depend
implicitly on r € {1,...,k}, but we suppress this dependence in the notation.
As in the earlier works [FJ16, FJS18], we study an asymptotic regime summarized as follows.

Assumption 2.2. The dimensions n,p,ni,...,nr — oo where k is a fixed constant. There are universal
constants C, ¢ > 0 such that, for each r =1,... k,

e c<p/n<Candc<n./n<C,
o |[Uy]| <C and |B|| < C/n
o T, <C, %] <C,and £, < C.

Thus, the number of realizations of each random effect is proportional to the dimension p. The scaling
|IB|| < C/n is usual for MANOVA estimators, to yield ¥ on the same scale as 3,.

2.2. Deterministic equivalent measure. Consider first the setting of no spikes, meaning ¢, = 0 and

¥, =3, for each r = 1,..., k. We introduce the notations
F.s= vV nrnsU;rBUs € RnTana F= (FTS>’TC7S:1 € Rn+xn+, Ny =n1+ ...+ Nk, (24)

diag, (a) = diag(a; Id,, , ..., ax Id,,) € R™*™ b.35 = b3 + ... 4 bp¥y € RPX?,

and Tr, is the trace of the (r,r) block (of size n, x n,) in the k x k matrix block decomposition corresponding
to C"+ = C™ @ --- ® C". We define the Stieltjes transform of a measure p as m(z) = [(z — z) " 'du(z).
The following deterministic approximation for the spectral distribution of ¥ was established in [F.J16].

Theorem 2.3 ([FJ16]). Suppose Assumptions 2.1 and 2.2 hold, and ¢, =0 for eachr =1,... k. Let S be
asin (2.8), and let p=p~ 'SP | 6/\1_@) be the empirical distribution of its eigenvalues.
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For each z € C*, there exist unique z-dependent values ay,...,ar € CT U {0} and by,...,by € C+ that
satisfy the equations
a, = —n, ' Tr ((z Id+b- 2":)712":7“)’ (2.5)
by = —n: 1 Tr, ((Id +F diagn(a))_lF). (2.6)
The function mg : CT — C* defined by
mo(z) = —p~ 1 T ((zId +b- i)—l) (2.7)

is the Stieltjes transform of a probability measure py on R, and i — po — 0 weakly a.s.

The distribution p is an n-dependent deterministic equivalent measure, defined by the population co-
variances ih ey ik and the structure of the model (but not depending on the realizations of the random
effects aq,...,ag).

We call (A,7) a von Neumann probability space (W*-probability space) if A is a (n-dependent) von
Neumann algebra and 7 : A — C a positive, faithful, normal trace. The proof in [FJ16, Section 4] illustrates
that po is the 7-distribution of an operator w in such a space (A,7), arising in the following way: Set
N=((k+Dp+n+...+ni In (2.1), write

E, = n, G, H,, (2.8)

where G, € R™>*? has iid. N'(0,1/n,) entries and H, = %'/2 € RP*P. Then, when ¢, = 0 for all 7, we

obtain
kK

W =Y HGiF..GH, (2.9)
r=1s=1
where {F,s : r,s = 1,...,k} are defined in (2.4). Embed {F,,G,, H, : 7,5 = 1,...,k} into CN*N by
zero-padding, in the following blocks of the (2k + 1) x (2k + 1) block decomposition for CN = CP @ --- @
CPpC™...¢ C"*:

Hy - H;
Hy G
Hy, G, (2.10)
G Fip - Fig
Gy Fr1i - Fpy
Denote by F,.,H, € CN*N the zero-padded matrices. Define also the mutually orthogonal projections
Py = diag(1d,,0,...,0), P =(0,1dp,...,0), ..., Py =diag(0,...,0,1d,,) € CV*V,
Let (A, 7) be any von Neumann probability space containing mutually orthogonal projections pg, p1, - - - , P2k
which satisfy 7(pg) = ... = 7(pr) = p/N and 7(pg4r) = n,/N for each r = 1,..., k. This is a rectangular

probability space as defined in [BG09]. Let (A, ) also contain {f,s, g, by : 7,8 = 1,...,k} such that
(1) PrtrfrsPhts, PhtrgrDr = gr, and prhypo = hy.
(2) For any non-commutative *-polynomial @ of k variables,
7(Q(h1,...,hy)) = N"*TrQ(H,, ..., Hy).

Similarly, for any non-commutative *-polynomial @) of k? variables,

T(Q(fi1, fizs -+ k) = N VTr Q(Fun, Fia, - .o, Frg).
(3) For each r € {1,...,k} and [ > 0,
Srl(gi0r)) = [ atvypn, (d)

where v is the Marcenko-Pastur law with parameter p/n,..
(4) The families {f,s : r,s = 1,...,k}, {h, : r = 1,...,k}, and individual elements gi,..., gy are free
with amalgamation over the subalgebra D = (py, ..., pax)-
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The elements fs, gr, by € A form a free deterministic equivalent for our matrix model, in the sense of [SV12]
and [FJ16, Definition 3.8].

The element which models ¥ is then

k k
w=> "> highfregshs. (2.11)

r=1s=1

Only the (0,0)-block of w is non-zero—i.e. w belongs to the compressed algebra A¢ = {a € A: a = poapo},
which has unit py and trace 7¢(a) = (N/p)T(poapo). The law po in Theorem 2.3 is the 7°-distribution of w,
meaning for any continuous function f : R — C, we have

/ F(@)dpo(z) = 7°(f (w))

where f(w) is defined by the functional calculus on A°. Since 7 is a faithful trace, so is 7¢ as a trace on A°,
and we thus have

supp(po) = spec(w) (2.12)
where spec(w) is the spectrum of w as an element of A°. (See [NS06, Propositions 3.13 and 3.15].)

2.3. First-order behavior of principal components. Theorem 2.3 establishes the approximation by g
at the level of weak convergence, and in particular does not guarantee the absence of outlier eigenvalues
separated from supp(ug). Denoting by supp(uo)s the d-neighborhood

supp(uo)s = {x € R : dist(z, supp(uo)) < d},

our first main result provides such a guarantee.

Theorem 2.4. Suppose AAssumptions 2.1 and 2.2 hold, and ¢, = 0 for each r = 1,... k. Let S be as in
(2.3), with spectrum spec(X). Then for any constant 6 > 0, almost surely for all large n,

~

spec(X) C supp(ko)s-

We will prove Theorem 2.4 using a strong asymptotic freeness result for GOE and deterministic matrices
(see Section 3) and an embedding argument. We defer all proofs of results in this section to Section 5.

When /¢, # 0 for some r € {1,...,k}, there may be “outlier” eigenvalues of S that separate from the
bulk distribution gy described in the preceding section. We now quantify the first-order limiting behavior
of these outlier eigenvalues and the alignments of the associated eigenvectors with the true signal directions.
Our description will be in terms of the quantities {a, }*_; and {b,}*_; from Theorem 2.3, which we extend
to C\ supp(uo) in the following, whose proof is deferred to Section 5.1.

Proposition 2.5. For any positive semidefinite 2031, ey 3, € RP*XP and symmetric F € RM*M et 1y be the
measure defined by (2.5-2.7). Then the z-dependent values aj,...,ax, by, ..., b, my which solve (2.5-2.7)
extend analytically to functions on C\ supp(ug). The matrices zId +b- % and 1d+F diag,, (a) are invertible
on all of C\ supp(uo), and these extensions satisfy (2.5-2.7) on all of C\ supp(po)-

To state our result on outlier eigenvalues and eigenvectors, introduce the notation
Iy
I=| : | eR+xP, by =014 ...+,
I

E
%= b (N,  diag,(b) = diag(bi (M) ds, - ., be(N) 1dy,),
r=1
and set
T(\) =Id+T(AId+b- £)7'T'7 diag,(b) € R4+, (2.13)
Define the multiset of roots of T' by
Ao =[N € R\ supp(po) : 0 = det T(N)] (2.14)
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counting their analytic multiplicities. For two finite multisets A, B C R, define

5 if |A] # |B]

dered-dist(A, B) =
ordered-dist(4, B) {maXiﬂa(i) —bwl} if[A] =B,

where a(;) and b(;) are the ordered values of A and B counting multiplicity.

Theorem 2.6. Suppose Assumptions 2.1 and 2.2 hold, let S be as in (2.3), and let Ao be defined by (2.14).
Fiz any constant 6 > 0. Almost surely as n — oo, there exist As C Ay and As C spec(X) containing all

~

elements of Ao and spec(X) outside supp(po)s, such that
ordered-dist(Ag, As) — 0.

Theorem 2.7. In the setting of Theorem 2.6, pick any A € As of multiplicity 1 such that |\ — X'| > § for
all other N € As. Let u € ker T'(\) be a unit vector, and let U be the unit eigenvector corresponding to the

eigenvalue h) of S closest to \. Almost surely as n — oo, for the appropriate choice of sign of U,
I'o—a ?u—o0,

where
a= uT( — diag, (b(\))T - Ox[(ATd +b(N) - £)1] - T diag, (b())) + diagz(b’(A)))u. (2.15)

We state Theorem 2.6 as a matching of points in spec(i) and Ag, rather than convergence of spec(f)) to
Ag, as Ay is a deterministic but also n-dependent set. In the proof of Theorem 2.7, we will establish that
the unit vector u € ker T'(\) is unique up to sign.

Qualitatively, Theorems 2.6 and 2.7 imply similar phenomena as occur in the isotropic noise setting
studied in [FJS18]: The outlier eigenvalue locations are predicted by the roots of a determinant equation,
which depends on all of the noise covariances X1, ..., 3k via the analytic functions b1(A),...,bg(N) defining
Lo, as well as on the alignments between the signal directions and these noise covariances via I'(A+b- ZD])*IFT.
An aliasing effect may occur, in which large signal eigenvalues I'; in one covariance X3 may yield outliers
in the estimate of a different covariance X,. The number of outliers is predicted by the cardinality |Ag],

which implicitly describes a phase transition phenomenon. If [|Tq|],...,||Tx|| are all small enough, then
0 = det T'(\) has no roots, and ¥ will (with high probability) have no outliers. The thresholds at which
outliers appear depend not only on the signal sizes in each individual T'y,..., Tk, but on the alignments

of the signal vectors across different variance components and with the noise covariances. Theorem 2.7
characterizes the asymptotic alignment between the estimated principal component ¥ and each true signal
direction (row) in I'. As shown in [FJS18], the estimate ¥ in covariance ¥, may be biased towards signal
directions of a different covariance Y.

Remark 2.8. As expected, the biases exhibited in Theorems 2.6 and 2.7 vanish for MANOVA estimators in
the limit of large signal size. Consider, for simplicity, a limit where the first row v of T" has ||v|| — oo, while
the remaining rows of T' are fixed. Thus ¥; has a signal eigenvalue \g ~ ||[v]|? as ||v|| — co. For A — oo, we
may verify from (2.5-2.6) that for all s, we have

as(\) — 0, bs(\) — —n ' Tr, F.

If £ = YTBY is a MANOVA estimator of 31, for which E[YTBY] = %1, then this implies U} BU; = Id and
UIBU, = 0 for all s # 1. Thus, recalling the definition of F in (2.4),

bi(A) — —1, bs(A\) — 0 for all s # 1.

Then (A+b-%)"1 ~ A~11d, and T(A) ~ Id —Xgere] /A where e; € R% is the first standard basis vector. So
0 = det T(A) has a root A ~ g as ||v|| = oo, and Theorem 2.6 implies 3 has an outlier eigenvalue X ~ Ao

The vector u € ker T()\) approaches e, so I'T diag,(b)u = —v + o(||v||) as ||v| — oo. We may further
verify for all s that

A,V S AT S A2

Then Ox\[(ATd+b-3)"1] ~ A721d ~ A2 1d, so o ~ A5 2[|v]|> ~ AgL. Theorem 2.7 then gives |(v, )| ~ /\(1)/2 ~
lv]], so that U is perfectly aligned with v in the large ||v|| limit.
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Remark 2.9. In the setting of isotropic noise, meaning ir = 021d for each r = 1,...,k, Theorems 2.6
and 2.7 coincide with results of [FJS18]. Indeed, comparing (2.7) with (2.5), we have in this setting a,(z) =
(po2/n,)mg(z) for each r. Then b,.(z) coincides with —t,.(z) as defined in [FJS18, Eq. (3.2)]. (Note that
the matrix Fi.; in [FJS18] corresponds to (po,os/\/nyns)Fys in the notation of this paper.) Applying
det(Id +XY) = det(Id +Y X), our determinant equation 0 = det T'(\) is equivalent to

0 = det (Id +(AId+b-%)7'rT diagg(b)F> & 0 =det(AId+b- % 4T diag,(b)T) = det(AId +b - X).

This is the same as the equation defining Ag in [FJS18, Eq. (3.4)].
For the eigenvectors, note that u € ker T'(\) corresponds to

v=—-MMNu € ker(Id+b-%), M) = (AId+b- i)_lFT diag,(b).
Then, in our notation, [FJS18, Theorem 3.3] implies

. /2
I'o+ (uTM()\)T ( Id+b'(\)- S+ 17 diag((b’)l") M()\)u) TM(\)u — 0.
Since u € ker T'(A), we have 'M (\)u = —u. Applying this and simplifying, we recover exactly Theorem 2.7.

3. STRONG ASYMPTOTIC FREENESS OF GOE AND DETERMINISTIC MATRICES

Fix integers p,q > 0. Let Xi,...,X, € RV*N be independent GOE matrices, with diagonal entries
distributed as N (0,2/N) and off-diagonal entries as N'(0,1/N). Let Yi,...,Y, € CV*N be deterministic
matrices. Write as shorthand My = CV*¥  and denote by try = N~!Tr the normalized matrix trace on
Mpy. Denote Xy = (X1,...,Xp) and Yy = (Y7,...,Y,).

Consider an N-dependent von Neumann algebra Ax with a positive, faithful, normal trace 7. Suppose
Ay contains x1,...,zp and Yi,..., Y, such that z1, ..., 2, are free semicircular elements under 7y, also free
ofY1,...,Y,, and 7y = try restricted to the von Neumann subalgebra (Y7,...,Y;). Denote x = (z1,...,zp).
The following is the main result of this section.

Theorem 3.1. Suppose that there exists a constant C > 0 such that ||Y;|| < C forallj=1,...,q and all N.
Then for any fixed non-commutative self-adjoint x-polynomial Q in p + q variables and any constant § > 0,
almost surely for all large N,

spec(Q(Xn,Yn)) C spec(Q(x, Yn))s. (3.1)

Here, spec(Q(x,Yn))s is the d-neighborhood of the spectrum of the operator Q(x,Yn) € An.
For our application, we will apply strong asymptotic freeness directly in the above form. However, we
observe that we may also obtain the following corollary by the arguments of [Mall2, Section 7].

Theorem 3.2. Let x = (21,...,2p) and y = (y1,...,Yq) be elements of a fired von Neumann algebra A
with a positive, faithful, normal trace 7, such that X is a free semicircular family free from y. Assume that
almost surely as N — 0o, for any x-polynomial P in q variables,

try[P(Yn)] = 7(P(y)) and [[P(Yn)| = [[P(Y)I].
Then, almost surely for any x-polynomial Q in p + q variables,

trv[@(Xn, Yn)] = 7(Q(x,y))  and  [|Q(Xn, Y|l = [[Q(x,y)]- (3.2)

Note that upon replacing Y; and Y;* by (Y; +Y}")/2 and (Y; —Y}")/(2i), we can and will assume without
loss of generality that Yi,...,Y; are Hermitian.

The proof follows an argument analogous to [HT05, Mall2], which established such a result for GUE
and GUE + deterministic matrices, respectively. Several modifications to the argument are needed, which
are inspired by [Sch05, BC17] that established this result for GOE and complex Wigner + deterministic
matrices, respectively. We note that the result of [BC17] requires real and imaginary parts of the complex
Wigner matrices to have the same variance, and does not directly apply to the GOE setting.

We provide here a brief outline of the proof and its relation to these previous works:

(1) By the linearization trick of [HT05, Section 2], we first study linear polynomials L with k x k

Hermitian matrix-valued coefficients, for arbitrary fixed dimension k. We aim to show the spectral
inclusion (3.1) for such L, see Lemma 3.15.
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(2)

(5)
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For this, it suffices to show that the difference between the Cauchy transform of L(X, Y ) and of a
deterministic measure y1 4 with the same spectrum as L(x, Y ) is at most poly((Im A\)~1)/N1T%_ for
some x > 0 and any spectral argument A € C*. For simplicity, we drop the A-dependence here and
denote this as O(1/N1*7%). As in [HT05, Mal12], we bound the expected difference by O(1/N?) and
the variance by O(1/N*); the latter uses the same Gaussian Poincaré argument as in these works.
To bound the expected difference, we work with the expected My-valued Cauchy transform G, +1
of L(Xn,Yn), and the My-valued Cauchy transform Gsir, of L(x,Yx). The latter satisfies the
operator-valued subordination equation for the free additive convolution,

GS+TN (A) = GTN (A —Rs (GS+TN (A)))

Applying a similar Gaussian integration-by-parts argument as in [Mall2], we show

GSN+TN (A) = GTN (A - RS(GSN-‘rTN (A))) + O(]-/N)a

see Lemma 3.5. In contrast to the GUE setting of [Mall2], this is a first-order remainder of size
O(1/N), not O(1/N?) as required. The O(1/N) term vanishes for the GUE by a cancellation due to
the real and imaginary parts having the same variance, but does not vanish for the GOE. A similar
difficulty occurred also in [Sch05].

The bulk of the additional work in our argument lies in obtaining the second-order O(1/N?) approx-
imation. In Proposition 3.11 below, applying the stability property of the subordination equation
established in [Mall2, Proposition 4.3] together with a Taylor expansion of G, , we obtain

IGsx+7 (A) = Gayry (A) = La(Rn(A))]| < O(1/N?),

where [|[LA(RN(A))|| < O(1/N). We approximate the random quantity Ry (A) by a deterministic
approximation R 4(A), and show that Gsyr, (A) + LA(R4(A)) is the Cauchy transform of a deter-
ministic measure p4 as above. For the approximation Ry(A) =~ R(A), we follow an approach
inspired by [Sch05], and we identify the key term of Ry(A) — R4(A) as the derivative of the differ-
ence of certain “left-augmented” Mayy-valued Cauchy transforms of L(Xy,Y ) and L(x,Yy) in an
expanded 2k X 2k coeflicient space, see (3.5) below. We bound this difference using a left-augmented
subordination identity for R 4(A), an approximate such identity for Ry (A), and a second application
of the stability property of [Mall2, Proposition 4.3].

We remark that a term similar to £ (Ry(A)) above appeared also in [BC17, Theorem 5.7], but
arose from the remainders corresponding to the third-and-higher-order cumulants in the integration-
by-parts identity applied to non-Gaussian variables, rather than from the difference in variance
between the real and imaginary parts.

Finally, having established (3.1) for all such linear polynomials L, we may directly establish (3.1) for
all @ by applying the linearization and ultraproduct argument of [HT05, Section 7] in a subsequential
form. This concludes the proof of Theorem 3.1.

In the remainder of this section, we carry out these steps. The implication Theorem 3.2 is deferred to the
end of the section.

3.1. Augmented Cauchy and R-transforms. In this section, we review some constructions from free
probability theory and introduce the left-augmented transforms described above. Let (A,7) be any von
Neumann probability space. For a von Neumann subalgebra B C A, denote by

B.ASB

the (unique) conditional expectation satisfying the 7-invariance 7(75(a)) = 7(a). For each [ > 1, let NC(I)
be the space of non-crossing partitions of 1,...,1. For m € NC(I), denote by xZ(ay,...,a;) the non-crossing
cumulant corresponding to 7. These satisfy the moment-cumulant relations

™ar...q) = Z KB(ay,. .. a).

TeNC(I)

Denote by

GEb) =78((b—a)™ ) =) b7 M@, RE®) =D ri(aba,..., ba)

1>0 1>1
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the B-valued Cauchy- and R-transforms of a € A, the former defined for all invertible b € B with ||b~!|]
sufficiently small, and the latter for all b € B with ||b|| sufficiently small. (Note that, following conventions
in free probability, we take the opposite sign for GZ(b) here as for the Stieltjes transform defined in Section
2.1.) The moment-cumulant relations yield the identity

Ga(b) = (b= R (GZ(0)) ™" (3.3)

for invertible b € B with [|b~!| sufficiently small. If s,¢ € A are free with amalgamation over B, this yields
also the subordination identity for G2 ' ¢» given by

Goe(b) = GP (b= RI(GE())). (3-4)

See [MS17, Chapter 9] for additional details.
In this section, as well as in Section 5, we will make use of the following “left-augmented” Cauchy- and
R-transforms, defined for a1,a € A and b € B by the mixed moments and mixed cumulants

GaB1 L) =18 (a1 (b—a) ) ZT (arb~t(ab™1)h), (3.5)

1>0

a1 o Z k7 (a1,ba, ..., ba). (3.6)

1>1
The following result, analogous to (3.3), is also a consequence of the moment-cumulant relations.
Lemma 3.3. For aj,a € A and all invertible b € B with ||b~!|| sufficiently small,

Gaya(b) = RE, 1(GE(0)GE (b). (3.7)

Proof. We apply the cumulant expansion to obtain

a1, ZT (ab™? Z Z kB (a1t ab™t, .. ab7t). (3.8)

1>0 1>0 meNC(I+1)

For a given non-crossing partition m € NC(I + 1), let S € 7 denote the element containing 1. Then the size
m of S can range from 1 to [ + 1. Denote S = {jo,j1,-..,Jm—1} where jo = 1. Set ¢; = j; — ji—1 — 1 for
i=1,...,m—1 to be the number of elements between j;_; and j;, and set ¢,, =+ 1 — j,,,—1 as the number
of elements after j,,_1. Then cy, ..., ¢, sum to I+ 1—m, and the remaining elements of 7 form non- crossing
partitions of these intervals of sizes ci, ..., ¢,,. Hence, applying the definition and multilinearity of k2, we
have

T

Z mf(ah...,alﬂ)

TENC(I+1)
I+1

D> 2

Clyeeny cm>0 m ENC(er),...,mm ENC(cpm)

> ci=l+1-m
KJZ(G&FL?I(GQ,...,ajlfl),ajlfifz(ajl+17...,ajzfl),...,ajmilﬁ'/fm(ajmil+1,...,al+1))
I+1
= Z > mm(@ras g )45, 0 a0 ag, TR, ).
ClyeesCm >0
> ci=l+1-m

Applying this to (3.8), exchanging orders of summations by

I+1
DD IED I DD DD DD D D
120 m=1_c1,..cm>0 m>1 I>m=1 c1,.cn>0 m>1c120,....cm >0

> ci=l+1-m > ci=l+1-m
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and then applying the definition of B-valued Cauchy and R-transforms, we obtain
I4+1

tha(b) = Z Z Z mg(alb_lrg((ab_l)cl), ab_17'5((ab_1)c2)7 .. ,ab_lTB((ab_l)Cm))

>0 m=1 c¢y,..., cm >0

— BB (GB(5)GE(b).

For ||b~|| sufficiently small, the preceding infinite series are all absolutely norm-convergent, and hence the
preceding manipulations are valid as convergent series in B. |

This leads also to the following subordination identity for the above left-augmented transforms.

Lemma 3.4 (Left subordination identity). Suppose s,t,m € A are such that s and {t,m} are free with
amalgamation over B. Then for any invertible b € B with ||b~}|| sufficiently small,

Grisit(D) = G (0= RE(GF,(0)))-
Proof. Denote b’ = GB_,(b) € B. The usual subordination identity gives b = G¥(b — R5(V')). Then
Gf@,s-&-t(b) = RfL,s-‘rt(bl)b/
= ang(m,b’(s—&—t),...,b’(s—i—t))b’
1>1
=Y KP(m, bt b
1>1
= R (0
=G (b—=RED))
where the first and last equalities apply (3.7) with @ = s + ¢ and a = t, the second and fourth equalities
apply the definition of RB _, and the middle equality applies multi-linearity of ;, B-freeness of s and m,

ay,a’
and vanishing of mixed cumulants for free elements. O

3.2. Linearization and first-order approximation. We first consider linear polynomials with matrix-
valued coefficients. Fix any k£ > 1 and Hermitian matrices ao, ..., ap, b1, ..., by € M. Set

p q
Ly =ag®@Idy +SN + T, SN:Zaj®Xj7 TN:ij(X)Y}. (39)

j=1 =1

Define correspondingly

p
Li=ay®Idy+s+ Tn, S:Zaj®$j. (310)
j=1

These belong to von Neumann probability spaces (Mg ® My, try ® try) and (Mg @ Ay, try @7n). We denote
by Id; the identity in M}, and by Idy both the identity in My and the unit in Ay. The space My is
identified as a subalgebra of both My ® My and M} ® Ay via the inclusion map x — x ® Idy, with the
partial traces Id; ® try and Id; @75 being the conditional expectations onto this subalgebra. Throughout,
we let C,Cy,Cy, ... be arbitrary constants depending on k, p, ¢, [laoll, - - -, |lapll; [|61]l, - - -, [|bgll-

For any element x of a von Neumann algebra A, define the self-adjoint element

*

r—x

e A

Imzx =

We will use repeatedly the fact that for any self-adjoint element y € A,
(@ +y) 7 < [Im(a + )7 = [[(tma) 7,
see [HT05, Lemma 3.1]. Let
Mf={XeM,:ImX »0}, M, ={X €M :ImX <0}
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where > and < denote the positive-definite partial ordering for Hermitian matrices.
For A,T" € M, lj , define the resolvents

hSN+TN (A) = (A (29 Id-N _SN - TN)_l ) 9SN+TN (A) = E[hSN+TN (A)]7 9Ty (F) = (F & IdN _TN)_l
Define the Mj-valued Cauchy transforms
HSN+TN (A) = (Idk ® trN) [hSN+TN (A)]v GSN+TN (A) = E[HSN+TN (A)]7 GTN (F) = (Idk ® trN) [gTN (F)]

We will eventually apply these with A = AIdg —ag to obtain the scalar-valued Cauchy transform of Ly.
Since Sy and Ty are Hermitian, we have the operator-norm bounds

[ Hs 13 (W] < hsyrry (W) < [(TmA)7H,
and similarly for G, and gr,. One may verify that Hg, 11,, Gsy+1y, and G, are analytic maps from
M to M, .
Correspondingly, define the resolvent and Mjp-valued Stieltjes transform of s + Ty, for A € M, ,j , by
gs+rn (A) = (A@Idy —s = Tn) 7Y, Gapry (A) = (Idg @7 ) [gsrry (A)]-
Then by (3.4), Gs41, satisfies the subordination identity

Gayry (A) = Gy (A = Re(Gsyrn (M), (3.11)

where
P
x) = Zajxaj (3.12)
j=1

is the Mj-valued R-transform of s, see [Mall2, Proposition 4.2]. This identity holds for all A € M,j , as
both sides are analytic over M,". Since the a;’s are Hermitian, x € M, implies In R,(z) = 0, and x € M,
implies Im R4(x) < 0.

The subordination property (3.11) arises from freeness of s and Ty over Mj. In this subsection, we
establish the following matrix analogue of this identity, which arises from the asymptotic freeness of Sy and
Tn.

Lemma 3.5 (Matrix subordination identity). Fiz any A € M;", and set T = A — Rs(Gsyi1y(N)). Then

GSN+TN (A) = GTN (F) + RN(A, T, Id, ® IdN) + @N(A, T, 1d, ®IdN) (313)
where
C —13 C —15
1Bx (A, T, 1dg @ Idw)|l < 7 [l (Im A) 77, 1Ox (A, T, Idg @ Idw)|l < 5 | (Tm A) 7.

Comparing with (3.11), there is a “first-order” remainder term Ry and “second-order” remainder term
O, whose exact forms are below. We will further approximate Ry in the next subsection.
We show Lemma 3.5 by specializing the following proposition to M = Id; ® Idy.

Proposition 3.6. For any deterministic A,T" € M]j and M € M ® My, we have
Idj, ® try (E[Mh3N+TN (A)] — Mgr, (r)) = Ry(A,T, M)+ On(A,T, M) (3.14)
where

On(A, T, M) =E [1d, @ try [MgTN ( (Hsyory () —A+T) @ Idy )hSN+TN (A)H ,

k
1 k
Ry(A,T, M) fN;:l: }l::llE [Idk@otrN [MgTN( ) (a;e® @ Idn)hY p (A)(e®a, ®1dN)hSN+TN(A)” :

(k)

Here, e, € My, is the matriz with (s,1) coordinate equal to 1 and remaining coordinates 0, and th—kTN (A) =
(AT ®@Idy —SL —T%) 7! is the (non-conjugated) matriz transpose, where

P q
Sk=>a®X;, Th=> b oY
=1 j=1
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Proof. The argument follows [Mall2, Proposition 5.2], with modifications similar to [Sch05, Theorem 2.1]
which produce the extra term Ry in the setting of the GOE.

We represent X; = %(Zj—i—ZjT) where Z; € RV *N hasii.d. N(0,1/N) entries. The Gaussian integration-
by-parts identity E[¢f(£)] = N7E[f(€)] for £ ~ N(0,1/N) gives

E[(Z))sithsy+Ty (A)] = ﬁfﬁ {d
(N)

where e’ € RN*N s the matrix with the single entry (s,1) equal to 1. Applying

(A Tdy =Sy — Ty —t(a; @ el +a;@elN))~ }

LADT =AW A DA (D), (3.15)

we get

E [(Zj)sthN-‘rTN (A)} = Niﬁ

Then writing Z; = Zglzl(Zj)sleSV),

E [hSN-i-TN (A)(aj ® 6( ) +ta; ® el(s )hSN+TN (A):| .

N
a; 1 N N
E |:(\/J§ ® ZJ> hsy+1y (A):| - 9N (aj ® egl ))]E [hSN-‘rTN (A)(aj ® e(l ) ta; ® 6l(s ))hSN+TN (A)} :
s,l=1
(3.16)
For any a,b € M} and any elementary tensor t ® Y € M & My,

N
S aeel ) zoy)boel)) = Nuy(Y) - arb®Idy,

s,l=1

and

N k
S (e @el)) @@ Y)1dp @) =z oY T = =Y (Y @ldy) (@@ )T () @ 1dy).
s,l=1 s,l=1

Then by linearity, for any M e M, ® My,

Z (2@ 0Mbe ) = N - (a((1dy ©trx) M) © Ldy,

s,0=1

and
k

N

S (de el M Ad @) = 37 () @ Tdy)MT () @ 1dy).
s,l=1 s,l=1

So the right side of (3.16) is

1 1 & (k) T (k)

SElaiHsy+my (Maj @ Idn)hsy+ry (M]+o ) E|(aje” @ ldw)hg, pry (A)(eg aj @ Idn)hsy+ry (4)] -

s,l=1

Applying the same identity as (3.16) for ZT7 summing over j, recalling Sy = Zj a; ® (Z; + Z;'-)/\/E7
multiplying on the left by Mgr, ('), and recalhng the definition of Ry from (3.12) we get
E [MgTN (F)SNhSN+TN (A)] =K [MgTN (F)(R (HSN+TN (A)) ® IdN)hSN+TN (A)]

1 P k . .
+ Z Z [MQTN ) (ajel) @ Tdn)hE, oy (A)(el) a; @ Idn)hsy 11y (A)} :

Writing Sy = (A-T)@Idy +(I'® IdN —Tn)— (A®Idy —Sny — Tn), rearranging, and applying the partial
trace Idy ® try to both sides yields the result. O

Remark. Proposition 3.6 shows the difference between GOE and GUE matrices. Applying integration by
parts for the N2 independent Gaussian random variables in the GUE setting, we would obtain N? terms on
the right of (3.16), see [HT05, eqs. (3.7-3.9)]. However, in the GOE setting, there are 2N? terms in (3.16),
and the terms in (3.16) which do not appear in the GUE case lead to the first order remainder Ry.
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Proposition 3.7. For any A,T € M]j and M € M, @ My,

[Bx (AT, M) < %IIMIIH(ImA)”IIQII(ImF)’lII- (3.17)

Proof. This follows from the definition of Ry, and the bounds ||gr, (T)|| < [[(ImT) 71| and ||hsy 17y (A)]| <

[[(Im A)~H].
Proposition 3.8. For any A € M;', M € M}, ® MN, and forT = A — Rs(Ggy+1y (A)),

1On (AT, M)l < <5 IIMIIH(ImA) P

Proof. The proof is similar to that of [Mall2, Proposmon 5.3], and we will omit some details. Introduce
KSN+TN (A) = HSN+TN (A) - GSN+TN (A) = HSN+TN (A) - ]E[HSN-‘FTN (A)]

Then, as Ry is a linear map, for the given value of T’
O (AT, M) = B[ 14y try [ Mgry (D)(Ro(Ksy+1y () © ldn)hsy o1y (A) ]

Further introduce

kSN-‘rTN (A) = hSN-i-TN (A) — 9Sn+TnN (A) = hSN+TN (A) - E[hSN+TN (A)}
Then, applying E[Ks, 7y (A)] = 0, the above implies
On(AT,M)=E [Idk @try [MgTN (D) (Ro(Ksy -ty (A) @ Idn ) ks 41 (A)H .
Denote
[M|loo = max [ Mi|, M |fs = Z | M.
i,
For X € M, ® My and egN) the s** standard basis vector in CV, define
(Idg @) TX (1d), @el™) = XD € My,

and

(e @1dy) "X (e @ 1dn) = X(oy) € My

Note in particular that
N

X = ZXSZ (N)

s,l=1
Applying this decomposition to Mgr, (I') and to hg, +7y (A), we bound
Vk

N
[©(A, T, M)[| < \/E”@(AarvM)HOO = N Z E{(MQTN (F))(SJ)RS(KSN+TN (M) (ksy+1y (A))(lS)
s,0=1

(oo}

Then applying | 7", v;| < mmax; |y;|, we obtain
[O(A, T, M)

%5/2 N .
SN . bl k) B\ Rs(Ksn+7y (A))urvr Z (Mgry (D)) (ks 4 TN(A))U )
RIRVURY) ey =

<K max E [ms(KWN (A))ur e - |ty (MgTN (D) s 47 (D) |

1/2
<K max ValR(Hsysr (W)l Var [ty (Mo (D bswsn W arm)]
w,v,u’ v e{l,....k}

where the last line applies Cauchy-Schwarz and Var denotes the complex variance.
Fix any u,v,u’,v’, and define the scalar-valued functions

F1(Sn) = Rs(Hsy+7y (M) w07
F>(Sn) =try (MgTN (F)(u,u’)hSN+TN (A)(v,av)) :



16 PRINCIPAL COMPONENTS IN LINEAR MIXED MODELS WITH GENERAL BULK

Following the same arguments as in [Mall2, Proposition 5.3], and applying ||(ImT)~!|| < ||(Im A)~!|| because
A € M} and Im R (Gsy+1y (A)) = 0, we may verify that

C _ C _
IVESNI? < I @ma) =% [VE(SN)I* < < V] (Tm A) 7%,

Then, as the entries of Sy are C/ V/N-Lipschitz in the independent standard Gaussian variables which define
X1,...,Xp, the Gaussian Poincaré inequality yields

C C
Var[F (Sn)] < <z 1Im A) 1%, Var[Fy(Sw)] < < 1M (Tm )~
Substituting above concludes the proof. |

Combining Propositions 3.6, 3.7 and 3.8, and specializing to M = Id; ® Idy, we obtain Lemma 3.5. The
following is then a consequence of the stability property for the subordination equation (3.11), established
in [Mal12]: For a parameter 1 > 0, define the simply connected open set

QN = {Ae M :|(ImA)~| < N7}, (3.18)

Lemma 3.9 (First-order Cauchy transform approximation). Let n < 1/3. Then there exists Ny > 0 such
that for all N > Ny and A € Q%N),

C _ _
1Gss1y (A) = Gsyiry (Al < 7 [[(Im A) HIP (L (I A) %)
Proof. For n < 1/3, N > Ny, and A € Q%N), Lemma 3.5 implies
C _
1Gsy+ry (A) = Gry (A = Ro(Gsyrry (A < 5 [(Im A) I <1/2.

The result then follows from [Mall2, Proposition 4.3]. |

3.3. Second-order approximation. For A € M ,j' , denote the first-order remainder in Lemma 3.5 as

Ry(A) = Ry (A, Ty, 1d; @ Idy), Iy =Tn(A) = A —Rs(Gsyrry (N)).
Define the approximation to I'y, which appears in (3.11), by

Fu=Tu(A) = A = Rs(Goqry (L))
Note that if A € M,", then I'y,T'4 € M," also. Then define an approximation to Ry (A) by
pk
Ra(d) = =13 3 (@) (gr, (C)(agel) @ Tdw gl (M) las @ Tdn)gosm, (1) . (319)
j=1m,l=1

Here, g1, = (AT®@Idy —s" —T3)~" where

D
T _ T )
s = g a; K x;
Jj=1

and T is as before. In this section, we extend Lemma 3.9 to the following second-order approximation.
Lemma 3.10 (Second-order Cauchy-transform approximation). For n < 1/3, a constant Ny > 0, all
N > Ny, and A € Q%N),
C _ _
1G4y (&) = Gy (A) + LA(RAA))| < 55 1 (Tm A)7HJ (1 + [} (Tm A) ~HJ™)
where L : My — My, is the linear map
La(z) =7 = Goypy (M)[Rs(@))];
and G', 1, (M) is the derivative of Gsyry -

The map £, above appeared also in the analysis of [BC17, Theorem 5.7]. The proof will reveal that
[ILA(RA(A))| is of size O(1/N).
We first show that the above result holds with Ry in place of R 4.
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Proposition 3.11. For any fixed constant n < 1/3, there exists Ny > 0 such that for all N > Ny and

Ae oV,
C _ _
G s41y (A) = Gsyamy (A) + La(Ry (M) < <7511 Tm A)7HP (1 + || (T A)7H|T0).
N
Furthermore, defining the operator norm ||Lall = supgenr,.(jz=1 1£a(2)];

I£all < C(1+[|(Tm A) ).

Proof. Let us write
AN(A) = Goyry (A) = Gsyyry (D).
Subtracting (3.13) from (3.11), we get

C
IAN(A) = Gy (Ta) + G (Tw) + B (M) < 7o 1 (Tm A) 7, (3.20)
Lemma 3.9 provides a bound for ||Ax(A)||, from which we obtain also
C _ -
T = Tall = [Rs (An (M) < 71T A) 7 (1 + [} (Tm A) %) (3.21)

We apply a Taylor expansion to approximate Gy (I'n) — Gy (T 4): Fix v,w € CF with |Jv]| = ||w| =1
and define
Ii=01-tT4+1tTyN, f(t) =v*Gry (Th)w.
Then

f(t) =" {(Id®tf1v) (QTN (T)(Ca — ') @ Idwn)gry (Ft))} w,
7"(t) = 20" |14 @ trn) (9ry (Te) (T4 = ) @ Tdw) gy (D) (Tt = D) @ 1dn g (1)) [0
In particular, for all ¢ € [0, 1], by Lemma 3.9 and the bounds ||gr, (T'¢)|| < C||(Im A)~t||, we find

/ 1y c
(O] < CllIm A)~HPTa = Tn[|* <

< oz (T A)THP (L (Tm A)H).

So
[0 (G (L) = Gy (Ta) = G, (L) [Cy = Tl Juo| = 1£(1) = £(0) = £'(0)]

(T A)7HI2 (L (1T A)7H).

IS

S Nz

=

Applying this and I'y —T'y = Rs(An(A)) to (3.20), we obtain

IAN(A) + Gy (TA)[Rs (AN (A)] + Ry (A)]| < %Il(ml A)THPE A+ [(TmA) ). (322)
We now claim that the linear map
Fa(@) = 2+ Gy (Ta(A))[Rs(2)]

is invertible, with inverse given by L. Indeed, differentiating the subordination identity (3.11) in A, for any
AEM,;" and z € My,

r (W] = G (Ta(A) [ = Ry(Glpy (W]
Then for any z € M, setting x = R(2) and y = z — G, (A)[z] = La(2), we obtain
2 —y =G, (T)[Rs(y)]-
Hence z = Fa(y), so Fy is onto and invertible, with inverse £,. Then noting that,
Fa(An(A)) = An(A) + G (Ta(A))[Rs(An (A))],
we have by (3.22) that

IAN(A) + LA(BN (A < L4l [FA(AN(A)) + B (M) < [[Lall - %II(ImA)”IP(l +[|(Tm A) %),
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Finally, writing

d
La(2) = 2= (Momy) [ 2| gune(A+1R(2)]
= 2+ (14 @7N) [ gorry (A) (Ro(2) © Tdw)gary ()],
we verify ||£a] < C(1 + ||[(Im A)~1|?), and hence also the desired bound. O

To complete the proof of Lemma 3.10, we will show that
C _ _
1RA(A) = Ry (M) < <z [l (T A) P (1 + [[(Tm A) 7). (3.23)

Let us write

k
Ry(A) = Ra() = 1 37 3 (s, 1) + AaGm. 1)),

j=1m,l=1

where

A(j,m,l) =E |1d TA) — gr (T ) & 1dy)RT AN(EeWa; @Tdy)h A

1(.77m7 ) @ty (gTN( .A) gTN( N))(ajeml ® N) SN+TN( )(emlaj® N) SN"FTN( )
and
, _ (k) T (k)
Aa(jm, ) = g @7y (g7 (Da)(agell) @ IdN>gs+TN (A)(eh)a; & TN )gesry (A) )
—E [(1dx @ try) (g7, (Ta)(asell] @ 1aNRE, 4, (M)(elh)a; @ TN )hsy iy (M)] . (324)

We bound separately A; and As.

Proposition 3.12. Let n < 1/3. Then for a constant Ng > 0, all N > Ny, all A € Q%N), and all
je{l,....p} and m,l € {1,... k},

[A1(G,m, )] < %II(ImA)”II?(l +[|(Im A)[J?).

Proof. This follows from (3.21), the bounds ||hsy+7y (A)|| < [[ImA)~!|| and g7y (Ts) < [[(ImA)~!| for
I, € {T'4,Tn}, and the resolvent identity

gy (L) = 97y (TN) = 975 (L) (TN = Ta) g7y (Cn)- 0

To bound As(j, m,1), denote by
yN = <Y17"'7}/:]>

the von Neumann subalgebra generated by Yi,...,Y;, both as a subalgebra of My and of Ayx. For M €
M ® YV, denote

G sy (A) = (Idg @7n) (M9s+TN (A))7 Gursy+1y (A) = (Id @ trn)E| Mhsy 41y (A) |

Note that these are “left” Mjy-valued Cauchy transforms in the sense of Lemma 3.4. We combine the left
subordination identity of that lemma with Proposition 3.6, now applied with a general matrix M € M ® Yy
to obtain the following.

Proposition 3.13. Let n < 1/3. Then there exists Ng > 0 such that for all N > Ny, A € Q%N), and
M e My ® Y,

C _ _
1Ga, 5473 (A) = Garsypry (M) < 7 1M (T A)7HP(L+ [ (T A) ).

Furthermore, let G' be the derivative in A and ||G'(A)|| = supgeps,.jo=1 |G (A)[][|. Then

C _ _
G s+ (M) = Gty (W] < S IM 11T A)TH L+ ] (Tm A)7H%).
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Proof. Applying Lemma 3.4 with B = My, 78 = 1d, @7, m = M, t = Ty, and b = A ® Idy, we get
Garsiry (8) = 1dy @ try (Mgry (Ta))

for Ty =T 4(A) = A — Rs(Gsyry (A)) and ||A71|| sufficiently small. Since both sides are analytic functions
of A € M,j', this must then hold for all A € M,j'
Then applying Proposition 3.6 with this matrix M,

1G5ty (A) = Gt sy o (M| < [O8 (A, T, M) + | By (A, T, M.

By Proposition 3.7, for the first term we have ||[Rx (A, T4, M)|| < CN7Y|M]||[(Im A)~1||3. By Proposition
3.8, for the second term we have ||©x (A, Tn, M)|| < CN~2||M||||(Im A)~*||®. Recalling the definition of © 5
and setting Kgy 11y (A) = Hsyi1n (A) — Gty (A),

|Ox (A, Ty, M) = Ox(A, T, M)|| < E [ M(gry (Do) = g (T)) (R (Kisy 1y (4) © Ty ) sy (A) |
+E {HMgTN(rA)((PN TW® IdN)hsN+TN (A)m .
Applying again (3.21) and the resolvent identity,
C _ _ 2
1Ox (A, Ty, M) = On (A, Tt M) < M|l (Im A) HIP (4 [[(Tm A) %)™

Combining the above yields the desired bound on G s, s+7y — G, Sy+Tn -
For the difference of the derivatives, we apply the Cauchy integral formula. Let @ € M} with ||z| = 1.

Fix 0’ € (n,1/3). For r = ||(Im A)~!||7!/2 and any z € C with |z| < r, note that A + zz € Q;I,V) because
Im(A + zz) = Im A — |r||z]| Idg = (||(ImA)—1||—1 - 7“) Id, = N~ Idy .

Define a path « by «(¢) = re®*. Then by the Cauchy integral formula applied entrywise to the matrix-valued
analytic function z — G, (A + zz),

d
|Gty () = G my (D Ialll = | 2| (M Gy (A 20) = Garsysny (A + 22))|
1
< - —
< max {lGh sy (A +5(1)7) = G syn (A + ()] |

IN

c - _
(T A) P (L ] (Tm A) ),

where the last inequality comes the first part of the proposition applied to Q;J,V) Asnp < n < 1/3 are
arbitrary, replacing ' by 7 and applying r—* = 2||(Im A)~!||, the derivative bound follows. O

We now bound Ay (j,m,!) following an argument similar to [Sch05, Lemma 4.1].

Proposition 3.14. Let n < 1/3. Then for a constant Ng > 0, all N > Ny, A € Q%N), and j € {1,...,p}
and m,l € {1,...,k},

[ A, m, DI < %\I(ImA)_l\l5(1 + [ (Tm A)~H%).

Proof. For x € M, consider the embeddings into Moy, given by

n_(x 0 12_ (0 = 21_ (0 0 2_ (00
e ) H U R G e U}

In the block decomposition with respect to Moy ® My = (Mg ® My) ® (M @ My), set
Sy = (SIV 0 ) -3 (@) ) @ X,
N 0 Sn 2 j i s
Ty = (TJE 0 ) :Zq:(bT)11®YT+b22®Y<.
N 0 Ty = J J J J

Define ng,h : Mo — Mo, ® My analogously to gr, and hs, 41y -

Sn+TN
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Define also A = (AT)™ + A?2 and T' = (IT)'"! + I'?2. Note that if A, € M, then A,T € M.
Furthermore, if ||(Im A)~!|| < N7, then |[(ImA)~!|| < N7 also. For any z,y € My and A,T' € M,, we have

0 0 T 21 A 12 A
(0 gTN(F)(y®IdN)th+TN(A)(x®IdN)hSN+TN (A)) = gTN (F)(y ®IdN)h§N+TN(A)(x ®IdN)h§N+TN (A)

d - -
= 2|, 9r D" @ ldx)hg g, (A = t2'?).

t=
Therefore,

(14 @ try) | g7 (D) (y @ 1dw)RS,, 1, (A) (@ @ 1Ay (A)

d
= (Tr®1dy) %LZO(

Iday, ®try) (ng D) (y*! @1dn)hg, 5 (A — mm))} :

We specialize this identity to T =T 4, y = ajegfl), and x = egfl)aj. Set M = 97y (f‘A)((ajegfl))Ql ®Idy), and
define for w € M;}C the left Cauchy transform
GM75N+TN (w) = (Idgk ® trN)E[MhS'N+TN (’LU)]
Then we obtain that the second term defining As (4, m,1) in (3.24) is equal to
~ % k
TroId, [%7 st D(Ea j)m]]
Similar arguments in the space My, ® Ay yield that the first term defining As(j, m, 1) is equal to
A n k
~Tr@ldy |Gy o (W(ela)'2]],
where

p
5= (@) + ) @
j=1

Taking the difference, we apply Proposition 3.13 with 2k, 2¢, and YlT, e YqT, Yi,...,Y, in place of £, g,

and V1, ...,Y,. Finally, using the bound ||M|| < C|lgry (T.4)|| < |[(TIm A)~Y||, we get the desired bound for
A2(j7mal)' O

Combining Propositions 3.12 and 3.14 for A; and Ay, we get (3.23). Lemma 3.10 then follows from this
and Proposition 3.11.

3.4. The spectrum of Ly. Recall the linear polynomials Ly and L 4 from (3.9) and (3.10). We now apply
Lemma 3.10 to obtain the following spectral inclusion.

Lemma 3.15. In the setting of Theorem 3.1, for any k > 1, self-adjoint linear x-polynomial L with coeffi-
cients in My(C), and § > 0, almost surely for all large N

spec(L(Xn, Yn)) Cspec(L(x,Yn))s. (3.25)
For this, we specialize Lemma 3.10 to the scalar-valued Stieltjes transforms of Ly and L 4. For A € CT,
define
gN()\) = E[(trk ®t1“N)()\Idk QIdy —LN)_l] = trk(GS’N-i-TN ()\ Id, —ao)),
ga(X) = (trg @7n)(AIdg @ Idy —La) ™" = tri(Gagry (Adg —ag)),
7“_,4()\) = trg [ﬁ(AIdk —ao)(R.A(A Id; —ao))]
Then Lemma 3.10 applied with A = A1d; —ag yields
C
94 = gn(N) +1aV)| < 15 (ImA) (14 (ImA)710) (3.26)
for any n € (0,1/3), a constant C' = C(n) > 0, and all A € C* such that Im A > N~".
As in [Sch05], we first show the following.

Proposition 3.16. The function r4()\) is the Stieltjes transform of a distribution on R with support con-
tained in spec(L 4).
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Proof. By [Sch05, Theorem 5.4], it suffices to check that
e 7 4()) is analytic on C\ spec(L 4),
e r4(\) = 0as |\ = oo, and
e There exists a constant C' > 0 and a compact set K C R containing spec(L_4) such that |r4(N)| <
C - max{dist(\, K)~3,1} for all A € C \ R.
The matrix I' 4 in (3.19) is given by I'4(A) = AIdy —ag — Rs(Gs+ry (AIdx —ag)). For the first claim,
if A\ ¢ spec(L4), then Ggyry(AIdg —ag) exists and is analytic at A. The subordination identity (3.11)
implies Gsiry (AIdg —ag) = Gry (Ca(N)) for all X € CT, and hence also for all A ¢ spec(L_4) by analytic
continuation. Then g7, (T' 4())) also exists and is analytic at A. Recalling the definition of r4 above and of
R from (3.19), we see that r4(\) is analytic on C \ spec(L.4).
For the second claim, note that for some constant M > 0, uniformly over A\ € C where |A\| > M, we have

|G sry (Mg —ao)|| < |(Adg @ Idy —La) ™ || < C/|A|
and similarly |G’ ;- (A1dg —ao)|| < C/|A[*. Then also
1
|Gry (AW < <
Al = llaoll = I1Rs(Gsrry (Mdx —ao))l| = 17w ||

Thus ||[Ra(AIdg —ag)|| < C|A|72, and |r4(\)| < C|A|72(1 + |A|72). In particular, r4(A\) — 0 as || = o
For the third claim, let K = [-M, M]. Over the region Re A € K and Im A € [-M, M]\ {0}, we apply
the similar bound

<G/l

ra(V)] < ClIm A3 (1 + [ Im [ ~2)
to get |[ra(\)] < Cdist(\, K)™3. For A outside this region, the preceding argument implies |r4()\)| is
uniformly bounded. The third claim follows. O

Combining this with (3.26), we get the following result.

Lemma 3.17. Fiz any M,6 > 0 such that spec(L4)s C [—M, M] for all large N. Consider any (sequence
of ) non-negative smooth functions fn : R — [0,1] such that
frla) = 0 we€spec(La)sse orx ¢ [—M — 6, M + 9]
N 1z € [—M, M]\spec(La)s
and |f](\f)(a:)| < Cyd7F for each k > 1, some constants Cy, > 0, and all z € R. Then for any fived € (0,1/2),

almost surely as N — oo,

N5 (try @ trn) (fn (L)) — 0.

Proof. The argument is similar to [HT05] and [Mall2], and we will omit most of the details. Since fxy =0
on spec(L 4), we have from Proposition 3.16 and the Stieltjes inversion formula that

E[(try © trx) f (L) = lim — I [ [ iw@anta+ ias

lim fIm {/ In@)[galx +iy) + ralx +iy) — gn(z + dy)|dx| .
y—0t+t T
Then applying (3.26) and following the same arguments as [HT05, Theorem 6.2], we get

E[(trg @ try) fv (Ly)] < C/N?

for a constant C' = C(d) > 0.
As in the proof of Proposition 3.6, we write X; = %(ZJ— + Z]T) where Z; € RN*N has i.i.d. N(0,1/N)
entries. Defining

FN(Zl,...7Zp) =fy | a®@Idy +

p
Z ®(Zj+ 7)) +Zb 2Y; |,

j=1

%\

the Gaussian Poincaré inequality yields

Var[(trk ®tI‘N)fN(LN)} [”VFN(Zl,,Zp)H%] .

<1lg
N
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The same argument as [HT05, Proposition 4.7] yields

IVEN(Z1, o Z) 1 < S (imi © ) ()2 (L),

where (fj)? denotes the function z — (fi(2))%. So

Var[(try @ try) f(Ln)] < %E[(trk ®trn) (i) (Ln))]-

Applying the same argument as above,

Biltn, ) (3 (L) = T %t | [ (o) Plnali 4 i)+ rale -+ i) = gl + iplde| < 0/,

so Var[(try @try) fx(Ly)] < C/N*. Then by Markov’s inequality,
Pl(try @ try) fn (Ly) > N717F] < N*P2RE[((try @ try) v (Ly))?] < ON?P25 . N4
Taking 0 < x < 1/2, the result follows from Borel-Cantelli. O

Taking a constant M > 0 large enough ensures spec(Ly) C [—M, M] almost surely for all large N. Then
defining fy as in Lemma 3.17, if there exists an eigenvalue of Ly outside spec(L 4)s, we must have

(e @ 7w ) fn(Ly) > N7H

Lemma 3.17 guarantees this does not happen, almost surely for all large N. This concludes the proof of
Lemma 3.15.

3.5. Linearization trick and ultraproduct argument. We conclude the proof of Theorem 3.1 from
Lemma 3.15 by applying the linearization trick and ultraproduct argument of [HT05]. As our algebra A is
N-dependent, we apply this argument in a subsequence form.

Let M (Q +iQ)sq be the set of k x k Hermitian matrices whose entries have rational real and imaginary
parts. Define the countable set

L= U {all linear x -polynomials of p + ¢ variables with coefficients in My(Q + iQ)sq }-
k=1

Let Q denote the sample space. Let Zy(w) = (Xn(w), Yn), 2y = (%, Yy), for all w € .
Proof of Theorem 8.1. Let Qg C € be the event where

sup max HXZ-(N)(w)H < 00,
N>1 =1

and also where for each L € £ and (rational) 6 > 0, there exists No(L,d,w) > 0 such that
spec(L(Zn(w))) C spec(L(zn))s (3.27)

for all N > Ny(L,d,w). By Lemma 3.15, Qy has probability 1.

We claim that (3.1) holds on . Suppose by contradiction that this is false for some non-commutative
s-polynomial @ (with coefficients in C), § > 0, and w € . Then at this w, there is a subsequence {N;}
and values {\y, } € R such that for all j,

AN, € spec(Q(Zy,(w))) but Ay, & spec(Q(zn;,))s- (3.28)

Since spec(Q(Zy(w))) is uniformly bounded in N, there is a further subsequence {N;, } such that (3.28)
still holds and

An, — X as Nj, — oo, (3.29)

for some A\g € R. To ease notation, let us denote {NN;  } in the following argument simply as {N}.
We introduce the quotient map defined in [HT05, Proposition 7.3]. Define the product and sum of the
sequence of algebras {An}%_; by

HAN = {(aN)Jovozl tay € Ay, sup [lan|| < OO}
. N
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and

XN:AN = {(an)F=1 an € Ay, Jim Jlan] =0}

Then ] An is a C*-algebra (under coordinate-wise addition and multiplication), and )\ An is a two-sided
ideal. Thus, we can define a quotient map by

TA H.AN — (HAN)/(ZAN) =C
N N N
We identify My ® C4 with

(I;IM*@@AN)/(ZN:M;C@AN).

Similarly, define the product and sum of the matrix spaces { My }3F_;, and a quotient map
T HMN — (HMN)/(ZMN) =C
N N N

Denote Zy (w) = (Xn(w), Yn) and zy = (x, Y ). Denote their images under the above quotient maps as

2/(w) =z = (r ({7} )om (V@) or (V7)) om ({959}))
o = = (ralmd), - oma o)) ma () ((0))

We first claim that for every L € L,
spec(L(Z'(w))) C spec(L(z')). (3.30)

Indeed, fixing L € L, for any )\ & spec(L(z’)) there exists an element w’ € M}, ®C 4 such that w’ (A — L(z")) =
1. Letting (wn)xn—; € [1x Mr ® Ax be such that 74 ({wn}) = w’, and noting that Id; @74 ({L(zn)}) =
L(z'), there must exist (vy)ry_; € Y n Mir ® Ay such that for every N,

wN ()\ Id; @ Idn —L(ZN)) =Id, ®Idy +vp.
For N large enough such that ||uy]| < 1/2, we get

A ¢ spec(L(zy)) and H()\Idk ®1dy —L(zN))_lH < 2sup |lwy|.
N

Then dist(), spec(L(zx))) > (2supy |lwn]]) L. Applying (3.27) with § = (4supy |[wy]|)~t, we conclude
that dist(\,spec(L(Zy(w)))) > (4supy |lwn])™t, so A & spec(L(Zn(w))) for all large N. Then defining
{Wn1I%_, by (A ldg ® Idy —L(Zy(w))) ™! for large N, we obtain that 7({Wx}) is the inverse of A— L(Z'(w))
in My ® C. Thus, A & spec(L(Z'(w))), so (3.30) holds.

Then for this fixed w, [HT05, Theorem 2.4] establishes the existence of a unital *-homomorphism

o : (1,z1,...,z;+q> — <1,Z{(w),...,ZI’H_q(w)>
such that ¢(z;) = Zj(w) for each i € {1,...,p + q}. Note that if x € (1,29,...,2,,,) is invertible
with inverse x~!, then ¢(x) is also invertible with inverse ¢(z~!). The assumption (3.28) implies that
dist(An, spec(Q(zn))) > 0 for all N. Then
ma ({An 1dy —Q(2n)}R=1) = ma({Av Idn }) — Q(2)

is invertible. Applying ¢(Q(z')) = Q(Z'(w)), we get that ¢(ms({AnIdn})) — Q(Z'(w)) is also invertible.
From (3.29), we obtain

T({AnIdn}) = 7({Aoldn}) = Aole = d(Aoles) = ¢(ma({roldn})) = d(ma({An Idn })). (3.31)

Then 7({An Idy —Q(Zn(w))}3F—,) is invertible. So Wy (An Idy —Q(Zn(w))) = Idy +Vn for some matrices
Wi,V with supy ||[Wh|| < oo and ||Vx|| — 0. For large enough N, this contradicts the first statement of
(3.28), that An € spec(Q(Zy)), concluding the proof. O
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Proof of Theorem 3.2. The convergence in trace in (3.2) is known, see e.g. [AGZ10, Theorem 5.4.5]. To
verify the convergence in norm, it is sufficient to show almost surely

lim inf |Q(Xn, Y[ = QG ¥,
—00
limsup |Q(Xn, Y )| < [[Q(x,y)]-
N—o00

The first inequality can be verified from the trace convergence and [HT05, Lemma 7.2]. For the second
inequality, because of the linearization trick, it suffices to prove that for any linear polynomial L with
coefficients in My, any 6 > 0, and all large N,

spec(L(Xn,YnN)) Cspec(L(x,y))s.
Based on Lemma 3.15, it remains to show
spec(L(x,Yy)) C spec(L(x,¥))s,
which is the main result in [Mall2, Section 7 and Appendix A]. O

4. ANISOTROPIC RESOLVENT LAW FROM FREE DETERMINISTIC EQUIVALENTS

We now describe how deterministic resolvent approximations may be derived in the free deterministic
equivalent framework of [SV12]. We consider the following setting for rectangular free deterministic equiva-
lents, described in more detail in [SV12] and [FJ16, Section 3]. Note that taking k = 1 yields results for the
simpler square setting and non-amalgamated freeness.

4.1. Statement of the result. Let Ay = CV*N and 7y = N~ ! Tr. Let N = N; + ...+ N, and consider
the associated k x k block decomposition of A;. Define Py, ..., P, € A; by

P, = diag(0,...,0,1dy,,0,...,0).

These are mutually orthogonal projections summing to Idy. Let D C A; be the subalgebra generated by
Py, ..., Py, which is explicitly given by

D={zx1Pi+...+ 2Py : 21,...,21 € C}.
Define the space of block-orthogonal matrices
O = {diag(0y,...,0) : O, € RN"*Nr ' OTO, =1d for each r}.
Let Hy,...,Hp,B1,..., By € A1 be matrices where

e Hy,...,H, are deterministic.
e By,...,B, are random and invariant under conjugation by O. That is, (Bj,...,B,) has the same
joint law as (OB10OT,...,OB,0") for each fixed O € O.

Consider a general self-adjoint *-polynomial @ of p+¢ arguments, with coefficients in D. We will approximate
the resolvent of the Hermitian matrix

W =Q(Hy,...,H,, By,...,B,) € CVV,

Let (Ag,72) be a (possibly N-dependent) von Neumann probability space, also containing D as a subal-
gebra. Suppose A, has elements b1, ..., b, satisfying:

Assumption 4.1. For any fixed *-polynomial ) in g arguments, with coefficients in D, almost surely as
N — oo,

1
S Tr (Q(Bl,...,Bq)) —TQ(Q(bh...,bq)) - 0. (4.1)
Define the von Neumann amalgamated free product over D,
(A, 7) = (A1, 71) *p (A2, T2).

Then {Hi,...,Hp},{b1,...,b,} € Aform a free deterministic equivalent for the matrices {Hy, ..., H,} and
{B1,...,By}, in the sense of [FJ16, Definition 3.8]. Set

w:Q(Hl,...,Hp,bl,...,bq).

Taking N — oo such that ¢ < N,./N < C for constants C,c¢ > 0, [FJ16, Theorem 3.9] shows that the
7-distribution of w asymptotically approximates the spectral distribution of W.
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We extend this here to a deterministic approximation Ry(z) € CV*¥ of the resolvent (W — 21d)~!. Let
H=(H,...,Hp,D)
be the generated von Neumann subalgebra of A. Let 77 : A — H be the (unique) 7-invariant conditional
expectation onto H, which satisfies 7 o 77t = 7. Importantly, note in particular that for any a € A,
M(a) € H C Ay = CV*N,
so that 77(a) may be interpreted as an N x N matrix. We define Ro(z) = 7% ((w — 2)71).

Theorem 4.2 (Anisotropic resolvent law). Fiz constants C,c,d > 0 and a self-adjoint x-polynomial Q. Let
W, w, and H C A be as defined above, where {B;} and {b;} satisfy Assumption 4.1. Suppose in addition
that ¢ < N, /N < C, ||H;|| < C, and ||Bj|| < C for all r,i,j, almost surely for all large N. Set

Ro(2) =7 ((w — 2)71), D = {z € C: dist(z,spec(w)) > 0 and dist(z,spec(W)) > d}. (4.2)
Then for any (sequence of) deterministic unit vectors u,v € CN, almost surely as N — oo,
sup |u* (W — 21d) v — u* Ro(2)v| — 0. (4.3)
zeD

In applications with rectangular matrices, k > 2, we are typically interested in self-adjoint *-polynomials
@ which have only the (1,1)-block nonzero. That is, W and w satisfy

W:P1WP1, w:lePl.

In this setting, since D C H, we have P.Ry(z)P; = 7*(P,(w — z)~'P,). Then outside the (1, 1)-block, the
resolvent approximation Rg(z) has the structure

P.Ro(z)Ps =0 for all r # s, P.Ry(2)P, = —z71P,. for all r # 1.

Denote by Wy, € CM >Nt the (1,1)-block of W. Analogous to CN**M is a “compressed algebra” A¢ =
{PiaP; : a € A} with unit P; [SV12]. Denote by wy; € A° and spec(w;;) the element w and its spectrum,
viewed as a self-adjoint operator in A€.

Corollary 4.3. In the setting of Theorem 4.2, suppose in addition that W = P{W Py and w = PiwP;, and
let W11 and wyy be as above. Let (Ro(2))11 € CNV1*N be the (1,1)-block of Ro(z) = 7 ((w — 2)~1), and set

D, = {z € C: dist(z, spec(wi1)) > ¢ and dist(z,spec(Wr1)) > d}.
Then for any (sequence of) deterministic unit vectors uy,vy € CN1, almost surely as N — oo,

su]g; |ui (Wi — zId)_lvl —uj(Ro(z))11v1] — 0. (4.4)
zelDy

In the remainder of this section, we prove the above results.

4.2. Convergence for moments. To prove Theorem 4.2, we require first the following result showing
convergence of moments.

Theorem 4.4. Under the assumptions of Theorem 4.2, let QQ be any fixed x-polynomial of p+ q arguments,
with coefficients in D, and v,w € CN any deterministic vectors such that ||[v||, |[w|| < C. Then almost surely
as N — oo,

v*Q(Hy,...,Hpy, B,...,By)w —v* 1" (Q(Hy, ..., Hy,by,...,by))w — 0.

Call a matrix A € CV*YN (or element a € A) simple if P,AP, = A (resp. P,aP, = a) for some 7,5 €
{1,...,k}. By linearity, we may reduce Theorem 4.4 to the following setting.

Lemma 4.5. Fix the constants C,c > 0. Suppose, in addition to the assumptions of Theorem 4.4, that each
H,, Bj, and b; is simple fori=1,...,p and j =1,...,q. Then for any m >0, any j1,...,jm € {1,...,q}
and {i1,...,im_1} € {1,...,p}, and any deterministic v,w € CN with ||v||,||w| < C, almost surely as
N — o0,

'U*leHil ...B

jm_lHim_lBjmw — U*TH(bleil . bjm—lHim—lbjm)w — 0. (45)

We first explain why Theorem 4.4 follows, and then prove the lemma by induction on m.
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Proof of Theorem 4.4. Any A € CN*N or a € A is decomposed into simple elements as

kK kK
A= ZZPTAPS’ a= ZZpTaps.

r=1s=1 r=1s=1
Then by linearity, it suffices to establish Theorem 4.4 for all *-monomials (), when each Hi,..., H,,
By,...,By, and by,...,b, is simple. Combining adjacent 2’s and y’s in @), and extending the families
{H1,...,H,} and {Bs, ..., By} to include products and Hermitian conjugates of these matrices as necessary,

we may assume that () is an alternating word in z;’s and y;’s. If @ begins with z; or ends with z;, let us
use 7" (H;aH;) = H;7™(a)H; and replace v by H;jv and w by H;w. Then the result follows from Lemma
4.5. O

Proof of Lemma 4.5. We induct on m. The result is clear for m = 0, as 77¢(1) = 1 and the left side of (4.5)
is simply v*w — v*w. Suppose by induction that the lemma holds up to m — 1, and consider the case of m.
Introduce the centered elements

ﬁi:Hi—TD(HZ‘), .éj :Bj—TD(bj)7 lo)j :bj—TD(bj).

(Note that here, we first center B; by 77 (b;), not a normalized trace of B;.) On the left side of (4.5), let us
write H;, = H; +7P(H;,) for each i,, and similarly for each Bj_ and bj . Expanding the resulting product,
we obtain that the left side of (4.5) is equal to

’U*éjlf{il .. é ﬁz

cPJm—1

o

'mfléjrnw - U*TH (lo)]l ]o{il t bj'mfléinL—léjwt)w (4'6)

plus a (constant) number of remainder terms which include at least one factor 7P (H;) or 7P (b;). Since H;
is simple, we have either 7P (H;) = 0 or 7P(H;) = z(H;) - P,, for some r; € {1,...,k} and for z(H;) =
7(H;)/7(P,) € C, and similarly for 7P(b;). Then, absorbing P,, into the adjacent factor and applying
the arguments of the proof of Theorem 4.4 above, each such remainder term may be written as a sum of
differences of the form (4.5) for a value m’ < m — 1, multiplied by an N-dependent coefficient zn which is
a product of a subset of the coefficients z(Hi),. .., 2(Hp), 2(b1), ..., 2(by). Since |77 (H,)|| < ||H;|| < C and
similarly for b;, we have that |zn| < C for a constant C' > 0 and all N. Then the remainder terms converge
to 0 by the inductive hypothesis.
It remains to show that the difference (4.6) converges to 0. We claim that

7 (bj Hiy - -bj,_ Hi,1bj,,) = 0. (4.7)
Indeed, letting NC(m) be the set of non-crossing partitions of {1,...,m} and introducing the H-valued

non-crossing cumulants x7¢, we have

TH(bJI Hil te bj'mlei?nflbjm) = Z "{z;[(bhHhv Tt bj'/nlei?nfl’ bjnL)'
TENC(m)
Each partition 7 has an element which is an interval {r,...,r+ ¢ — 1} of consecutive indices, for some ¢ > 1.
Letting 72 be the 7-invariant projection onto D, we apply [NSS02, Theorem 3.5] and freeness of H and B
over D to obtain
/{z{(blHl, N ,bg_1Hg_1, bg) = K@D(bﬂ'D(Hl), ey bg_lTD(H(_l), bg) =0
for any elements by,...,b, € B and Hy,...,Hy_; € H which are zero-centered with respect to 72. (In the
case £ = 1, the latter equality holds because k¥ (b;) = 77 (b1) = 0.) Applying this to the cumulant x}¢ of the
terms corresponding to this interval {r,...,r + £ — 1} of m, we obtain kX (b;, H;,, ...,b; _ H; b;,.) =0
for each m € NC(m), and hence (4.7).
Thus, to show that (4.6) converges to 0, we must show that correspondingly

H

m—17

. o o
(% leHil--~B

j'mfl

B, w— 0. (4.8)

m—1"Jm

Since H; and B; are simple, some (7, s;) block of each H; is non-zero and the remaining blocks are 0, and
some (t;,u;) block of each B; is non-zero and the remaining blocks are 0. We may suppose uj, = 15,
8i, = tj,, Uj, = Ty, etc., for otherwise the left side of (4.8) is automatically 0. Denote by

Hi S CNri xNs;
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the non-zero block of Hz If r; # s;, then H; is just the corresponding block (H;)r,s, of H;. If r; = s;, then
by the fact that 7 coincides with N—! Tr on A;, H; = (Hi)rr; — N;il Tr H; is the centered version of this
block. Define also

B; € CNu Ny
to be the non-zero block of éj if t; # u;, or B; = (Bj)t;e; — Ngl Tr B; if t; = u;. In the latter case, note

that Bj differs from the nonzero block of éj by the quantity
N
<T(Bj) —~ N 'Tr Bj> Idy, — 0, (4.9)
th J J

where the convergence is in operator norm as N — oo by Assumption 4.1. Finally, define o € C"1 to be the
75, block of v, and w € C%m to be the s;,, block of w. Then

v*éjlﬁil Ce éjm,—lﬁim—léjm,w — @*le Hil . Bjm_lgim_léjmw — 0,

almost surely as N — oo, by the observation (4.9) and the operator norm bound on each H; and B;. So it
suffices to show

’lv)*BjIHil B H; Bjmw—>0.

Jm—1 L im 1

Let us introduce a random orthogonal matrix
O = diag(04,...,0;) € O

where each O, € RV-*Nr is independently Haar-distributed on the orthogonal group and also independent
of Bi,...,By. By the assumed conjugation invariance of (B, ..., By), we have the equality in law

= =\ L S o
(By,...,By) = (01, B10,, ..., 04, B,O, 1),
and thus we may equivalently show (almost surely as N — oo)

%04y, Bj, Oy Hyy ... Oy, Bj, Ot b — 0. (4.10)

J

We then condition on By, ..., Bq, and write E for the expectation over Oy, ..., O. Defining

£ = E[|b*0tnl§j10;j11 f,...0; B;

dim —Jm

—1 4
0;! f*].
we observe that this may be written in the form

£ = E[TI‘ Osll DlOf§ Ds... O:g:z ng]

where
e Each r; € {1,...,k} and each e; € {—1,1}.
e Each D is one of Hy,. .., Hp, Bi,..., qu Wo*, Wi or their Hermitian conjugates.
o If r; = 7,41 and D; is not of the form wo*, wd" or their conjugates, then the centering of H and B

implies Tr D; = 0.

o At least four of the matrices D1, ..., Dg,, are of rank 1.
Then Lemma 4.6 below implies (conditional on By, ... ,Bq for all N, and on the event of probability 1 where
|Bill,---,||Byll < C" for a constant €’ > 0 and all large N) that £ < CN~2. Then (4.10) holds almost
surely as N — oo by Markov’s inequality and Borel-Cantelli, as desired. ]

Lemma 4.6. Fiz constants B,C,c > 0 and suppose ¢ < N, /N < C for each r =1,... k. Let Oq,...,0
be independent matrices, with each O, € RN"*Nr Haar-distributed on the orthogonal group.

Fie M > 1, r1,...,ras € {1,...,k}, e1,...,enms € {—1,1}, and cyclically identify rpr41 = r1. For each
m=1,...,M, let D,, € CNm>*Nemi1 be ¢ deterministic matriz with Dl < B. For each m, suppose at
least one of the following holds:

® Iy F Tya1, O
e D,, is of rank 1, or
® 7 =Tpmt1 and Tr Dy, = 0.
Finally, suppose that at least K of D1,..., Dy have rank 1. Then for a constant C' = C'(k, K, M, B) > 0,

E[Tr O D102 D,y ... 0% Dy < C'N~5/2,
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Proof. The proof of this lemma is similar to that of [FJ16, Lemma B.2], which established a version of this
result for K = 0. We extend the combinatorial argument here to handle the case of general K. To ease
subscript notation, we write v[i] and A[i, j] for entry ¢ of v and entry (i,7) of A. We denote by C' > 0 a
constant which may depend on k, K, M, B and change from instance to instance.

We may write

£ =E[Tr O D102 D, ... 02 Dy] = > DA JHEV ()],
ij

where the sum is over all tuples (i,j) = (i1,...,%tm,J1,---,Jam) satisfying

1 <ig, jr < N,

and where
M M
V(ivj) = H Oi:s [imvjm]v D(lv.]) = H Dm[jmvim+1]
m=1 m=1

with the cyclic identification ip;41 = 41. Define the set partition

k
||z =A{1,..., M}

by Z(r) = {m : r,, = r}. Consider now set partitions of the set {1,..., M} U {1,..., M} of cardinality 2M,
where we denote elements of the first copy of {1,..., M} with a subscript ¢ and the second with a subscript
j. A set in this partition can have elements of either or both copies of {1,...,M}; for example, {1;,2;} or
{2;,3,} might be sets in the set partition. We say that i,j induces Q, denoted 1i,j | Q, if

Q= || ](@" (rs)LQ3rs)),

for

Ql(r,s) ={m; :meZ(r),im =s,em =1} U{m; : m € Z(7), jm = s, €m = —1}
mi

Q*(r,s) = {mi :m €L(r),im = s,em = =1} U{m; : m € Z(r), jm = s,em = 1}.
Denote Q(r) := |_|iv:"'1(Q1(r, s) U Q%(r,s)), and let |Q] be the total number of non-empty sets in Q.

Notice that the quantity
E[V(i,j)] = E(Q)
depends on (i, j) only via its induced partition Q. By [FJ16, Lemma B.3(a)] we have |E(Q)| < CN~M/2 for
any partition Q. Thus we find

ESCNM? 3N DQ)I, DQ=) DG, (4.11)

Q:E(Q)#0 ijlo
so our main task is to bound |D(Q)| when E(Q) # 0. By [FJ16, Lemma B.3(b)], if i,j | Q and E(Q) # 0,
then for each r € {1,...,k} and each s € {1,..., N,}, the cardinality of |Q!(r,s)| and |Q?(r, s)| must be

even. That is, each set S € Q has even cardinality. To motivate the combinatorial idea, note that the bound
| Dol ims1]| < B implies that D(i,j) < BM for all (i,j), while

#{(i.j) :1,j| @} < ONI9,
since for any fixed Q choosing i,j which induce Q involves choosing for each set in Q a distinct index from
{1,...,N,} for some r. Together, these yield the naive bound |D(Q)| < CNIQl. Since each set in Q has
cardinality at least 2, and the sum of all cardinalities is 2M, we have |Q| < M. Combining with (4.11) would
yield

E<CONM2.NM

but the exponent is too large in M and does not depend on the number of rank 1 matrices K.

This motivates the definitions of the following counts associated to Q. For m € {1,..., M}, call the index
m; single if D,,_ is of rank 1 and the index m; single if D,, is of rank 1—that is, an index is single if it
corresponds to some rank 1 matrix in the product D(i,j). For a fixed set partition Q, define the following
quantities.
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Tyh: number of sets in Q of cardinality 2, which contain no single indices.

T1: number of sets in Q of cardinality 2, which contain 1 or 2 single indices.

Ry: number of sets in Q of cardinality > 4, which contain no single indices.

e R;: number of sets in Q of cardinality > 4, which contain (exactly) 1 single index.

We establish the following claim by induction on Ty + T7.

Inductive claim: For any M > 1, any r1,...,7p,€1,-..,€enr, D1, ..., Dy which satisfy the conditions of
the lemma, and any such partition Q of {1,..., M} U{1,..., M} with Ty, T1, Ro, Ry as defined above,
|D(Q)| < CoNFotTo/2H/2 (4.12)

for a constant Cy = Cy(k, M, Ty, T1, Ro, R1, B) > 0.

Assuming that this claim holds, note that the number of non-single indices is 2(M — K), where K is the
number of rank 1 matrices. Then 2(M — K) > 4Ry + 2Ty + 3R;. Dividing this by 4 gives the improved
bound

|D(Q)| < CoNWM=K)/2,
Combining with (4.11) yields £ < CN~5/2 as desired.
To establish (4.12), we induct on the total number of elements of Q of cardinality 2, which is Ty + T3.

For the base case To + 17 = 0, let us assume for notational convenience that D1, ..., Dg are of rank 1. For
m=1,...,K, we write D, = v,w}, for bounded length vectors v,, and w,,, and apply |Dn[i,j]| < B for
m=K+1,..., M. This gives
ID(Q)| < C Y forlir]wilia] - - vk [ Jwic ik 1] (4.13)
ijlQ

Let Ry be the number of elements of Q containing two or more single indices. Since Q has no elements
of cardinality 2, all elements of Q are counted by Ry, Ri, or Ry. We now view the sum in (4.13) as a
product of sums over distinct indices for the elements of Q counted by Ry, Ry, Rs. We bound the sum over
distinct indices counted by Ry simply by C N0, For the sum over distinct indices counted by Ri, note by

Cauchy-Schwartz that
> lulill < VIlulVN,

yielding a combined bound of C'N*1/2 for these indices because ||u|| is bounded for the relevant vectors. For
distinct indices counted by Rs, we apply a bound of the form

Z lur[d] - . umi]] < CZ ur [tluzd]] < Cllua]l - fJuz|

for any m > 2 and any bounded vectors uq, ..., U, yielding a constant bound for the combined sum over
such indices. Thus, we get
|D(Q)] < ONTot/2,

which concludes the proof of (4.12) in this base case.

Assume inductively that (4.12) holds for To + 77 < t — 1, and consider now Ty + 77 =t > 1. Then there
is some set S € Q with cardinality |S| = 2. We consider three cases.

Case 1: S = {mj,(m+1),;}, and D,, is not of rank 1. (So S is counted by Ty.) Suppose for notational
convenience that S = {1;,2;}. This implies in particular that r; = ro and D; is square. Then the assumption
of the lemma implies

Tr D; = 0.
Denote by }; 510\s the sum over indices in the tuple (i,j) excluding ji and 72 which induce Q\ S, and
by > i¢0(r)\s the remaining sum over the value of ji = i, restricted to be distinct from the [Q(r1)] — 1
preceding values in {1,..., N,, } assumed by sets in Q(r1) \ S. Then

D(Q = Y [[ Dwlimiimeal- > Dilijl

i,jlQ\S m=2 J¢Q(r1)\sS
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Let II be the set of new partitions Q" which merge S = {1;,2;} with some other set in Q(r1) \ S. Then

applying Tr D; = 0 yields
M
D(Q) = Z Z H Dm,[jmyim—o—l},
Qell i jjQ’ m=1
and hence
ID(Q)| < > [D(Q).
Q’ell

As Dy, is not of rank 1, the indices 1,,2; are not single. If {1;,2;} was merged into a set in Q of cardinality
> 4, then Q' has the counts (To — 1,71, Ry, R1). If {1;,2;} was merged into a set in Q counted by T7, then
Q' has either the counts (Tp — 1,71 — 1, Ry, R1) or (Ty — 1,71 — 1, Ry, Ry + 1). If {1,,2;} was merged into
another set in Q counted by Ty, then Q' has the counts (To — 2,71, Ro + 1, R1). In all cases, Ty + 11 has
reduced by at least 1, and the exponent Ry + Tp/2 + R1/2 in (4.12) has not increased. Then applying the
inductive hypothesis for each Q' and noting that the cardinality of II is a constant independent of N, we get
(4.12) for Q.

Case 2: S = {m;,(m + 1);}, and D,, is of rank 1. (So S is counted by T;.) Suppose for notational
convenience S = {1;,2;}. Then with the same notation as defined in Case 1, we get

M M

i,j|Q\S m=2 Q'€ll |1,j|Q m=1

where the first term arises because we no longer have Tr D; = 0. (If M = 1, the first term is understood to
just be | Tr Dy|.) Note that | Tr Dy| < C, as D; has bounded operator norm and is of rank 1. The partition
Q\ S in the first term must have the counts (Ty, 71 — 1, Rg, R1), and we may apply the inductive hypothesis
to this term. For each Q' in the second term, the argument is a bit different from Case 1 as 1;,2; are
single. If {1,,2;} was merged into a set in Q counted by Tp, T1, Ry, R1, or none of these four, then Q' has
the counts (TO — ].,Tl - ].,R(),Rl), (To,Tl - Q,Ro,Rl), (TQ,Tl - 1,R0 - 1,R1), (TQ,Tl — ].,R(),Rl - ].), or
(T, Th — 1, Ry, Ry) respectively. Applying the inductive hypothesis in all cases, we get (4.12) for Q.

Case 3: The two indices in S do not index the same matrix D,,. Suppose for notational convenience
S = {2,,2;}, so that they index Dy and Dsy; other cases are analogous. Then with similar notation as in
Case 1, we have

M
D(Q) = Z H Dm[jmvim+1] : Z D1[j1,i]D2[i,i3].

i,j|Q\S m=3 i€ Q(r2)\S

Let us introduce the matrix D = D D,. Then applying the triangle inequality as in Cases 1 and 2,

M
H Dm[]m7 im-&-l]

m=1

)

M
ID(Q)| <| Y Dlinsis] [[ Dmljmsimeal| + D
ij|Q\S m=3 Q’ell
where II is the set of partitions Q" which merge {2;,2;} with another set in of Q(ry) \ S. (The product in
the first term is understood to be 1 if M = 2.)

For the first term involving Q\ S, note that if D is not of rank 1, then both Dy and D5 are also not of rank
1. So 2;,24,1;,3; were not single in Q, and 1;, 3; remain non-single in Q\ S (with respect to D,Ds,..., D).
Then Q\ S must have the counts (Tp — 1,71, Ro, R1). If D is of rank 1, then the removal of {2i,2;} reduces
either Ty or 17 by 1, but it is possible that 1; and/or 3; may have been converted from a non-single index
in Q to a single index in @\ S. One such conversion may induce the count mapping (Tp,71) — (To, 11 — 1),
(To, Tl) — (TO - 1,11+ ].), (R07 Rl) — (Ro, Ry — 1), or (Ro, Rl) — (RO —1, R+ 1) Note that each of these
mappings does not increase Ty + T1, nor increase the exponent Ry + Tp/2 + R1/2 of N in (4.12). Then we
may apply the induction hypothesis in every case to obtain |D(Q\ S)| < CNTo+To/2+E1/2 for the first term.
For each Q' € II of the second term, we perform some casework, depending on whether 2;,2; are both
non-single (so Dy and D, both have rank more than 1), and also whether {2;,2;} was merged into a set
in @ counted by Tgy,T1, Ry, R1 or none of these four. The possible resulting counts for Q' are summarized
in Table 4.1. In each setting, To + 71 has reduced by at least 1, the exponent Ry + Tp/2 + R1/2 has not

increased, and we may thus apply the induction hypothesis for Q' to obtain (4.12) for Q.
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Merged into 2;,2; not single one or both of 2;,2; single
To — 17T1 — 17R0,R1 or
To—1,71 —1,Ro,R; +1

To,Th — 2, Ry, Ry
To,Tl - ].,RQ - 1,R1 or

TO T0727T17R0+17R1

TQ — I,Tl — l,Ro,Rl or

g To—1,T1 —1,Ro, Ry + 1

Fo To—1L,T, Ro, B Ty, Ty —1,Ry—1,R; + 1
Rl T0_17T17R07R1 T07T1_17R07R1_1
None of above Ty — 1,71, Ry, Ry To, Ty — 1, Ry, Ry

TABLE 4.1. Possible counts for 9’

This establishes that (4.12) holds when Ty 4+ 77 = ¢, in all three of the above Cases. This completes the
induction and the proof of the lemma. O

4.3. Convergence for resolvent. Finally, we use Theorem 4.4 to complete the proofs of Theorem 4.2 and
Corollary 4.3. This will depend on the following lemma, which allows us to work with a series expansion of
the Stieltjes transform.

Lemma 4.7. Let C' > 0 be such that ||W|| < C and |w| < C for large N, and suppose that fy is an analytic
function on C\ spec(W) and f an analytic function on C\ spec(w) such that almost surely as N — oo, we
have fx — f — 0 uniformly on ' = {z € C : |z| > 2C}. Then for any fixed constant § > 0, almost surely,
fn — f = 0 uniformly on Dy = {z € C : dist(z, spec(w)) > ¢ and dist(z,spec(W)) > 6}.

Proof. Let Qg be the event of probability 1 where spec(WW) (and also spec(w)) are uniformly bounded in
[-C, C] for all large N, and

lim sup |fn(2) = f(2)] = 0.

N—o00 zeD/
Suppose by contradiction that for some w € Qg and € > 0, we have

limsup sup |fn(2) — f(2)] > e. (4.14)

N—oo ze€Dn

Then there is a subsequence {Ny}7°, and points zn, € Dy, for which |fn, (2n,) — f(zn, )| > € for all k.
Since spec(W) and spec(w) are uniformly bounded compact subsets of R, by sequential compactness under
Hausdorff distance, there must be a further subsequence of {N;}7°, along which these sets converge in
Hausdorff distance to fixed limits S; = Sj(w) and Sy = Sa3(w). Define Dy (w) = {z € C : dist(z,51) >
§/2, dist(z,S2) > 6/2}. Then Do (w) is a fixed (N-independent) connected domain of C. As fy(z) — f(z) is
analytic on Dy, (w) for all large N, we then have

lim  sup [fn(z) - f(2)| =0,

N—o0 2ED oo (w)
by the convergence over z € . This implies zy, ¢ Doo(w) for all large k. But then
lim sup min(dist(zy, ,S1), dist(zn, ,52)) < 6/2,

k—o0
which implies by the definition of Hausdorff distance that
lim sup min(dist(zy, ,spec(w)), dist(zn, ,spec(W))) < 4/2,

k—o0

contradicting that zy, € Dy, . Thus (4.14) cannot hold for any w € Q. O

Proof of Theorem 4.2. The given assumptions imply that there is a constant C' > 0 such that ||V < C and
[lw]| < C almost surely for all large N. Let D' = {z € C: |z| > 2C}. Fix ¢ > 0. Applying the contractive
property ||[77(a)|| < ||| of conditional expectations, there is K > 0 such that

o0 o0
sup 2D WE < ¢, sup E 2 DR (R || < e
2€D" =K +1 €D =k +1
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for all large N. For each k € {0,..., K}, Theorem 4.4 implies u*W*v —u*77 (w*)v — 0 almost surely. Then
applying the series expansions for (w — z)~! and (W — zId)~!, convergent for |z| > 2C, we get

limsup sup |[u*(W — 21d) "'v — u* Ro(2)v| < 2e.
N—oo z€D

As € > 0 is arbitrary, we obtain almost surely

lim sup |u*(W — 21d) ‘v — u*Ro(2)v] = 0. (4.15)
N—o0 €D’
Applying Lemma 4.7 for fy(z) = u*(W — zId)~!v and f(z) = u* Ro(2)v concludes the proof. O

Proof of Corollary 4.3. Let W =W + Py + ...+ P, and w' = w+ P> + ... + P;. Note that W/, w’ define
the same submatrices Wy € CNV1*M and (Rg(2))11 € CN1*M | the latter because

Pt ((w' — 2) )Py = 7H(Pr(w' — 2)7tPy) = 7Py (w — 2) 7 Py) = Pyt ((w — 2) 7Y Py
On the other hand, for k > 2, their spectra satisfy
spec(W) = spec(W11) U {0}, spec(w) = spec(wy1) U {0},
spec(W') = spec(W11) U {1}, spec(w) = spec(wq1) U {1}.
Then for any § < 1/2, setting D and D’ as the sets (4.2) with (W, w) and (W', w’), we have
D, =DUD.

Then the result follows from applying Theorem 4.2 with v = (u4,0,...,0) and v = (v1,0,...,0), for both
(W,w) and (W', w"). O

5. ANALYSIS OF THE MIXED EFFECTS MODEL

In this section, we prove the results stated in Section 2.3 pertaining to the mixed effects model.

5.1. Preliminary results. First, we prove Theorem 2.4, which guarantees that no bulk eigenvalues separate
from the support.

Proof of Theorem 2.4. We consider the block decomposition (2.10) in CV*¥  the orthogonal projections
Py, ..., Py, and the embedded matrices F,, Gy, H. € CN*N_ Then the only non-zero block of the matrix

is the (0, 0)-block, which is equal to 3. Consider the two matrices W and W = W + P+ ...+ Py. Then
spec(W) = spec(X) U {0} and spec(W) = spec(X) U {1}, so

~ ~ v

spec(X) = spec(W) N spec(W).

Let X € RV*N be a GOE matrix, as in Section 3. Then G, can be realized as G, = ,/%PTMXPT.

Hence,

k

. N . . -

W= r,;1 \/mH;‘P,.XP,.+kF,.sPS+kXPsHS.
We construct a free deterministic equivalent in the following way: Let D = (P, ..., Pag), and let (A;,71) be
the von Neumann free product of (D, N~! Tr) and a von Neumann probability space containing a semicircular
element x. Set (Ag, 72) = (CN*N N=1Tr), which contains {Fys, H, : 7,5 = 1,...,k} and also D. Let (A, 1)
be the von Neumann amalgamated free product of (A, ) and (As, 7o) with amalgamation over D. In A,
identify f.s = Fm, h, = H’T, pr = P, and define g, = \/N/n,p,4rxp,. By this construction, z is free of D
(over C) and also free of Ay over D. Then [NSS02, Proposition 3.7] implies that x is free of Ay (over C).
We may then apply Theorem 3.1 and Assumption 2.2 to conclude

~

spec(X) C spec(w)s N spec(w)s (5.1)
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for all large IV, where
k

k
_ N .
w = E h:przpr+kfrsps+kxpshs = § h:g:frsgshm wW=w+pr+...+pa.
r,s=1

v TorTls r,s=1

To finish this proof, we verify that these elements { f;s, gr, b, -} have the same joint law as described by

conditions (1-4) in Section 2.2. Conditions (1-2) are evident by construction. For condition (3), denoting
by NCz(21) the non-crossing pairings of (1,...,2l) and K(r) the Kreweras complement of ,

N /., N (N\' N (N\'
ET((grgr)l) = <T> 7((praprrzpr)') = n (m) 7(zprgr®pr - - - TPrikTDy)
N /N
= <n> Z TK(ﬂ') [pT‘-"-kapT? "'7p7"+kap7'}
p "/ reNCy(20)
N N 'S m I+1—m
=\ > 1) T (prik) - |{m € NCy(21) : K(x) has m blocks of p,}|
r m=1
l m—1 l m—1
_ P 1/1 l B 1 /p l =1\ / .
_mz_:l(nr) l(“‘b)(m—l)_;m(m) (m—l m—1) =) T @

Here, the second line applies [NS06, Theorem 14.4], freeness of {p,,p,+r} and x, and vanishing of all but
the second non-crossing cumulant of z. The third line applies pl. = p, and plr 4k = Prik for I > 1, and also
that |K ()| + |w| = 20 + 1 so that |K(7)| =+ 1. The fourth line applies

[{m € NCz(21) : K () has m blocks of p,.}| = |[{y € NC(I) : v has m blocks}|,

which are defined by the Narayana numbers. For more details, see [NS06, Lectures 9, 11, 14]. The last
equality is the formula for the I*! moment of the Marcenko-Pastur distribution (see [MS17, Exercise 2.11]).

For condition (4), first consider ay, ..., a,, € As where ay, ..., a,, alternate between the algebras ({ fs }, D)
and ({h,},D), and we have 77(a;) = 0 for each i. The latter condition implies that each a; belonging to
({frs}, D) in fact satisfies (pr41 + ... + Pok )@ (Pkt1 + - - . + D2k) = a;, and each a; belonging to ({h,}, D) in
fact satisfies (po +. ..+ pr)a;(po+ ...+ pr) = a;. Then we get 72(ay ... am) = 0. This establishes that {f,..}
and {h,} are free over D. A similar argument shows that g1,...,gi are free over D, since each a; € (g,, D)
with 7P (a;) = 0 must satisfy (p, + prsr)a;(pr + Prir) = a;. By construction of the space A, we have that
{91,---, 91} € Ay and {frs,hy i 7y s =1,...,k} € A are free over D. Thus condition (4) holds.

Having verified these conditions (1-4), we obtain that pg is the 7¢-law of w in the compressed algebra
A¢ ={a € A: pyapy = a} with trace 7¢(a) = 7(po) 17 (poapo). Since 7¢ is faithful, supp(po) is the spectrum
of @ as an operator in .A°. Then spec(w) = supp(po) U{0} and spec(w) = supp(ug) U {1}, where spec(-) here
denotes the spectra as operators in .A. So supp(pg)s = spec(w)s Nspec(w)s for any § < 1/2. Combining this
with (5.1) concludes the proof. O

Next, we establish the analytic extension of the functions a., b,.

Proof of Proposition 2.5. Denote by a,(z) and b.(z) the values of a,,b. at z € C*, and set Rp(z) =
(21d +b(z) - ¥)~1. Note that Tr Ro(2)ARo(2)* B is real and nonnegative for any positive semidefinite A, B.
Then from (2.5), we have

Ima,(z) = —p~ ' ImTr Ry (2) %,

— p 'ImTr (Ro(z)z";,,Ro(z)*(z Id +b(z) - i)*)
) k) ) )
=p '(Imz) Tr Ro(2)%, Ro(2)* +p* Z(Im bs(2)) Tr Ro(2)X, Ro(2)" Xs.
s=1

In particular, as Im z > 0, Imb,.(z) > 0, and Ry(z) is invertible, we have that either 3, = 0 and a,(z) = 0
for all z € C*, or 3, # 0 and Ima,(z) > 0 for all z € C*. In the former case, a, trivially extends to
ar(z) =0 on C\ supp(uo). In the latter case, we recall from the analysis of [FJ16, Theorem 4.1] that each
b, (iy) remains bounded as y — oo. Then lim,_, iy - a,(iy) = — Tr X, /m,, so a, : C* — C7 is the Stieltjes
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transform of a finite measure v, on R with total mass v, (R) = Tr %, /m, [GH03, Lemma 2]. Analogous to
the above, we also have
k
Immg(z) = p~*(Im 2) Tr Ro(2)Ro(2)* +p~* Z(Im bs(2)) Tr Ro(2)Ro(2)* s,
s=1
and hence for all z € C*
Ima,(2) < ||| - Immo(2).

From the Stieltjes inversion formula, this implies supp(v,.) C supp(po), and hence a, extends analytically to
C \ supp(up) also in this case as well.

Then we may extend by(z),...,bx(z) to meromorphic functions on C \ supp(ug) via (2.6), potentially
with poles at points z € C \ supp(po) where Id +F diag,, (a(z)) is singular. We claim that no such points
exist: Suppose otherwise, and let Id +F diag,, (a(29)) be singular. Suppose, for notational convenience, that
bi1(2),...,b;(2z) have poles at 2o, and bj11(2),...,bg(2) do not. (We may take j = 0 or j = k if none or all
of the b,’s have poles.) For z € C™, it is verified by conjugate-symmetry that Id +F diag,, (a(2)) is invertible
and b,.(z) = b.(z). Thus zo € R\ supp(ug). Taking the limit z 2y along the real line, and writing as
shorthand D = diag,,(a(z)), we have

9. (~(Id+FD)'F) = (Id+FD) "' F diag(a}(2) Ids, , . . . ,af(2) Idy, ) (Id + FD) ' F.

Assuming momentarily that F is invertible, (Id +FD) ' F = (F~! + D)~! is real and symmetric. Then this
is also true for non-invertible F' by continuity. As each ag is either identically 0 or the Stieltjes transform
of a measure vg, we have a/(z) > 0 for all s. Then the above derivative in z is positive-semidefinite. In
particular, as z 7 2, each b,(z) is increasing. So b1(2),...,b;(z) — oo as z  zp, while b;11(2),...,bg(2)

approach finite values. This implies that for any v in the combined column span of 3,...,%;, we have
(2Id+b - £) v — 0 as z 7 z. Then (zId+b-%)"'%, — 0 and a,(z) = 0 for each r = 1,...,].
Denoting by M(z) the lower-right blocks of Id +F diag,, (a(z)) corresponding to j + 1,...,k, the matrix
Id +F diag,,(a(zp)) then has the block form
Id *
(0 M (Zo)> '

Since Id +F diag,,(a(zp)) is singular, we must have that M (z) is singular. Denoting by F» the lower-right
blocks of F, this implies that M (zg)Fs is also singular. But the above argument shows 9,(—M (z)Fy) is
positive-semidefinite, so this must mean — Tr M (2)Fy — 00 as z * 29. Then b,(z) = —m, 1 Tr.[M(2)F>] —
oo for some r € {j + 1,...,k}, contradicting that b.(zp) exists and is finite. Thus, Id +F diag, (a(z)) is
invertible and by, ..., by are analytic on all of C\ supp(uo).

We may then extend mg(z) to C \ supp(ug) by (2.7). Note that this must coincide with the Stieltjes
transform of po on C \ supp(uo), by uniqueness of the analytic extension. Finally, note that if we define
a1(z),...,ax(z) on C\ supp(uo) by (2.5) from by(2),...,bx(2), then each a,(z) is a meromorphic function
on C \ supp(jg), possibly with poles where z Id +b(z) - ¥ is singular. These must agree with a;(2), ..., ax(2)
everywhere outside of these poles, as they agree on CT. Since a1(z),...,ax(z) are analytic on C \ supp(uo),
no such poles exist, zId+b(z) - 3 is invertible, and a;(2), ..., ax(z) satisfy (2.5) on all of C \ supp(po). O

We record here the following property shown in the above proof.
Proposition 5.1. For z € R\ supp(po), we have bl.(z) > 0 for every r € {1,...,k}.

5.2. Master equation for outlier eigenvalues. In the remainder of this section, we prove Theorems 2.6
and 2.7. We assume implicitly Assumptions 2.1 and 2.2 throughout. We denote by C, ¢ > 0 constants which
may change from instance to instance. We fix a constant § > 0, and define

Us = {7z € C : dist(z,supp(po)) > 6}.
For n-dependent matrices X;(z), X2(z) of the same dimension, we write
X1(z) ~ Xs(2)
if almost surely as n — oo, we have

sup || X1(z) — Xa2(2)|lec — 0,
zeUs
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where || X ||oc = max; ; | X; ;.
Following [BGN11], our first step is to establish a “master equation” characterizing outlier eigenvalues of
Y. Recalling G, H, from (2.8), Z,,T', from (2.1), and F,s from (2.4), we may represent

k
£= S (&I +GH) Fu(EL, + GH) =W+ P

r,s=1

for

k
W= > HGF.G.H,

r,s=1

k
P=>" (PIEIFMGSHS +H'GIF. 2T, + FIEIFTSESFS).

r,s=1

Letting ¢ be the rank of T (so £ < £,), let us write
r=rqQT

where € RP*! contains the right singular vectors of I'. We have QTQ = Id, and ||T'|| < C. Denote the
resolvent of W by

R(z) = (W — zId)™".
Define the matrices = € R™*% and G € R"+**P by the (rectangular) block matrices with non-zero blocks
given by
Gy

I

G

[1]
N

Bk Gy,

Finally, define the matrix H € R*?*P as the vertical stacking of {H,.}*_,, and set

r=1»
S(z) =="FGHR(2)Q.
Define the matrix

S(z)-TT  ETFGHR(z)H'GTFE-T + 8(z) -TTETFED

RE=1H 0TReQ FT S()T-T + QTR(:)Q - TT=TF=F

Lemma 5.2. The eigenvalues offl which are not eigenvalues of W are the roots of det I?(z) =0.
Proof. The eigenvalues of S® which are not eigenvalues of W are the roots of
det (R(z)(i - zId)) =0.
In the above notation, we have
P=QI''="FGH + H'GTFEIQ" + QI T="TF=IQ",

from which we may compute

R(2)(S — z1d) = Id+R(z)P
~ ~ ~ ~1 [=T
=Id+ [R(z)QFT R(z)HTGTFEF—|—R(z)QFTETFEF] [“ SSH} :
Applying the identity det(Id +XY') = det(Id +Y X)), we find that

ETFGH

0 = det <1d+ [ oT

} [R(Z)QFT R(z)HTGTF=T + R(z)QfTETFEfD = det K(2). O
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5.3. Approximation by trace. Next, we apply concentration of measure over the randomness of = to
show that each (block) matrix element {K;;(2)}7,;_; of K(z) is well-approximated by certain traces. Define
the Schur complement

T(z) = Kas(2) — Ko1(2) K11 (2) "' K1a(2) (5.3)
and the matrix
k
T(z) =1d+Q R(2)Q - T'T (Z n, ' Tr.[F — FGHR(2)H"G"F)] Idgr> r. (5.4)
r=1

Lemma 5.3. We have that S(z) ~ 0, I?u(z) ~1dy,, and f(z) ~T(z).
Our proof of Lemma 5.3 will apply the following concentration result, from [BEK'14, Lemma 3.1].

Proposition 5.4 ([BEK'14, Lemma 3.1)). Let z,y € RY be independent vectors with independent entries
satisfying

Elz;] =E[y] =0,  E[2?]=E[}]=1/N,  E[lz;/*] <CeN*2 E[jy|"] < CLN~*/?
for each k > 1 and some constants Cy, > 0. Let A1, Ay € CN*N be any deterministic matrices and v € CN
any deterministic vector. Then for any 7,D > 0 and all N > Ny(t, D),

Pllav| > N~V |jolls] < N7,
Pllz"Ajz — Tr Ay| > N7 7| Ay|lms] < NP, PllaTAgy| > N7 Ag|lws] < N~ P.
For a sufficiently large constant C' > 0, define the good event
En = {spec(W) C supp(ro)s/2, |G-l < C, [|Z|| < C forall r =1,... k}. (5.5)

From Theorem 2.4 and Assumption 2.1, we have that &, holds almost surely for all large n. We will use
implicitly throughout that on this event &,, we have |G| < C, ||E|]| < C, ||R(2)]| < Cmin(1,1/|z]), and
|R'(2)]| < Cmin(1,1/]z|?) for all z € Us and a constant C' > 0.

Proof of Lemma 5.3. Note that S(z) has blocks given by

k
> ElF..G.H.R(2)Q
s=1
forr=1,...,k, where =Z1,...,Z are independent of G1,...,Gk. On the event &,, for any fixed ¢ > 0, we

have ||S(#)|lcc < € for all |z| > Cjy and some constant Cy > 0. For |z| < Cp, note that ||F,..G,HsR(2)Q|| < C
for all 2 € Us. Then this bound holds for the ¢3-norm of each column of F,;GsHsR(2)Q. The entries of =,
satisfy the conditions of Proposition 5.4 with N = n,.. Applying the proposition conditional on Gy, ..., Gk
and on &,, we get |E] FG H R(2)Q|l0o < n~Y/?+7 with probability 1—n~P, and hence ||S(2)|lco < n~ /247
as well. Taking a union bound over a grid of values in Us N {|z| < Cy} with spacing n~'/2, and applying
Lipschitz continuity of S(z) on &,, we get almost surely

sup IIS(2)]|co — O.
2€Us:|2|<Coh

Then limsup,, . Sup, ey, [[5(2)|lc < €. As e > 0 is arbitrary, this shows S(z) ~ 0. This implies also
Kll(z)f1d5+. N
For T'(z), note first that S(z) ~ 0 and K11(z) ~ Id,, imply

T(z) ~1d+Q"R(z)Q -TT=" (F - FGHR(z)HTGTF> =T

Notice that =T (F - FGHR(Z)HTGTF>E is a k x k block matrix with blocks

k
E1Y,5(2)Zs, Y,s(2) = Frg — Z FryGyHyR(z)HLG] Fs.

r’,s'=1
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On &,, we bound ||Y;5(2)|lus < Cv/n|Yrs(2)]] < C’v/n. Then, applying Proposition 5.4 again for each pair
(r,s) and each pair of columns of E, and =, we get for each fixed z € Uy that

|28 Yes(2)Es — 1{r = stn, ' Tr,[F — FGHR(z)H G F] - 1d,, —1/24T

<n
oo

with probability 1 — n~P. Applying Lipschitz continuity and a union bound over a grid of values |z| < Cy,
a separate argument for |z| > Cy as above, and the Borel-Cantelli lemma, we obtain the lemma. O

5.4. Approximation by deterministic equivalents. We now approximate the terms appearing in (5.4)
by quantities in the free deterministic equivalent model described in Section 2.2. Define

T(z) =1d+QT (z1d+b - £)~'Q - T'" diag,(b)T,

where I'T diag,(b)I' = Zle b,I'TT,.. By Proposition 2.5, T(z) is a well-defined analytic function on C \
supp(pp). We establish the following approximation, which follows immediately from the definitions of T,
T, and the estimates of the next two propositions.

Lemma 5.5. We have T(z) ~ T(z).
Proposition 5.6. We have QTR(2)Q ~ —QT(zId +b-%)~1Q.

Proof. The von Neumann probability space (A, 7) in Section 2.2 may be constructed in the following way:
Let (A1, 71) = (CV*N N—1Tr), containing the embedded matrices Hy, ..., Hy and Py, ..., Psy,. Identify

h, = H, and p, = P,.. Construct a von Neumann probability space (Asg, 72) also containing py, . .., par and
elements {f.s,gr : 7,8 = 1,...,k} satisfying all required conditions on their joint law under 5. Let (A,7)
be the von Neumann amalgamated free product over (po, ..., pak).

Let w = ers hrgr frsgshs € A. By Corollary 4.3 applied to each pair of columns of @), we find that

QTR(2)Q ~ Q" Ror™((w — 2) ") RQ
where Pym7((w — 2z)~1) Py is identified with its upper-left block as an element of CP*?. By [FJ16, Equation
(4.12)] and the identification 3,(z) = —b.(z) at the conclusion of the proof of [FJ16, Lemma 4.4], we have

M ((w _ Z)—l) = — (z + zk: h:fhrbr(z)> _
r=1

Recalling the identification h, = H, and interpreting this as an element of

A -1
- <Z+ZHJHrbr<z)> =—(z+b-%)7,

CN*N its upper-left block is

r=1
which concludes the proof. O
Proposition 5.7. Fiz § > 0. Almost surely as n — oo, for each t € {1,...,k}, we have
sup |ny ' Try[F — FGHR(2)H GTF] + by(2)| — 0.
zeUs

The rest of this section is devoted to the proof of Proposition 5.7. In the von Neumann probability
space (A, 7) defined in Section 2.2, let H = (h1,...,ht), G = {q1,---,9k), F = {fi1, f12,---, fxk) and

D = (po,...,p2x) be the generated von Neumann subalgebras of A. Define the elements
k k k
w = Z hygy frsgshs v = Z 9y frs9s U= Z Irs- (5.6)
r,s=1 r,s=1 r,s=1

For any r,s,t € {1,...,k} define
Arts = h:jg:frtftsgshs brts = g:frtftsgs Crts = frtfts-

Our goal is to compute

k k
Z T(ftsgshS(w - Z)_lh:g:frt) = Z T(a'rtS(w - Z)_l)a
r,s=1 s, t=1

and we will do this using the left-augmented Cauchy- and R-transforms introduced in Section 3.1.
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Recall the H-valued conditional expectation 77, Cauchy-transform G*, and R-transform R from Section
3.1, and similarly for G and D. For each i € {0,..., 2k}, denote

7i(a) = 7(p;) "' (piapi)
and note that

For a sufficiently large constant C' > 0, define
:{ZE(C'|Z\>C’}
We define the following analytlc functlons {az}l 00 {8350, {di}2Eo, {75130, {6,135, and {e;}3%, on D,
also used in [FJ16]: Define {a;}2F, and {3;}2£

k
a; = 7;(h;GIE(2)h]) Bi=m; (RUD (Z aipi>> forie{1,...,k} (5.7)
i=1

and g = g1 = = a9 = |2|7 and By = Bre1 = -+ = Bor = 0. Then set

2%
di=a;' '+ 8, d= Zdipi-

=0
Now define {v;}?£, and {5,}3%
Viek = Tian(9;GY(d)g]) e =Tk [ RO | D wips for j € {1,...,k} (5.8)
j=k+1
and o =7 ==, = |z|7! and g = 6; = --- = §, = 0. Finally, set

2k
-1
e;=7; +94; e= Zejpj.
J=0

These quantities satisfy the following identities, all shown in [FJ16].
Proposition 5.8. The following statements hold for o, B;,ds,vj,65,e; on D.

(a) Z% aip; = Gy (d).
(b) Y350 vps = GE (o).

(c) The quantities a, = =P and b, = —f3, satisfy the relations (2.5) and (2.6).
(d)

Proof. (a) follows from [FJ16, Equation (4.15)], (b) follows from [FJ16, Equation (4.21)], (c) is shown at the
end of the proof of [FJ16, Lemma 4.4], and (d) follows from [FJ16, Equation (4.28)]. O

Forre{1,...,k}, we have e, = —a, L.

Proposition 5.9. We have
R, (G = hiher, [RD, L (GR@)] L R (GI@) = gigeman [RE,, . (GD()) ]

Proof. For the first equality, notice that for ¢ = G7¢(2), we have
k

’{QH (aTtSa cw, ... ,cw) = Z HIH (h:g:frtftsgshsa Ch:29:2 fr252952 h52, e vCh:l 9:1 f?“zSzgSthz>

7’2,...,7’1:1
82,...,81=1

k
Z h:’iz{ (g:frtftsgsﬁ hSCh;tzg:Q fT2529827 M) hSzflch:Lg:l fTLSzgSz)hSL

T2yeuey TL:1
S$2,...,51=1

k
Z h:’ilD (g:frtftsgb'a TD (h’sCh:g)g:2 f7’282982’ T 7TD(h‘Szflch’:‘-1)g:l f7‘lszgsl)h’817
r2,...,m =1
S2, .478121
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where we apply [NSS02, Theorem 3.6] and D-freeness of {F,G} and H in the last step. Notice now that
7P (hsch®) = 0 unless s = r, that for any d’ € D we have h*d'h, = h*h,7.(d"), and that

7P (hpch?) gt = 7 (hech)prgs = (Zazpl)gr

Therefore, applying Proposition 5.8(a) and defining ¢/ = GP(d), we have that

k
K] (arts, cw, ... cw) = hyh, Z Tr (’ilp (Q:frtftsgs» ' g5 fsrs Grs C/g;fsfrsmgmv N frzrgr)>~

T‘3,...,T’L:1

On the other hand, using g, = g,ps and p,c'p, = 0 unless s = r, we have

KJIlD(brts: C/U, sy C/U) = Z ’ilD (g:frtftsgsa C/g::z f’f"2329527 ceey C/g:l f'r'lslgsl)
= Z HlD (g:frtftsgsapsclprzg:Q JrassGsys - »pszflc/pmg:l frlslgsl)

= Z “lD (g:frtftsgm Clg;kfsrsgrg ) Clg;fg, TraraGras-- - Clg:l fnrgr)-

Comparing with the above,
Kl (ares, cw, . .., cw) = hih,T, (HlD(b,«ts, v, ... ,c’v)).
Summing over [ > 1 yields the first identity. The proof of the second identity is exactly parallel, using
Proposition 5.8(b) in place of Proposition 5.8(a). O
Proposition 5.10. We have
T(aps(z —w)™t) = T(f,«t(e - u)flfts)

1 1

= potres(z —w) ™7,
raps(z—w) ) =7 (G, (2) = 7o) (GE,. ().
Substituting the expression of Proposition 5.9 into the identity
Git,w(2) =R, (G ()G (2)

Arts,W

Proof. Notice first that since a,+5(z — w)~

of Lemma 3.3, we find that
G w(2) = B G () [RE, L (GR ()]
from which we obtain

B, W(2)] = olhi b GH ()] [RE, L (GD(@)]

Noting that 7o[hlh, G (2)] = :Ez;;ar, we obtain

Bl (2] = TP IRD (@D ()]

Arts,W b

(p ) D D 7(pr) D 7(pr) g
= G, G, ()] = |Gy, ()] = |G d)],
S (AR, (G2 @)GP (@] = T (6], (@) = T (67, ()
where in the second equality we replace o, by GP(d) = Zfﬁo a;p;. Substituting Proposition 5.9 into the
identity
GF () = B, o(GT ()G (@),

we find that
GF,.(d) = 910, G )Tk [RD, L (GR(0))] -
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Noting that 7,.(g}g,GY(d)) = %%Hﬁ we find similarly that

B16E, )] = T [RE L (6260) 9]

= TE-ZZ;J;;)TT+’€ {Rgmu (Gf(e))Gf(e)} = mfr+k {G?m,u (e)} )

Putting everything together, we conclude that
rans(z = w) ) = Tr) i (G2, ()] = T (frfiste =) ) =7 (fisle —w ). O
Proof of Proposition 5.7. For any € > 0, we may choose K > 0 so that almost surely for all large n,

$

I=K+1

o0

—l—lwl

sup <eE.

z€D

<eg, sup
zeD

z
I=K+1

Then applying the convergent series expansions of —R(z) = (2 — W)~ ! and (z — w)~! on D, the fact that

{H.}F_,, {G,}f_,, and {F,;}} ,_, are almost surely uniformly bounded for large n, and the conclusion
T(apsw') — NP Tr H Gl Foy Fys GGH W' — 0

for each fixed [ € {0, ..., K} by [FJS18, Theorem 3.9], we obtain

sup |-N"! Te[H G Fri Fi oG H R(2)] — T(aps (2 — w) )| < 2e.

zeD
As € > 0 is arbitrary, the left side converges to 0 almost surely. By Lemma 4.7, we may then replace the
supremum over D with one over Us. Applying Proposition 5.10, we find that

k
im[FGHR(z)HTGTF] => 1 Te[HGTF. FysG H R(2)]
i r,s=1 U
~ i —ET(a sz —w)7Y) = i —ET(fts(e - u)_lfrt) __— Try (F(diag (a™h) + F)_lF)
r,s=1 i o r,s=1 i " ! ,

the last line applying equality in law of {Fy.s} with {f,}, the definitions of e and u, and Proposition 5.8(d).
Notice now that by the Woodbury identity,

F — F(diag,(a™ ') + F)"'F = (F~! + diag,(a)) " = (Id + F diag,, (a)) "' F,

which holds also for non-invertible F' by continuity. Taking the block trace Tr; and comparing with the
definition of b; in (2.6) concludes the proof. O

5.5. Outlier eigenvalues. We now prove Theorem 2.6 on the outlier eigenvalues.

Proposition 5.11. There is a constant C' > 0 such that for all z € Us, r € {1,...,k}, and large enough n,
we have |by(z)| < C.

Proof. By Proposition 5.7, almost surely as n — co we have

sup |n. ' Tr,[FGHR(z)H"G"F — F] — b.(2)| = 0.
z€Us

On the event &, of (5.5), by Assumption 2.2, we see that for each z € Us,
|FGHR(:)H'G'F - F| < C,

and hence |b,(z)| < C almost surely for large n. Then this holds deterministically for large n, since b.(z) is
deterministic. 0

Proposition 5.12. There is a constant C > 0 such that supp(po) C [-C, C].

Proof. The law pg is the 7¢-distribution of w = E]:,s:1 higX frsgshs in the compressed algebra (A°, 7¢). We
have ||jw|| < C for a constant C' > 0, hence supp(po) = spec(w) C [-C, C]. O

Proposition 5.13. The following properties hold for T(z) and all large n.
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(a) All roots of det T(z) = 0 in C \ supp(uo) are real.
(b) There exists some R > 0 so that all roots of det T(z) = 0 have magnitude at most R.
(c) For ¢ >0, there is a constant C' > 0 such that

sup | T(2)loe < C, sup |det T(z)| < C.
2€Us z€Us

The following properties hold for f(z) almost surely for all large n.

(a)) For 6 > 0, all roots of det T(z) = 0 in Us are real.
(b’) There exists some R > 0 so that all roots of det T'(z) = 0 in Us have magnitude at most R.
(¢’) For 6 > 0, there is a constant C > 0 such that we have

sup | T(2)l0e < C, sup | det T(z)| < C.
z2€Us 2€Us

Proof. We first prove the statements for T'(z). For (a), applying det(Id+XY) = det(Id +Y X) and the fact
that zId +b- X is invertible for z € C \ supp(po) from Proposition 2.5, we have

0=detT(z) & 0 = det (Id H(zId+b- )77 diagAb)F)
& 0= det (z d4b-5 417 diagé(b)F). (5.9)
For z € C* and any v # 0 € CP, we apply Im b,.(z) > 0 to get
Imv*[zId+b - % + T'T diag,(b)TJv > 0,

and hence z is not a root of (5.9). A similar argument holds for z € C~, which establishes (a).
Note by Proposition 5.11 and Assumption 2.2 that ||b-X+T'T diag,(b)T'|| < C for large n. Then (b) follows
from (5.9). For (c), note by Proposition 5.6 that

IQTR(2)Q + QT (z1d +b-%)7'Q|| < C

almost surely for large n. On the event &,, ||QTR(2)Q|| is uniformly bounded. Then sois |QT (zId +b-%)"1Q)||
for large n. Combining with Proposition 5.11 and Assumption 2.2, the first bound of (¢) follows. Since the
dimension of T(z) is £ which is at most a constant, the first bound implies the second.

We now prove the statements for 7'(z). For (a’), by Lemma 5.3, det K11 (z) almost surely for large n does
not vanish on Us. Thus, for z € Us, by the Schur complement formula, we see that

det I?(z) = det IA(H(Z) - det f(z),

meaning that any root of det f(z) = 0 is also a root of det K (z) = 0, hence a (real) eigenvalue of S by
Lemma 5.2. Claim (b’) follows from the fact that roots of det T'(z) = 0 are eigenvalues of ¥, and ||X| < C

almost surely for large n. For (¢’), we apply ||T(2)||ec < C and T(z) ~ T(z) ~ T(z) from Lemmas 5.3 and
5.9. (|

We now establish the following technical result which will allow us to pass to convergent subsequences.

Proposition 5.14. There exists a subsequence {”?}?21 along which supp(ug) converges to a fized closed set
V C R in the sense that
lim sup dist(z, supp(po)) =0 and lim sup dist(z, V) =0, (5.10)

=0 zev l—=o0 z€supp(po)
and det Tv(z) converges to a fived analytic function D : C\'V — C uniformly on compact subsets.

Proof. The first part of the statement follows from Proposition 5.12 and sequential compactness of the metric
space of compact subsets of [—C, C] under the Hausdorff metric. For the second part, note that det T(z) is
well-defined and analytic on compact subsets of C\V at n = n? for all large I. Proposition 5.13 ensures that
det f(z) is uniformly bounded on any such compact subset. Then Montel’s Theorem implies that there is a
further subsequence which converges uniformly over compact sets to an analytic function D. ]
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Proof of Theorem 2.6. Note that by the identity det(Id +XY) = det(Id +Y X), A is also the set of roots
of 0 = det T(z) Let € be the sample space, and g C 2 the event of probability 1 on which all preceding
almost sure statements hold.

Fix w € . First suppose that we pass to a subsequence satisfying the result of Proposition 5.14, meaning
that supp(o) converges to a fixed closed set V and det T(z) — D(z) uniformly on compact subsets of C\ V.
By Proposition 5.13(a), for all large n, all roots of det T'(z) = 0 and det T'(z) = 0 with distance at least §/2
to V are real and have magnitude less than some R > 0. Because det T(z) — D(z), we see that this is true
for D as well. Since D is analytic, this implies that D has finitely many such roots. Let

/\1<"'<)\J

be the distinct roots of D whose distance to V' is at least §/2, and let m; be the multiplicity of A;.
Choose ¢ small enough so that € < §/4. For constants r;,0 > 0, let v; be the counterclockwise contour
traversing the rectangle with vertices (\; & r;) £ 0. Choose 7}, o small enough such that

e the contours 7; do not intersect,
e cach v; is contained within a radius £/2 ball centered at A;, and
e the only root of D(z) contained within or on each ~; is ;.

Partitioning the set
{z € R : dist(z, supp(uo)) > 6/2, dist(z, Aj) > r; for all j, |z| < R}

into disjoint open intervals, for each such interval Z = (I,u), define also a counterclockwise contour %
traversing the rectangle with vertices [ + io and u + io.

By construction, D(z) does not vanish along any of v; or 7%, and det T(z) converges uniformly to D(z)
on each contour. Hence, by Hurwitz’s theorem, for all large n, det T (2) has m; zeros within each ;, which
are real by Proposition 5.13, and no zeros within each 7%. Now, observe that by Lemmas 5.3 and 5.5, as
n — oo,

sup [|T(2) = T(2)]|oe = 0,
2€Us/4
which implies by Proposition 5.13 that | det f(z) — det T(z)| — 0 uniformly on each contour and thus that
|det T(z) — D(z)| — 0 uniformly on each contour. Applying Hurwitz’s theorem again, we find that for all
large n, det f(z) also has m; zeros within each ~;, which are real by Proposition 5.13, and no zeros within
each 7.
Taking As and Ay as the zeros of det T(z) and det T(z) within the contours 7y, this yields

ordered-dist(Asg, f&g) <e.

By Lemma 5.3, for z € Uy, K 11(2) is invertible for large n, so we may apply the Schur complement formula
to obtain

det K (2) = det K11 (z) det T(2).
By Lemma 5.2, we conclude that Ay C spec(S). Further, since neither detT(z) or detT(z) have zeros

inside 74 or (—oo, R]U[R, oc), we find that As and A contain all zeros of det T'(z) and elements of spec(3),
respectively, which have distance at least §/2 from V. Thus they contain all such values which have distance
at least ¢ from supp(pug) for all large n, establishing the result along this subsequence.

To conclude the proof, suppose by contradiction that there is a subset 21 C €y of positive probability for
which there is a w-dependent subsequence {n?} such that for each n = n?, no such sets As and Ag satisfying
the required conditions exist. By Proposition 5.14, there is a further subsequence along which supp(uo)
and det f(z) converge. On this subsequence, our previous construction shows that Ay and As satisfying the
desired conditions exist, a contradiction. This concludes the proof. ([l

5.6. Outlier eigenvectors. Finally, we prove Theorem 2.7 on the alignments of eigenvectors for isolated
outliers. The proof will proceed in two steps. First, in the following result we bound the second smallest
singular value of T()\) at A € As. Second, we use perturbation theory to relate the eigenvector for an isolated
outlier to a vector in ker T'(\).
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Proposition 5.15. In the setting of Theorem 2.7, ker T(/\) has dimension exactly 1, and each other singular
value of T'(\) is at least a constant ¢ = ¢(J) > 0.

Proof. Recall from (5.9) that the roots of det T(z) = 0 are also roots of det M(z) = 0 for M(z) = zId +b-
¥+ I'T diag, ()T’ = 21d +b - ¥. By Proposition 5.1, we see that

0.z1d+b(z) - ] =Id +V/(2) - £ = Id

for z € R\ supp(1o), meaning that the ordered eigenvalues of M(z) increase at a rate of at least 1 on each
interval of R \ supp(po). As a result, at the given isolated root z = X of 0 = det M(z), the matrix M (\) has
a single eigenvalue equal to 0 and remaining eigenvalues outside (—¢,0), and the second-smallest singular
value of M(\) is at least . By Propositions 5.11 and 5.13(b), we see that |b,.(\)| and |A| are bounded, so
[[A-Id +b(\)-X|| < C and all singular values of (AId +b()\)-X)~! are at least 1/C. Now, letting v € ker M (\)
be a unit vector, we have that for any w € RP, ||w||? — [vTw]|? is the squared length of the component of w
orthogonal to v. Then

IATd+b- 2) ' M(Nw|® > (5/C)% - (Jwl® = [oTw]?). (5.11)

Choose U € RP*(P=%) 50 that [Q | U] is an orthogonal matrix. Notice that because
AId+b-2) YA Id +b - £)U = U + (Ald +b - 3) 7117 diag, (b)TU = U,

we have that
T(\) 0

QIUN O +b- XMW@ U= | 75 14 4. £)-1(I7 ding, (1)@ 1d)

Note that (QTv, UTv) is a unit vector in the kernel of this matrix, hence Qv € ker T()\) and QTv # 0. Now,
for any u; € R? orthogonal to Qv and

uy = —UT(AId+b- )" H(TT diag, (b)T)Qui,
define the vector u = (uy,us). For this u, we obtain by (5.11) that
1T )2 = 1Q | U (AT +b-5) " MON)[Q | Ulul® > (6/C)2(Jul]* — o7 Qua + 0T Tus ).
Since u; is orthogonal to Qv and v is a unit vector, we see that
[vTQuy + v Uug| = [v"Uug| < |Jug|.
Substituting, we obtain for any u; orthogonal to QTv that |T(A\)uy|> > (6/C)2||uq?. This implies that

ker T'()\) is one-dimensional and spanned by QTv, and the next smallest singular value of T'(\) is bounded
below by 6/C, as desired. a

Proposition 5.16. Denote by S’(z) and R'(z) the derivatives of S(z) and R(z) with respect to z. Then
S'(z) ~ 0, Q'R (2)Q ~ —QT8.[(z1d+b- £) 7@, ny ' Tr;[FGHR' (2) H'GTF] ~ b}(2).

Proof. By Lemma 5.3, we have
sup [|5(z)[[oc = 0
2€Us /2
almost surely. For each z € Us, define a contour () = §/2- €' for t € [0,27]. Applying the Cauchy integral
formula entrywise to S(z), we get

2
15°()lloo < 5 - max [lS(z+7(1))]loo < C sup [|S(z)]loc-
€[0,27] z2€Us /2

Hence S’(z) ~ 0. The other statements follow similarly from Propositions 5.6 and 5.7. O

Proof of Theorem 2.7. Since (X, v) is an eigenvalue-eigenvector pair, we have that o =50 =Wt + P,
which implies that
0 = Id+R(\)P)?. (5.12)
Define
o =Z2"FGHU and Ty = Q7.
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="FGH
Multiplying the previous equation on the left by oT , we find that
STEGH)| -~ [ = - T\ ]~ [B
0= (Id+ [ QTG } R [QFT HTGTFEF+QFTETFEF]) [%] KO [gj .

Eliminating 97 in this system of equations by taking the Schur complement, we obtain 0 = f(X)ﬁg On the
event &, of (5.5), T'(z) is bounded over Us. Then by the implications A — A — 0 and T ~ T of Theorem 2.6
and Lemmas 5.3 and 5.5, almost surely ||T(\) — T'(\)|| — 0. Then also

ITO)TTR) =TT = 0.
Applying this to U5, we find that N B

IT(N)TT(A)z2]| — 0,
which implies by Proposition 5.15 and the Davis-Kahan theorem that
Uz — [[U2]lvz = O, (5.13)

where v5 is a unit vector in ker f()\) with an appropriate choice of sign.
We now compute the limit of ||02||. By (5.12) and the definition of P, we see that
—5=R(\) (Qf% + (HTGTF=T + QfTETFEf)ﬁg). (5.14)

'~

On the other hand, in the equation 0 = K (X) {%1] , we may solve for ¥; to obtain
2

0 = —Kn(\) ' KA
when K11 ()) is invertible. Substituting into (5.14), we obtain

-~ ~ ~

v = R(A)(M1(X) + Ma(X))v2 (5.15)
for the matrices
M) = QU K1 (N 'K1s(\) — QTT=ETFEL, Ms(\) = —H'GTF=T.
Taking the norm of (5.15) on both sides and applying again X — A — 0 and a derivative bound on Ens
2 R R R 2
1= 5 M;(\N)"RO)*M;(N)t2 = Y By M;(\)TR(A)*M;(N)T2 + o(1). (5.16)
ij=1 i,j=1
Applying Lemma 5.3 and Propositions 5.4 and 5.7, we find that
Q"Mi(z2) ~TTE"FGHR(2)H'GTFEL —TTE"FEL ~ I'" diag,(b(z))T.
Also, noting that R(z)? = R'(2) and applying Proposition 5.16,
Q"R(2)’Q ~ QR'(2)Q ~ —QT9.[(z1d +b(2) - £)1|Q.
Combining these, applying I' = fQT, and setting
i =T, =1I7,
we get )
Oy My (N TR(N)2M; (M) = —a" diag,(b)T - Oz [(AId +b- )] - T'T diag,(b)a + o(1) (5.17)
where we write as shorthand b = b(\). Applying R(z)? = R/(z) and Propositions 5.4 and 5.16, we also get
ETFGHR(2)*HTGTFZE ~ diag, (V' (2)),

and hence
Da Ma(N)TR(N)2My(M\) = 4" diag,(b)ad + o(1). (5.18)
Finally, applying S’(z) ~ 0 from Proposition 5.16, we get QT R(2)2H"GTFZ= ~ 0 and hence
Da My (M) TR(N)2 My (M) — 0. (5.19)

Then substituting (5.17), (5.18), and (5.19) into (5.16),
1= aT( — diag,(b)I" - Ox[(AId +b - £)71] - T diag,(b) + diagAb’))ﬁ +o(1). (5.20)
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Multiplying (5.13) on the left by T, we find that

& — ||52]|Tvy — 0. (5.21)

Define @ = I'vy, and note that @ is a non-zero vector in ker T (M) because vo is a unit vector in ker T()\)
Then v = @/| @] is a unit vector in ker T'(\), which is unique up to sign by Proposition 5.15. Substituting
(5.21) into (5.20) and recalling the definition of o in Theorem 2.7, we find that

1= [[5af*[|a]* - & + o(1).

Writing (5.21) as @ — ||| ||@]|u — 0 and substituting a~'/? for ||T2||||%|| concludes the proof. O
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